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 Model Set-up
 We consider random sample X1, ...,Xn from sample space X .We do not assume that observations belong to some parametricmodel {Fθ, θ ∈ Θ}, instead we work with the class F(X ),which describes all possible probability distributions on X .As an estimator we consider real-valued statistics
 Tn = Tn(X1, ...,Xn),
 assymptotically we can replace it by a functional
 T (X1, ...) = T (G ), G ∈ F(X ).
 We work with Fisher consistent estimators, i.e. T (F ) = θ.
 1
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 Tools
 Definition (Influence function)
 IF (x ; T ,F ) = limt→0
 T ((1− t)F + t∆x)− T (F )
 t.
 IF describes the sensitivity of an estimator to contamination at thepoint x .
 Lemma (Variance of an estimator)
 V (T ,F ) =
 ∫IF (x ; T ,F )2dF (x).
 2
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 Theorem (Rao-Cramer bound)
 V (T ,F ) ≥ 1
 J(θ∗),
 where
 J(θ∗) =
 ∫ (∂
 ∂θ[ln fθ(x)]θ∗
 )2
 dF∗(x)
 is Fisher information and the lower bound is attached if andonly if IF (x ; T ,F ) is proportional to ∂
 ∂θ [ln fθ(x)]θ∗ .
 3
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 Robustness Measures
 Definition (Gross-error sensitivity)
 γ∗(T ,F ) = supx|IF (x ; T ,F )| .
 Estimator is B-robust if γ∗ <∞.
 Definition (Local-shift sensitivity)
 λ∗(T ,F ) = supx 6=y|IF (x ; T ,F )− IF (y ; T ,F )| / |y − x | .
 Definition (Rejection point)
 ρ∗(T ,F ) = inf {r > 0; IF (x ; T ,F ) = 0, |x | > r} .
 4
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 Robustness Measures
 Definition (Qualitative Robustness)
 π(F ,G ) < δ ⇒ π (LF (Tn),LG (Tn)) < ε,
 where π denotes Prohorov metric.
 Definition (Breakdown point)
 The smallest proportion of observations that can destroy theestimator.
 5
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 M-estimators
 Derived from Maximum-Likelihood estimators. Solvesminimization problem
 argminθ
 ∑i
 ρ(Xi ; θ),
 if ρ is differentiable, the M-estimator is defined by the equation∑i
 ψ(Xi ; θ) = 0.
 Example
 ρ(x , θ) = − ln fθ(x) defines Maximum-likelihood estimator.
 ψ(x) = min {max {x ,−b} , b} defines Huber estimator forstandard normal distribution.
 One needs to handle with optimization to get the M-estimator,another types were proposed.
 6
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 L-estimators - location
 Definition
 Tn(X1, ...,Xn) =n∑
 i=1
 aiXn,(i), (2.1)
 where
 ai =
 ∫ i/n
 (i−1)/nh(x)dx ,
 ∫ 1
 0h(x)dx = 1.
 We define the empirical quantile function
 G−1n (y) = Xn,(i), for
 i − 1
 n< y ≤ i
 n
 and the theoretical counterpart is G−1(y) = inf {x ,G (x) ≥ y} .
 Assumption
 G is strictly increasing and absolutely continuous.7
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 Influence function - derivation
 The corresponding functional to the estimator (2.1) is of theform
 T (G ) =
 ∫ 1
 0G−1(y)h(y)dy =
 ∫ ∞−∞
 xh(G (x))dG (x)
 Let us denote Gt(y) = (1− t)F (y) + tI[y≥x], then
 G−1t (u) =
 F−1
 (u
 1−t
 ), u ≤ (1− t)F (x)
 x , (1− t)F (x) < u ≤ (1− t)F (x) + t
 F−1(
 u−t1−t
 ), u > (1− t)F (x) + t
 so
 dG−1t (u)
 dt=
 u
 (1−t)21
 f (F−1( u1−t ))
 , u ≤ (1− t)F (x)
 u−t(1−t)2
 1f (F−1( u−t
 1−t )), u > (1− t)F (x) + t
 8
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 Influence function - derivation
 dT (Gt)
 dt=
 ∫ 1
 0h(u)
 dG−1t (u)
 dtdu
 we substitute into the integral above and set t = 0 to get
 IF (x ; T ,F ) =
 ∫ F (x)
 0uh(u)
 1
 f (F−1(u))du
 +
 ∫ 1
 F (x)(u − 1)h(u)
 1
 f (F−1(u))du
 =
 ∫ 1
 0uh(u)
 1
 f (F−1(u))du −
 ∫ 1
 F (x)h(u)
 1
 f (F−1(u))du
 =
 ∫ ∞−∞
 F (y)h(F (y))dy −∫ ∞
 xh(F (y))du.
 9
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 Examples - location
 Median
 h = δ1/2, i.e.∫
 h(x)dx = 1
 T (G ) =∫
 G−1(y)h(y)dy = G−1(1/2).
 IF (x ,T ,F ) = 12f (F−1(1/2))
 sgn(x − F−1(1/2)).
 α-trimmed mean
 h(x) = I[α,1−α](x)
 T (G ) = 11−2α
 ∫ 1−αα G−1(y)dy .
 IF (x ,T ,F ) see Jureckova, pages 64 -65.
 γ∗ = F−1(1−α)1−2α .
 Breakdown point ε∗ = α
 10
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 Maximal Asymptotic Efficiency
 Remind that Rao-Cramer says
 V (T ,Fθ∗) =
 ∫IF (x ; T ,Fθ∗)2dFθ∗ ≥
 1
 J(Fθ∗)
 and equality holds if and only if IF (x ; T ,Fθ∗) is proportional to∂∂θ [ln fθ(x)]θ∗ or in other words h(F (x)) must be proportional
 to ∂∂x
 {∂∂θ [ln fθ(x)]θ∗
 }.
 Normal distribution: h(x) = 1/n
 Logistic distribution: h(x) = 6x(1− x)
 Remark
 The shape of IF of L-estimators depends on the distribution Fwhereas for M-estimators IF is proportional to ψ regardless ofthe distribution.
 11
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 L-estimators - scale
 Definition
 We again use the formula (2.1) but now the weights aredefined by
 ai =
 ∫ i/n
 (i−1)/nh(x)dx ,
 ∫ 1
 0h(x)F−1(x)dx = 1.
 Function h is usually chosen as skew symmetric(h(1− u) = −h(u)).
 The corresponding functional is given by
 T (G ) =
 ∫xh(G (x))dG (x)∫xh(F (x))dF (x)
 and
 IF (x ; T ,F ) =
 ∫∞−∞ F (y)h(F (y))dy −
 ∫∞x h(F (y))dy∫
 xh(F (x))dF (x).
 12
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 Examples - scale
 Let h = δ1−t − δt for 0 < t < 1/2. Then
 T (G ) =G−1(1− t)− G−1(t)
 F−1(1− t)− F−1(t)
 For t = 1/4 and F = Φ we obtain the same IF as for MAD.
 Robustness measures which depend on IF are the same.
 Breakdown point, which is ’only’ ε∗ = 1/4.
 13
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 Optimally Bounding Gross Error Sensitivity
 Theorem (Hampel, 1968)
 Let some general assumptions hold. Let b > 0, then thereexists a ∈ R such that
 ψ = [s(x , θ∗)− a]b−b .
 Then the estimator given by the function ψ has the smallestvariance conditionall on a given gross-error sensitivity.
 We perform a substitution
 ψ(x) =
 ∫ ∞−∞
 F (y)h(F (y))dy −∫ ∞
 xh(F (y))dy .
 We use the fact that
 ψ′(x) = h(F (x)), so h(y) = ψ′(F−1(y)).
 14
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 Examples - Optimal estimator
 Location
 Let F be standard normal distribution with pdf Φ, we knowthat
 ψ = [x − a]b−b .
 For symmetric distributions we have a = 0.
 h(y) = I[−b,b]
 (Φ−1(y)
 )= I[α,1−α],
 where α = Φ(−b). h(y) defines α-trimmed mean. If b ↘ 0 weobtain the median.
 15
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 Examples - Optimal estimator
 Scale
 We know that for F = Φ
 ψ =[x2 − 1− a
 ]b−b
 and we apply the same technique to get
 h(y) = Φ−1(y),∣∣∣(Φ−1(y)
 )2 − 1− a∣∣∣ ≤ b
 = 0, elsewhere.
 for suitable a and b. If b ↘ 0 we obtain the interquartile rangeΦ−1(3/4)− Φ−1(1/4).
 16
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 R-estimators - notation
 Definition
 We define rank Ri as
 Ri =n∑
 j=1
 I[Xj≤Xi ], i = 1, ..., n.
 Widely used for location parameter tests (Wilcoxon test).
 Pros
 The test statistic does not depend on distribution F .
 The estimators are position and scale equivariant.
 17
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 Two-Sample Wilcoxon rank test
 Assume two random samples X1, ...,Xm and Y1, ...,Yn with pdfH(x) and H(x + ∆) respectively. Let Ri be the rank of Xi inthe pooled sample of size N = m + n. We test
 H0 : ∆ = 0,
 H1 : ∆ > 0.
 Statistic
 SN =1
 m
 m∑i=1
 aN (Ri ) ,
 where weights
 aN(i) = N
 ∫ iN
 i−1N
 φ(u)du.
 φ is skew symmetric (φ(1− u) = −φ(u)) so∫φ(u)du = 0.
 Remark
 Initially derived to estimate the centre of symmetry.18
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 R-estimator
 Definition
 Estimator Tn is chosen as the value for which the statistics SN
 is as close to zero as possible when computed from samplesX1, ...,Xn and Tn − (X1 − Tn), ...,Tn − (Xn − Tn).
 R-estimator corresponds to the functional∫φ
 [1
 2G (y) +
 1
 2(1− G (2T (G )− y))
 ]dG (y) = 0.
 It can be shown that
 IF (x ; T ,F ) =U(x)−
 ∫U(y)dF (y)∫
 U ′(y)dF (y,
 where
 U(x) =
 ∫ x
 0φ′[
 1
 2F (u) +
 1
 2(1− F (2T (F )− u))
 ]f (2T (F )−u)du.
 19
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 Symmetrical case
 F symmetric, then T (F ) = 0, U(x) = φ(F (x)) and
 IF (x ; T ,F ) =φ(F (x))∫
 φ′(F (x))dF (y)
 Breakdown point ε∗ is given by∫ 1−ε∗/2
 1/2φ(u)du =
 ∫ 1
 1−ε∗/2φ(u)du.
 20
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 Examples
 Maximal efficiency
 Maximal efficient estimator is given by φ(F (x)) proportional tof ′(x)/f (x) for symmetric F .
 Normal distribution
 Let for F = Φ. Then φ(Φ(x)) = kx so φ(u) = Φ−1(u).The estimator is qualitatively robust, but not B-robust(IF (x ; T ,F ) = x), ε∗ = 2Φ
 (−(ln 4)1/2
 )≈ 0.293.
 Remark
 Corresponding M-estimator is mean, which is notqualitatively robust.
 As in case of L-estimators, the IF depends on thedistribution.
 21
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 Optimally Bounding Gross Error Sensitivity
 We use a substitution
 ψ(x) = U(x)−∫ ∞−∞
 U(x)dF (x)
 and again have
 IF (x ; T ,F ) =ψ∫ψ′dF
 .
 For standard normal distribution we have ψ(x) = φ(Φ(x)) andknow that the optimal ψ function satisfies φ(x) = [x ]b−b.For optimal weights it holds
 φ(y) =[Φ−1(y)
 ]b−b,
 which is a truncated normal scores function. For b ↘ 0 we getthe median.
 22
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 Change of Variance Function
 Definition (Influence function)
 CVF (x ;ψ,F ) =∂
 ∂t
 [V
 (ψ, (1− t)F +
 1
 2t (∆x + ∆−x)
 )]t=0
 .
 IF describes bias caused by contamination whereas CVFdescribes the influence on the variance,
 A negative value of CVF is possible, means higheraccuracy and so narrower confidence intervals.
 Definition (Change of Variance Sensitivity)
 κ∗(ψ,F ) = sup {CVF (x ;ψ,F )/V (ψ,F ); x ∈ R \ (C (ψ) ∪ D(ψ))} .
 23
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 V-Robustness
 Definition (V-Robustness)
 An M-estimator is said to be V-Robust if κ∗ <∞.
 Theorem (Change of Variance Sensitivity)
 For ψ ∈ Ψ V-Robustness implies B-Robustness (Ψ is a class ofψ functions that satisfies some general conditions, see Hampel,page 126).
 24
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 Most Robust Estimators
 Theorem (Most B-Robust Estimator)
 The median is the most B-Robust estimator in Ψ.γ∗(ψMed ,F ) = 1/(2f (0)).
 γ∗(ψMed ,F ) =√π/2 for normal distribution.
 Theorem (Most V-Robust Estimator)
 The median is also the most V-Robust estimator in Ψ.κ∗(ψMed ,F ) = 2.
 25
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 Optimal Robust Estimators
 Λ(x) = f ′(x)/f (x). We know that optimal (with minimalvariance) estimator for a given c ≥ γ∗ have
 ψb = [Λ]b−b .
 Theorem (Optimal B-Robust Estimator)
 Optimal B-Robust estimators in Ψ are given by{ψmed , ψb(0 < b <∞} for Λ unbounded and{ψmed , ψb(0 < b < ‖Λ‖} otherwise.
 Theorem (Optimal V-Robust Estimator)
 Optimal V-Robust estimators coincide with the previous ones.
 All the estimator so far has rejection point ρ∗ =∞, we proposenew class of estimators with finite rejection point, we obtainso-called redescending estimators.
 26
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 Redescending estimators
 We define new class of ψ functions
 Ψr = {ψ ∈ Ψ;ψ ≡ 0, |x | ≥ r > 0} .
 Redescending estimaors are characterized by conditionψ(x) ∈ Ψr
 Cons
 Computational problems: equation∑ψ (xi − Tn) = 0 is
 satisfied for any ’far-away’ Tn. Can be solved by e.g.selecting the Tn which is nearest to the median.
 Sensitivity to scale.
 27
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 Redescending estimators
 Pros
 Finite rejection point ρ∗,
 low gross sensitivity γ∗,
 qualitative robustness,
 some (tanh-estimators) have finite change of variancesensitivity κ∗,
 breakdown point ε∗ = 1/2 the maximal value,
 some (tanh-estimators) also possess finite local shiftsensitivity λ∗,
 and high efficiency (tanh-estimators).
 28
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 Redescending - most robust estimators
 We can guess that the most B-Robust estimator in class Ψr isgiven by skipped median
 ψmed(r)(x) = sgn(x)I[−r ,r ](x).
 γ∗(ψmed(r),F ) = 1/ [2(f (0)− f (r))].
 Due to downward jumps κ∗(ψmed(r),F ) =∞
 29
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 Theorem
 (Most V-Robust Estimator) The median-type tanh-estimatorgiven by
 ψmed(r ,tanh) =
 (κr − 1)1/2 tanh
 [1
 2Br (κr − 1)1/2(r − |x |)
 ]sgn(x)I[−r ,r ](x)
 is the most V-Robust estimator in Ψr withκ∗(ψmed(r ,tanh),F ) = κr .
 r−r x
 Figure: Function ψmed(r,tanh)
 30
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 Redescending - optimal B-robust estimators
 We again cite the theorem, the optimal (with minimalvariance) estimator for a given c ≥ γ∗ have
 ψb = [Λ]b−b ,
 where Λ(x) = f ′(x)/f (x). To make it of class Ψr we simplydenote
 ψr ,b = [Λ]b−b I[−r , r ].
 (skipped Huber estimator) and if we let b → Λ(b) we getskipped mean ψr .
 Theorem (Optimal B-Robust Estimator)
 Optimal B-Robust estimators in Ψr are given by{ψmed(r), ψr ,b(0 < b <∞
 }.
 31
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 Redescending - optimal V-robust estimators
 Theorem (Optimal V-Robust Estimator)
 The only optimal V-robust estimators in Ψr are given by{ψr , ψr ,k} and are called tanh-estimators. ψr ,k is smoothexcept for points {−r ,−p, p, r}, see Hampel, page 160, andthe example below.
 r−r xp−p
 Figure: ψr,k function for F = Φ
 32
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 Summary
 Robust Most Robust Optimal RobustΨ [finite [minimal [minimal V (ψ,F )
 sensitivity] sensitivity] sensitivity ≤ k]
 V-robustBias implies median ψmed , ψb,
 B-robust MLE
 equivalentVariance for mono- median ψmed , ψb,
 tone ψ MLE
 Table: Schematic summary of robustness measures and optimal estimatorsfor class Ψ.
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 Summary
 Robust Most Robust Optimal RobustΨr [finite [minimal [minimal V (ψ,F )
 sensitivity] sensitivity] sensitivity ≤ k]
 Bias All skipped ψmed(r), ψr ,b, ψr ,median
 Huber-typeVariance skipped-mean median-type ψmed(r ,tanh),
 not V-robust tanh-estimator tanh estimators
 Table: Schematic summary of robustness measures and optimal estimatorsfor class Ψr .
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 Estimation of Covariance matrix - notation
 We consider F0 to be a spherically distribution, X ∈ Rm , i.e.f0(z) = fz(‖z‖2) for some scalar function fz .
 Model
 The model of interest will be given by all affine transformationto F0
 αA,µ = Az + µ, A ∈ Rm×m, µ ∈ Rm.
 AAT = Σ then the pair (Σ, µ) is the parametrization.
 Instead we work with vectors
 vecs(Σ) =(σ11/√
 2, ..., σmm/√
 (2), σ21, σ31, σ32, ..., σm,m−1
 )T.
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 Model
 Definition
 The covariance-location model generated by F0 is
 {FΣ,µ;µ ∈ Rm,Σ positive definite, } ,
 where FΣ,µ is the distribution of
 αA,µ = Az + µ, AAT = Σ.
 θ = (µ,Σ) with dimension p = m(m + 1)/2 + m.
 Example (The normal distribution)
 F0 = Nm(0, I ) and Fµ,Σ = Nm(µ,Σ).
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 Scores
 We know f0(z) = f z(‖z‖2) and
 fΣ,µ(x) = |Σ|−1/2 f z(v),
 where v = (x − µ)T Σ−1(x − µ).
 Score function
 s(x , θ) =∂
 ∂θln f (x ; θ)
 = −1
 2
 ∂
 ∂θln |Σ|+ ∂
 ∂θln f z(v).
 One can derive that
 ∂
 ∂σijv = −
 [Σ−1(x − µ)T (x − µ)Σ−1
 ]ij
 ∂
 ∂µv = −Σ−1(x − µ),
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 Scores
 With respect to our definition of vecs(Σ) we have
 ∂G (Σ)
 ∂vecs(Σ)=
 (√2∂G
 ∂σ11, ...,√
 2∂G
 ∂σmm,∂G
 ∂σ12+
 ∂G
 ∂σ21, ...)T .
 We conclude that
 s
 [x ,
 (vecs(Σ)
 µ
 )]=
 (x ,
 vecs(Σ−1(x − µ)T (x − µ)Σ−1w v (v)− Σ−1
 )Σ−1(x − µ)w v (v)
 ),
 where
 w v (v) = −2d
 dvln (f z(v)) .
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 Peter J. Rousseeuw Frank R. Hampel, ElvezioM. Ronchetti and Werner A. Stahel.Robust Statistics - The Approach Based on InfluenceFunctions.John Wiley and Sons., 1986.
 J. Jureckova.Robustnı statisticke metody.Nakladatelstvı Karolinum., 2001.
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 Thank you for attention
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