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VIRTUAL SEGRE AND VERLINDE NUMBERS OF
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 joint with L. Gottsche
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 C : smooth projective curve, SymnpC q “ CnSn
 SymnpC q: smooth proj of dimension n, D Ă SymnpC q ˆ C
 SymnpC q ˆ CπSymÝÑ SymnpC q, SymnpC q ˆ C
 πCÝÑ C
 Abel-Jacobi: SymnpC qAJÝÑ PicnpC q, D ÞÑ rOC pDqs
 Θ P H2pPicnpC q,Zq – Λ2H1pC ,Zq˚: a^ b ÞÑş
 C a^ b
 some vector bundles on PicnpC q, SymnpC q
 § L♦ :“ πSym˚`
 π˚CLbOD˘
 , for L P PicpC q
 § L :“ OpΘqnote: L♦|D – H0pD, L|Dq – Cn
 1/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 “Verlinde numbers”: χpPicnpC q,Lkq “ kg , g “ gpC q
 Segre numbers:ş
 SymnpCq spL♦q, sp´q “ 1
 cp´q
 ř
 n znş
 SymnpCq spL♦q “
 p1´wqχpLq`χpOC q
 p1´2wqχpOC q, z “ wp1´ wq
 Le Barz, Cotterill
 E.g. C Ă P2n´2, L “ Op1q|Cş
 SymnpCq spL♦q is number of Pn´2 Ă P2n´2 n-secant to C
 2/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 “Generalize”
 § PicnpC q ù MC pρ, Lq§ SymnpC q ù QuotC pON , nq
 MC pρ, Lq: stable rank ρ vector bundles E with detpE q – L
 stable=semistable: MC pρ, Lq smooth proj of dim pρ2 ´ 1qpg ´ 1q
 § Verlinde formula χpMC pρ, Lq,Lkq
 § intersection theory MC pρ, Lq: Marian-Oprea, ...
 QuotC pON , nq: 0-dim quotients ON Q of length n
 QuotC pON , nq smooth projective of dimension Nn
 Segre numbersş
 QuotC pON ,nq spL♦q: Oprea-Pandharipande
 3/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 S : smooth projective surface
 crepant resolution HilbnpSqHCÝÑ SymnpSq “ SnSn
 pÐÝ Sn
 HilbnpSq: 0-dim subschemes Z Ă S of length n
 vector bundles on HilbnpSq: for all L P PicpSq
 § L♦ :“ πHilb˚pπ˚SLbOZq, Z Ă HilbnpSq ˆ S
 § E :“ detO♦S
 § µpLq :“ HC˚p˚pLbnqSn
 note: L♦|Z – H0pL|Z q – Cn
 PicpHilbnpSqq “ µpPicpSqq ‘ ZE for all n ě 2
 4/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Verlinde numbers: χpHilbnpSq, µpLq b E r q
 Segre numbers:ş
 HilbnpSq spL♦q
 Universality Ellingsrud-Gottsche-Lehn
 @polyn. Pnptci pL♦qui , tcjpTHilbnpSqqujq, e.g. cnpL
 ♦qcnpTHilbnpSqq
 Dpolynomial Qpc1pLq2, c1pLqc1pTSq, c1pTSq
 2, c2pTSqq:
 @S smooth projective surface and L P PicpSqş
 HilbnpSq Pnptci pL♦qui , tcj pTHilbnpSqquj q “
 ş
 S Qpc1pLq2, c1pLqc1pTS q, c1pTS q2, c2pTS qq
 “Idea”: induction over
 Hilbn´1,npSq “ PpIZn´1q
 uu **HilbnpSq Hilbn´1pSq ˆ S Ą Zn´1
 5/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Multiplicativity
 ZpS,Lq :“ř
 n
 ş
 HilbnpSq qn Pnptci pL
 ♦qui , tcjpTHilbnpSqqujq
 suppose: ZpS\S 1,L\L1q “ ZpS ,Lq ¨ ZpS 1,L1q then:
 DA,B,C ,D P Qrrqss @ pS , Lq: ZpS ,Lq “ AL2BLKSCK2SDc2pTS q
 Take tpSi , Li qu4i“1 with vi :“ pL2i , LiKSi ,K
 2Si, c2pTSi qq
 Q-independent
 for any pS , Lq write pL2, LKS ,K2S , c2pTSqq “
 ř4i“1 nivi
 if all ni P Zě0 then ZpS,Lq “ś4
 i“1 ZnipSi ,Li q
 “ AL2BLKSCK2SDc2pTS q
 polynomial dependence ñ formula also holds when ni P Q
 6/22

Page 8
                        

Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 E.g. ZS :“ř
 n epHilbnpSqqqn “
 ř
 n qnş
 HilbnpSq c2npTHilbnpSqq
 Multiplicativity Euler characteristic ñ ZS\S 1 “ ZS ¨ ZS 1
 D A,B P Qrrqss @ S : ZS “ AK2SBc2pTS q
 Take S “ P2,P1 ˆ P1, then pK 2S , c2pTSqq “ p9, 3q, p8, 4q
 For any toric surface T ü S : T ü HilbnpSq
 note: S covered by T -invariant affine charts tC2uepSqi“1
 HilbnpSqT : tIiuepSqi“1 , Ii Ă Crx , y s monomial ideal
 ř
 i dim Crx ,ysIi
 “ n
 ñ for any toric surface S : ZS “
 ´
 ś8n“1
 1p1´qnq
 ¯epSq
 ñ A “ 1 and B “ś8
 n“11
 p1´qnq Gottsche
 7/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 S : smooth projective surface
 crepant resolution HilbnpSqHCÝÑ SymnpSq “ SnSn
 pÐÝ Sn
 HilbnpSq: 0-dim subschemes Z Ă S of length n
 vector bundles on HilbnpSq: for all L P PicpSq
 § L♦ :“ πHilb˚pπ˚SLbOZq, Z Ă HilbnpSq ˆ S
 § E :“ detO♦S
 § µpLq :“ HC˚p˚pLbnqSn
 note: L♦|Z – H0pL|Z q – Cn
 PicpHilbnpSqq “ µpPicpSqq ‘ ZE for all n ě 2
 K -theory: α♦ :“ πHilb!pπ˚Sα ¨ rOZ sq P K pHilb
 npSqq @α P K pSq
 8/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Theorem (Ellingsrud-Gottsche-Lehn)
 @r P Z Dgr pwq, fr pwq,Ar pwq,Br pwq P Qrrw ss @S , L P PicpSq
 8ÿ
 n“0
 wn χpHilbnpSq, µpLq b E r q “ gχpLqr f
 12χpOS q
 r ALKSr B
 K2S
 r .
 For w “ vp1` vqr2´1 we have
 gr pwq “ 1` v
 fr pwq “ p1` vqr2p1` r2vq´1
 9/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Theorem (Marian-Oprea-Pandharipande)
 @s P Z DVspzq,Wspzq,Xspzq,Yspzq,Zspzq @S , α P K pSq, rkpαq “ s
 8ÿ
 n“0
 znż
 HilbnpSqcpα♦q “ V
 c2pαqs W
 c1pαq2
 s XχpOS qs Y
 c1pαqKSs Z
 K2S
 s .
 For z “ tp1` p1´ sqtq1´s we have
 Vspzq “ p1` p1´ sqtq1´sp1` p2´ sqtqs
 Wspzq “ p1` p1´ sqtq12s´1p1` p2´ sqtq
 12p1´sq
 Xspzq “ p1` p1´ sqtq12s2´s
 p1` p2´ sqtq´12s2` 1
 2 p1` p2´ sqp1´ sqtq´12
 10/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Ar ,Br determined for r P t´1, 0, 1u EGL
 Ys ,Zs determined for s P t´2,´1, 0, 1, 2u (except Y0) MOP
 E.g. Lehn’s conjecture (1999) z “ tp1` 2tq2
 Y´1pzq “ 2p1` 2tqpp1` 2tq12 ` p1` 6tq
 12 q´1
 Z´1pzq “ 4p1` 2tq12 p1` 6tq
 12 pp1` 2tq
 12 ` p1` 6tq
 12 q´2
 E.g. S Ă P3n´2, L “ Op1q|Sş
 HilbnpSq spL♦q is number of Pn´2 Ă P3n´2 n-secant to S
 Conjecturally Ar ,Br ,Ys ,Zs are algebraic functions
 11/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Verlinde: gr pwq, fr pwq,Ar pwq,Br pwq, w “ vp1` vqr2´1
 Segre: Vspzq,Wspzq,Xspzq,Yspzq,Zspzq, z “ tp1` p1´ sqtq1´s
 Segre-Verlinde correspondence
 fr pwq “Wspzq´4s Xspzq
 2, gr pwq “ VspzqWspzq2
 where
 s “ 1´ r , v “ tp1` rtq´1
 Conjecture (Johnson, MOP)
 Ar pwq “WspzqYspzq, Br pwq “ Zspzq
 12/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Assume: b1pSq “ 0
 Generalize
 § HilbnpSq ù QuotSpON , nq
 § HilbnpSq ù MSpρ, c1, c2q
 QuotSpON , nq: 0-dim quotients ON Q of length n
 take H very ample divisor on S
 MHS pρ, c1, c2q:H-stable torsion free sheaves E , rkpE q“ρ, ci pE q“ci
 Assume: stable=semistable, ñ MSpρ, c1, c2q projective
 Quot :“ QuotSpON , nq,M :“ MSpρ, c1, c2q in general singular
 13/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Virtual tangent bundles
 T virQuot|rONQs “ RHompF ,Qq, F :“ kerpON Qq
 T virM |rE s “ RHompE ,E q0r1s
 Note§ Ext2pF ,Qq – HompQ,F b KSq
 ˚ “ 0§ HompE ,E q0 “ 0
 ñ T virQuot,T
 virM 2-term complexes
 ñ D perfect obstruction theories ΩvirQuot Ñ LQuot, Ωvir
 M Ñ LM
 ñ D virtual classes rQuotsvir P H2vdpQuotq, rMsvir P H2vdpMq
 vd “
 "
 Nn2ρc2 ´ pρ´ 1qc21 ´ pρ
 2 ´ 1qχpOSq
 14/22

Page 16
                        

Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Assume: pg pSq ą 0 e.g. D smooth connected C P |KS |
 On Quot: for N “ 1
 Ob|Z“ Ext1pIZ ,OZ q – Ext2pOZ ,OZ q – HompOZ ,OZ b KSq˚ – K♦
 S |˚Z
 ñ ˘cnpObq “ cnpOSpC q♦q “ ι˚rSym
 npC qs Oprea-Pandharipande
 On M: suppose E universal sheaf on M ˆ S
 τkpαq :“ πM˚`
 π˚SαXchkpEq˘
 P H˚pM,Qq, @k ě 0, α P H˚pS ,Qq
 Donaldson invariants:ş
 rMsvir PpEq, PpEq any poly. in τkpαq’s
 ş
 rMsvir PpEqMochizukiÐÝÝÝÝÝÝÑ p´1qχpOS q and
 ş
 Hilbn1 pSqˆ¨¨¨ˆHilbnρ pSq ¨ ¨ ¨
 15/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Segre: α♦ :“ ´πM!pπ˚Sα ¨ rEs ¨ rdetpEqs´
 1ρ qq
 Verlinde: λE : K pSq Ñ PicpMq, α ÞÑ det`
 πM!
 `
 π˚Sα ¨ rEs˘˘´1
 let c P K pSq such that rkpcq “ ρ, c1pcq “ c1, c2pcq “ c2
 Kc :“ tv P K pSq : χpS , c b vq “ 0u
 then λE |Kc “: λ independent of E
 fix r P Z, L P PicpSqQ and v P K pSq such that
 § rkpvq “ r and c1pvq “ Lb detpcq´rρ P H2pS ,Zq
 § v P Kc Ă K pSq
 ñ µpLq b E r :“ λpvq
 ρ “ 1: ù previous definition on M – HilbnpSq
 χvirpM, µpLq b E r q :“ş
 rMsvir chpµpLq b E r q tdpT virM q
 16/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 ερ :“ e2πiρ , for J Ă rρ´ 1s :“ t1, . . . , ρ´ 1u, J “
 ř
 jPJ j
 Conjecture (Gottsche-K)
 @ ρ, r D Gr pwq, Fr pwq, AJ,r pw12 q, BJ,r pw
 12 q, for all J Ă rρ´ 1s
 @ S ,H, L P PicpSq and M :“ MHS pρ, c1, c2q as above
 χvirpM, µpLqbE r q “
 «
 ρ2´χpOS q`K2S G
 χpLqr F
 12χpOS q
 r
 ÿ
 J
 p´1q|J|χpOS q εJKS c1ρ A
 KSLJ,r B
 K2S
 J,r
 ff
 wvd2
 Moreover AJ,r ,BJ,r are algebraic functions.
 For w “ vp1` vqr2ρ2´1
 Gr pwq “ grρpwq “ 1` v
 Fr pwq “ frρpwq “ p1` vqr2
 ρ2 p1` r2
 ρ2vq´1
 S “ K3: M defo. equiv. to Hilbvd2 pSq Gottsche-Nakajima-Yoshioka
 17/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Conjecture (Gottsche-K)
 @ ρ, s D Vspzq, Wspzq, Xspzq, YJ,spz12 q, ZJ,spz
 12 q, for all J Ă rρ´1s
 @ S ,H, α P K pSq with rkpαq “ s and M :“ MHS pρ, c1, c2q as above
 ż
 rMsvircpα♦q“
 «
 ρ2´χpOS q`K2S V
 c2pαqs W
 c1pαq2
 s XχpOS qs
 ÿ
 J
 p´1q|J|χpOS qεJKS c1ρ Y
 c1pαqKJ,s Z
 K2S
 J,s
 ff
 zvd2
 For z “ tp1` p1´ sρqtq
 1´ sρ we have
 Vs “ p1` p1´sρqtq1´sp1` p2´ s
 ρqtqsp1` p1´ s
 ρqtqρ´1
 Ws “ p1` p1´sρqtq
 12s´1p1` p2´ s
 ρqtq
 12p1´sq
 p1` p1´ sρqtq
 12´ 1
 2ρ,
 Xs“p1` p1´sρqtq
 12s2´s
 p1` p2´ sρqtq´
 12s2` 1
 2p1` p1´ sρqp2´ s
 ρqtq´
 12p1` p1´ s
 ρqtq´pρ´1q2s
 2ρ
 Moreover YJ,s ,ZJ,s are algebraic functions.
 18/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Verlinde: Gr pwq,Fr pwq,AJ,r pw12 q,BJ,r pw
 12 q, w “ vp1` vqr
 2ρ2´1
 Segre:Vspzq,Wspzq,Xspzq,YJ,spz12 q,ZJ,spz
 12 q, z“ tp1`p1´ s
 ρqtq1´ s
 ρ
 Virtual Segre-Verlinde correspondence
 Fr pwq “ Vspzqsρpρ
 12´ρ´
 12 q2 Wspzq
 ´ 4sρ Xspzq
 2,
 Gr pwq “ VspzqWspzq2,
 wheres “ ρ´ r , v “ tp1` r
 ρ tq´1
 Conjecture (Gottsche-K)
 AJ,r pw12 q “WspzqYJ,spz
 12 q, BJ,r pw
 12 q “ ZJ,spz
 12 q
 19/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Extension to all S with b1pSq “ 0, pg pSq ą 0 (involves SWpaq)
 Conjectural formulae for AJ,r ,BJ,r , YJ,s ,ZJ,s
 § Verlinde: ρ “ 2, r “ ´3, . . . , 3, Segre: ρ “ 2, s “ ´1, . . . , 5
 § Verlinde: ρ “ 3, r “ ´3, . . . , 3, Segre: ρ “ 3, s “ 0, . . . , 6
 § Verlinde: ρ “ 4, r “ ´4, 4, Segre: ρ “ 4, s “ 0, 4
 § ρ “ 3, 4: coefficients can be irrational: Galois actions!
 § virtual Serre duality
 χvirpM, µpLq b E r q “ p´1qvdχvirpM, µpρKS ´ Lq b E´r q
 yields conjectural relations among AJ,r ,BJ,r
 Previous results:
 § χpM, µpLqq for toric/rational surfacesGottsche-Nakajima-Yoshioka/Gottsche-Yuan
 § χvirpM, µpLqq for ρ “ 2, b1pSq “ 0, pg pSq ą 0Gottsche-K-Williams
 20/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Theorem (Gottsche-K)
 For any smooth projective surface with KS very ample, b1pSq “ 0,and M :“ MKS
 S pρ, `KS , c2q such that stable-semistable
 § χvirpM, µpLq b E r q, L “ KmS , m P Z
 §ş
 rMsvir cpα♦q, α “ n1K
 n2S , n1, n2 P Z
 only depend on K 2S and c2pTSq.
 Mochizuki ñ ρ “ 2 conjectures holds for:
 K3, elliptic surfaces E pnq (n “ 3, 4, 5), very general S2:1Ñ P2
 branched along octic, very general S2:1Ñ P1 ˆ P1 branched along
 curve of bidegree p6, 6q, very general quintic, blow-ups thereof andvd up to „ 10, . . . 18
 Similar checks for ρ “ 3, 4 (fewer examples and lower vd).
 21/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 S smooth projective surface with b1pSq “ 0, pg pSq ą 0
 Special case α “ 0: vd “ 0 andş
 rMsvir 1
 define ra :“ 2a´ KS , then for ρ “ 2, 3, 4 we get
 22´χpOS q`K2S
 ÿ
 aPH2pS,Zq
 SWpaqp´1qac1
 32´χpOS q`K2S
 ÿ
 pa1,a2qPH2pS ,Zq2SWpa1qSWpa2qε
 pa1`2a2qc13 ¨ 2
 14pra1`ra2q2
 42´χpOS q`K2S
 ÿ
 pa1,a2,a3qPH2pS ,Zq3SWpa1qSWpa2qSWpa3qi
 p´a1`2a2´3a3qc1
 ¨ 2K2S`
 14pra1`ra2qpra1`ra3q
 `
 1´?22
 ˘12ra2pra1`ra3q
 § include µ-insertion:ş
 rMsvir eµpL`ptq (Donaldson invariant)
 § structure formula for any ρ (algebraic Marino-Moore conj)
 22/22
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Curves (Pretalk) Surfaces I (Pretalk) Surfaces I Surfaces II Marino-Moore conjecture
 Segre with ρ “ 2, s “ 1, z “ tp1` 12 tq
 12
 Y∅,1 “ p1` tq ` t12 p1` 3
 4 tq12 , Z∅,1 “
 1` 34 t ´
 12 t
 12 p1` 3
 4 tq12
 1` 12 t
 Yt1u,1pz12 q “ Y∅,1p´z
 12 q, Zt1u,1pz
 12 q “ Z∅,1p´z
 12 q
 Segre with ρ “ 3, s “ 6, z “ tp1´ tq´1
 Y∅,6 “ 1´ 312 t
 12 p1´ tq
 12 Z∅,6 “
 2`
 1´ 312 t
 12 p1´ tq
 12
 ˘3
 Yt1u,6 “ 1´ 12p3` 3
 12 iqt, Zt1u,6 “
 1`
 1´ 12p3` 3
 12 iqt
 ˘3
 Yt1,2u,6pz12 q “ Y∅,6p´z
 12 q, Yt2u,6 “ Yt1u,6
 Zt1,2u,6pz12 q “ Z∅,6p´z
 12 q, Zt2u,6 “ Zt1u,6
 22/22

Page 25
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 THANK YOU!
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