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Wakefields and Impedances
 Martin Dohlus
 Yerevan July, 2017
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Introduction
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Space Charge Force
 ( )BvEF ×+= 0q
 collective motion ≈ uniform into z direction ( ) ( )( ) ( )tvvct
 tvt
 czcz
 cz
 erEerBerErE
 −×=
 −=−2,
 ,
 →+
 ∆+
 ′
 ′
 = 23
 1
 Oy
 x
 ccc γβ
 γββ ⊥⊥
 ∆+≈ EqF
 cc γγ
 γ12
 0
 ( )yxczz EyExqEqF ′+′+≈ 200 β
 infinite perfect conducting beam pipe
 in many cases: 21, −∝′′ cyx γ
 test particle
 ϕ ≈ 1/γ
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Wake Function
 source particle 1q ( ) zyx ctyxt eeer 111 ++=
 causes electromagnetic field ( )( ) ( )( ),, ,, 11 tt rBrE
 this field particle is observed by a test particles 2q ( ) ( ) zyx sctyxt eeer 222 −++=
 ( )( ) ( )( ),, ,, 11 tt rBrE
 ( )( ) ( )( )( )ttq ,, 21
 221
 22 rBvrEF ×+=
 ∫=∆ dtFpchange of momentum
 wake function
 ( ) ( )( ) ( )( )[ ] czsttzyxctzyxdzqqq
 syxyx z
 ∞
 ∞−+=×+×=
 ∆= ∫ ,,,,,,1,,,, 22
 122
 1
 1212211 BeEpw
 it is a Green’s function (point to point)
 approximations: v → c constant offset constant distance

Page 5
                        

Wake Potential rigid beam approximation
 particle
 bunch (distributed source)
 source ( ) ( )ctzyyxxt −−−= ,,, 110ρρ r shape and offset ( )zyx ,,0ρ 11, yx
 wake potential ( ) ( )( ) ( )( )[ ] czsttzyxctzyxdzq
 syxyx z
 ∞
 ∞−+=×+×= ∫ ,,,,,,1,,,, 22
 122
 1
 12211 BeEW
 direct calculation in time domain computer codes as PBCI, Echo, ABCI, … MAFIA
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Wake Potential
 z
 t
 ( ) ( ) ( )( )∫∞
 ∞−
 = dzzstzEq
 sW ,,,1, 1
 1||
 example: pill-box cavity in rz coordinates
 s longitudinal wake
 short range:
 [ ]pCVW||
 σs
 causal, energy loss
 long range: oscillations, de- & recoherence , decay
 de- and recoherence is the interference of multiple cavity modes decay is caused by damping (wall losses & absorbers)
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Function → Potential
 by extrapolation 700 ... 50, ,25μm =zσ
 ( ) ( ) ( )yxctzt , , ηλρ −=r
 ( ) ( ) ( ) ( )yyxxqzzsyxyxdzdydxsyxyx −−+×= ∫ 111
 11221112211 ,,,,,,,,, ηλwW
 longitudinal shape f.i. ( )
 −=
 2
 ||||
 1
 21exp
 2
 σσπλ zqz
 transverse shape ( )yx,η
 Potential → Function
 example: Tesla cavity, short range
 (wake per cavity in infinite string of cavities)
 ( ) ( )0|| exp ssAsw −=
 dashed curve = extrapolation σ→0
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Total Loss Parameter
 ( ) ( )∫∞
 ∞−
 −=∆
 = dzzzWq
 ktot λ2
 E
 for a bunch with small transverse dimensions
 ( ) ( )ssW ,|||| We ⋅≈
 ( ) ctz −λbunch shape
 longitudinal wake
 total lost energy ∆E > 0, depends on bunch shape
 example: Tesla cavity (infinite string of cavities)
 0nC 1
 →=
 σq
 kV 150mJ 15.0
 pCV 150
 →∆=≈∆
 →
 qV
 ktot
 EE
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Symmetry of Revolution azimuthal expansion
 ( ) ( )( ) ( )12||20
 1|| cos, ϕϕ mmswrrsw mm
 m
 m −= ∑∞
 =
 ( ) ( )( ) ( )12||20
 1|| cos, ϕϕ mmsWrrsW mm
 m
 m −= ∑∞
 =
 or wake potential
 Panofsky-Wenzel theorem relates transverse and longitudinal wake
 ( ) ( )⌡⌠−=
 ∞−
 s
 x sdswdxdsw ~~,, ||
 2
 sin , cos 111111 ϕϕ ryrx ==polar coordinates
 ( ) ( )( ) ( )( )
 ( ) ( )( ) ( )( )121
 20
 1
 121
 20
 1
 1sin,
 1cos,
 ϕϕ
 ϕϕ
 −−=
 −−=
 ⊥−
 ∞
 =
 ⊥−
 ∞
 =
 ∑
 ∑
 mmswrmrsw
 mmswrmrsw
 mm
 m
 my
 mm
 m
 mx
 ( )( ) ( )( )∫s
 mm sdswsw∞−
 ⊥ −= ~~||with
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Monopole and Dipole Wakes
 ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )( ) ( )( ) ( ) ( )( )( ) ( )( ) ( ) ( )( )swyswrsyxyxw
 swxswrsyxyxw
 swyyxxswswrrswsyxyxw
 y
 x
 112
 112211
 112
 112211
 1||2121
 0||12
 1||21
 0||2211||
 sin,,,,
 cos,,,,
 cos,,,,
 ⊥⊥
 ⊥⊥
 =≈
 =≈
 ++=−+≈
 ϕ
 ϕ
 ϕϕ
 general 3D: wake is a 5D vector function symmetry of revolution: two 1D scalar functions describe nearly everything
 a simple job for rz wake codes, as Echo 2D, Igor Zagorodnov http://www.desy.de/~zagor/WakefieldCode_ECHOz/ (for any azimuthal order)
 ( )( ) ( )( )∫s
 sdswsw∞−
 ⊥ −= ~~1||
 1
 with
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General Geometry programs as Mafia, MWS, GdfidL, Tau3P, Echo3D, PBCI, CST
 ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )
 +++++=+++++=
 244234124114042211
 234233123113032211~2~2~2~2~,,,,
 ~2~2~2~2~,,,,yswxswyswxswswsyxyxwyswxswyswxswswsyxyxw
 y
 x
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 +
 =
 2
 2
 1
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 44342414
 34332313
 24232212
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 0403020100
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 2211||
 1
 0
 0
 0
 0
 1
 ,,,,
 y
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 y
 x
 swswswsw
 swswswsw
 swswswsw
 swswswsw
 swswswswsw
 y
 x
 y
 x
 syxyxw
 t
 Panofsky-Wenzel theorem ( ) ( )∫s
 ijij sdswsw∞−
 −= ~~~
 more properties ( )( ) 4433||
 2
 2
 2
 2
 2211||2
 1
 2
 1
 0
 0
 www
 www
 yx
 yx
 =→=∂+∂
 =→=∂+∂
 13 coefficient functions!
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( )
 ( )( )( )( )
 ( )( )( )( )
 ( )( )
 ≈
 2
 2
 1
 1
 1||2
 1
 1||2
 1
 1||2
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 1
 0||
 2
 2
 1
 1
 2211||
 1
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 sw
 sw
 sw
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 x
 syxyxw
 t
 Symmetry of Revolution
 ( ) ( )( )( ) ( )( ) 1
 12211
 11
 2211
 ,,,,
 ,,,,
 yswsyxyxwxswsyxyxw
 y
 x
 ⊥
 ⊥
 =
 ≈
 2 coefficient functions

Page 13
                        

example: bunch on axis of Tesla cavity excites only monopole modes
 energy density
 Long Range Wake
 eigenmodes are excited and ring forever (if there is no damping)
 ( )( ) ( )( )swsc
 ksw r0
 ||,0
 || cos20 +
 −=> ∑
 ν
 νν
 ω
 resonant part resonances, eigenmodes
 long range effects impedance
 frequency domain
 residual, transient part pulses short range effects wake time domain
 pCV 150→totktotal loss-parameter
 accelerating mode pCV 2.29 ≈k
 for short bunches:
 6
 100
 10~
 10~
 LQQ
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Impedance
 ( ) ( ) ( )∫∞
 ∞−−−= dscsisw
 cZ ωω exp,1, ||||
 just a Fourier transformation
 monopole modes
 ( )( ) ( )( )swsc
 ksw r0
 ||,0
 || cos20 +
 −=> ∑
 ν
 νν
 ω
 ( )( ) ( )( )ωωωωωωω
 ν ννν
 ν 0||,22
 0||
 2rZ
 QiikZ +
 +−=∑ with ∞→νQ
 (ideal cavity)
 i(t)
 V(t) shunt impedance ν
 ννν ω
 QkR 2=
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Wake ↔ Impedance
 1000 ... 50, ,25μm =zσ
 dashed curve = extrapolation σ→0
 mm 1=zσ
 dashed curve = mode expansion
 impedance of a cavity
 continuous spectrum
 modes → discrete “lines”
 real part imaginary part
 continuous !!
 TDS, short range
 TDS = transverse deflecting structure
 TDS, long range
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cavity gap
 space charge radiation
 resistive …
 response of geometry or matter
 uniform motion
 csr
 ( ) ( ) ++=ωππ
 ω gcb
 ZiZ2
 1 0
 free space
 ( ) 3 20
 0 15.0icR
 ZZCSRωω ≈′( )
 −=′
 rrsc FiZZ
 ωω
 γπσω
 20
 0
 3
 Rcγω <<for
 Some Impedances
 rr
 cσγω =
 𝐹𝐹(Ω) 1/2Ω
 −Ω0.577
 2+ 𝑙𝑙𝑙𝑙Ω
 effective (averaged) impedance ( ) ( ) ( ) ( )∫= 22112211||2211eff ,,,,,, dydxdydxyxyxZyxyxZ ωηηω
 0.5
 Ω
 𝜆𝜆 ≈ 4𝜋𝜋𝜎𝜎𝑟𝑟/𝛾𝛾
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Micro-Bunching a beam guiding structure (FODO) + some longitudinal dispersion (chicanes)
 μms
 bunch coordinate
 bunch current / A bunch current / A
 μm 5.1|| =σnm 250∝λ
 μm 0.2MeV 6.0MeV 300
 n
 rms
 av
 ==
 =
 εEE
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SC impedance for “weak” density modulation
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some longitudinal dispersion 𝑠𝑠2=𝑠𝑠1 + 𝑟𝑟56∆𝛾𝛾𝛾𝛾0
 f.i. by a 4 magnet chicane
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full compression 𝜕𝜕𝜕𝜕𝑠𝑠1
 𝑠𝑠1 + 𝑟𝑟56∆𝛾𝛾 𝑠𝑠1𝛾𝛾0
 =0
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Multi Stage SC Amplifier chicanes in FODO structure
 mL
 μms
 LINAC coordinate
 bunch coordinate
 bunch current / A bunch current / A
 LSCA cascade
 chicane
 μm 5.1|| =σ nm 250∝λ
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Surface Impedance
 ( ) ωεωκωµ
 jjZs +
 =
 metal surfaces → skin effect (nearly independent on curvature of surface)
 y
 z
 z
 ys H
 EHE
 Z −==
 thin surface layer
 −=
 εωµω 2
 2p
 s
 kdjZ
 ∞→κ
 µεκ ,,0=d
 y
 z
 J
 Ey
 Bz
 local relation of tangential fields in surface
 for a surface with n = ex
 artificial or random micro structure
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( )( )
 +
 +
 ++
 =
 22
 1
 1
 22
 00
 22112
 12
 1
 12
 ,,,,
 yyxx
 kjy
 kjx
 R
 ZZ
 ZZ
 kRkRj
 RZyxyx
 ss
 sd
 πωZ
 ( )( )
 +=
 1
 0
 0
 21
 12
 ,,,,
 0
 2211
 ZZRjkR
 Zyxyxs
 sm
 πωZ
 ( )( )( )
 =
 sw
 syxyx
 r
 m 0
 0
 ,,,, 2211w
 ( )( )
 ( )( )( )( )
 ( ) ( )
 +
 = ⊥
 ⊥
 swyyxx
 swy
 swx
 Rsyxyx
 r
 d
 ~
 2,,,,
 2121
 11
 11
 22211w
 monopole & dipole impedance (per length)
 (under many conditions) ≈
 Round Beam Pipe
 monopole & dipole wake (per length)
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PhD Thesis Martin Bruene Timm, 2000
 Synchronous Wave
 ( )
 0
 ||
 21
 12
 ZZR
 cjR
 ZZs
 sm
 ωπ +=
 LjZs ω=
 inductive surface impedance
 resonance condition
 →0
 0ω→
 short bunch 02 ωπ
 σ c<<
 SASE FEL? See: Using pipe with corrugated walls for a sub-terahertz FEL G. Stupakov, SLAC-PUB-16171, December 2014
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μm 0.2MeV 6.0MeV 300
 μm 5.1pC 40
 n
 rms
 av
 ||
 ===
 ==
 ε
 σ
 EE
 q 250E6 electrons
 slice energy spread
 kA 2.3ˆ =I
 particle source: parameter set
 setup FODO lattice: 90 deg, period = 40 cm, quadrupole length = 2cm chicanes: length = 14 cm, magnet length = 2cm, R56 ≈ 11µm 6 LSCA cascades, each with 3 FODO periods, chicane in last half-period
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effective free space wake
 ( )
 ( )2
 sign)(1
 2sign)0(
 uuuFu
 uuF
 →⇒>>
 =→
 ( ) ( )⌡
 ⌠
 −−=− ξ
 σξγξλ
 σπεdFvtzvtzE
 rrav 2
 041
 with
 ( ) ( )( ) ( )2erfc2exp42
 sgn)( 2 uuuuuF π−=
 ( )( )
 ⌡
 ⌠
 +
 −=
 ∞
 0
 2322
 2
 22exp
 22)( dx
 uxxxuuF
 or
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