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Symmetry and Properties of Crystals(MSE638)
 Electrical Conductivity Tensor
 Somnath Bhowmick
 Materials Science and Engineering, IIT Kanpur
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Ohm’s law and I-V curve
 V
 A
 +
 +
 +
 -
 -
 -
 R
 V
 I
 R₁R₂
 Ohm’s law: I = VR
 Ohm’s law: ~J = σ ~E
 Is it guaranteed to get current density parallel to the applied field?
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Symmetric vs. asymmetric material
 x₁
 x₂
 E
 J
 Symmetricx₁
 x₂
 E
 J
 Asymmetricx₁
 x₂
 E
 J
 J'
 J''
 Asymmetric
 Symmetric: conductivity in x1= conductivity in x2Asymmetric: conductivity in x1 6= conductivity in x2Conductivity in x1 > conductivity in x2 in this caseField along x1 need not produce current along same directionGeneral case: assume E1 (electric field along x1) produces ~J ′
 General case: assume E2 (electric field along x2) produces ~J ′′
 ~J = ~J ′ + ~J ′′ and ~E = ~E1 + ~E2
 Thus, E1 produces a current that has both x1 and x2 componentSimilarly, E2 produces a current that has both x1 and x2 componentJ1 = σ11E1 and J2 = σ21E1, J1 = σ12E2 and J2 = σ22E2
 3 / 16

Page 4
                        
                        

Electrical conductivity tensor
 Total current: ~J = J1x̂1 + J2x̂2 + J3x̂3
 Total field: ~E = E1x̂1 + E2x̂2 + E3x̂3
 J1 = σ11E1 + σ12E2 + σ13E3
 J2 = σ21E1 + σ22E2 + σ23E3
 J3 = σ31E1 + σ32E2 + σ33E3
 Ji =
 3∑j=1
 σijEj ⇒ Ji = σijEj (Einstein convention)
 Two vectors ~J and ~E are related by a second rank tensor σ
 Tensor σ captures the underlying asymmetry of the material
 We can not write Ji = σEi because of anisotropy
 4 / 16
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What we are measuring in the experiment?
 Crystal slab placed between two electrodes
 Magnitude of σ in the direction of ~E ?
 ~J ∦ ~E because of anisotropy
 ~J has components J⊥ and J‖ (w.r.t ~E)
 Conductivity in the direction of ~E:
 σ =J‖E =
 ~J · ~EE2 = JiEi
 E2 =σijEjEi
 E2
 Let l1, l2, l3 be direction cosines of the applied field ⇒ Ei = Eli
 Thus, σ =σijEjEi
 E2 = liljσij
 σ = l21σ11 + l22σ22 + l23σ33 + 2l1l2σ12 + 2l1l3σ13 + 2l2l3σ23
 Let applied field be along x2 ⇒ l2 = 1, l1 = l3 = 0
 σ = σ22
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Geometrical representation of rank 2 tensor: quadric
 Define a quadratic surface (quadric) using coefficients of rank 2 tensorσ11x
 21 + σ22x
 22 + σ33x
 23 + (σ12 + σ21)x1x2 + (σ13 + σ31)x1x3 + (σ23 +
 σ32)x2x3 = 1⇒∑i
 ∑j
 σijxixj = 1⇒ σijxixj = 1
 What guarantees that we can do it?
 Let’s rotate the coordinate system
 Put xi = akix′k, xj = aljx
 ′l in the above equation
 x₁
 x₂
 σijakialj︸ ︷︷ ︸σ′kl
 x′kx′l = 1⇒ σ′klx
 ′kx′l = 1
 Coefficients change like the components of a rank 2 tensor !!W.r.t. principal axes, σij diagonal ⇒ representation quadric σix
 2i = 1
 Any representation quadric can be used to describe a rank 2 tensorand any crystal property that is governed by a rank 2 tensor
 6 / 16
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Geometrical properties of representation quadric
 x₁
 x₂
 OPr
 Let P be a point of the ellipsoid
 Radius vector along OP is r
 Direction cosine of OP is l1, l2, l3
 Put xi = rli in σijxixj = 1
 We get σijlilj︸ ︷︷ ︸σ
 = 1r2
 Hence, r = 1√σ
 Useful to get the value of conductivity in the direction of OP
 OP along the major axis– σ minimum
 OP along the minor axis– σ maximum
 The red ellipsoid is the “property ellipsoid” (not to scale)
 7 / 16
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Radius normal property
 x₁
 x₂
 O
 P
 EJ
 r
 ~E in OP direction, direction of ~J ?
 Direction cosine of OP l1, l2, l3 ⇒ Ei = liE
 Current density: Ji = σijEj = σijljE
 J1 = σ11l1E + σ12l2E + σ13l3E
 J2 = σ21l1E + σ22l2E + σ23l3E
 J3 = σ31l1E + σ32l2E + σ33l3E
 Quadratic surface: f(x1, x2, x3) = σijxixj
 Gradient vector ~∇f(P ) is normal to the surface at PUnder the condition σij = σji, components of ~∇f are∇fx1 = 2σ11x1 + 2σ12x2 + 2σ13x3 = 2σ11rl1 + 2σ12rl2 + 2σ13rl3∇fx2 = 2σ12x1 + 2σ22x2 + 2σ23x3 = 2σ12rl1 + 2σ22rl2 + 2σ23rl3∇fx3 = 2σ13x1 + 2σ23x2 + 2σ33x3 = 2σ13rl1 + 2σ23rl2 + 2σ33rl3Since ~r ‖ ~E, we conclude ~J ‖ ~∇f(P ) !!Special case: ~E along one of the principal axesSpecial case: sphere (isotropic) instead of ellipsoid (anisotropic) 8 / 16
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Use principal axes as coordinate system
 x₁
 x₂x₁
 x₂
 EJ
 E, J
 Representation quadric: σijxixj = 1⇒ σix2i = 1
 ~J ‖ ~E, if the latter is applied along a principal axisHow to find the principal axes ?Find eigenvalues and eigenvectors of σijUsing eigenvectors as the coordinate system, σij changes toσ11 σ12 σ13
 σ12 σ22 σ23σ13 σ23 σ33
 ⇒σ1 0 00 σ2 00 0 σ3
 Current density is expressed as: Ji = σiEi 9 / 16
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Isotropic material
 x₁x₂
 E, J
 Representation quadric is a sphere: σ(x21 + x22 + x23) = 1Unlike ellipsoid, every radius is perpendicular to the sphere surfaceThus, ~J is always parallel to ~E ⇒ Ji = σEiThe conductivity tensor becomes:σ11 σ12 σ13
 σ12 σ22 σ23σ13 σ23 σ33
 ⇒σ1 0 00 σ1 00 0 σ1
 How do we know whether a material is isotropic or not ?Governed by crystal symmetry
 10 / 16
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Effect of crystal symmetry on second rank tensor properties
 Symmetry of crystal related to symmetry of its physical properties
 Neumann principle: symmetry of any physical property of a crystalmust include its point group symmetry
 What is symmetry of physical properties ?
 Consider Ji = σijEj and reverse the directions of Ji and Ej
 Sign of all components of ~J and ~E change
 Equation holds good for same values of σij
 Thus, electrical conductivity is centrosymmetric– does not matterwhether the crystal is centrosymmetric or not !!
 In addition to this, σij must have all the point group symmetries of agiven crystal
 Crystal symmetry further reduces (from 6) the number ofindependent components of a rank 2 tensor
 11 / 16
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Symmetry of an ellipsoid
 x1
 x2
 x3
 Assuming principal axes oriented along x1, x2, x3, ellipsoid hasI Three two-fold rotation axes along x1, x2, x3I Three mirror planes, each perpendicular to one of the two-fold axesI Inversion center
 Symmetry of quadric same as symmetry of physical property of crystal
 Quadric must have crystal symmetry (to satisfy Neumann principle)
 Let’s try to align rotation axes of a crystal with axes of ellipsoid
 12 / 16
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Orthorhombic crystal
 Orthorhombic symmetry: 3 mutually perpendicular diad axes
 General ellipsoid: also possesses 3 mutually perpendicular diad axes
 Align diad axes of ellipsoid parallel to crystallographic diad axes
 Length of three axes of ellipsoid completely determine the property
 Conductivity tensor referred to x1, x2, x3 crystallographic axesσ1 0 00 σ2 00 0 σ3
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Page 14
                        
                        

Effect of crystal symmetry on rank 2 tensor
 Physical Properties of Crystals, J. F. Nye
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Alternate method: orthorhombic crystal
 How does a 2nd rank tensor change under coordinate transformation?
 Change of σij is similar to change of xixj
 Consider three mutually perpendicular diad aligned along x1, x2, x3Take x3 and apply 2-fold rotation
 I x1 → −x1, x2 → −x2, x3 → x3I x1x1 = x1x1, x2x2 = x2x2, x3x3 = x3x3, x1x2 = x1x2, x1x3 =−x1x3, x2x3 = −x2x3
 I σ11 = σ11, σ22 = σ22, σ33 = σ33, σ12 = σ12, σ13 = −σ13, σ23 = −σ23I Thus, σ13 = σ23 = 0
 Now consider 2-fold rotation along x2I x1 → −x1, x2 → x2, x3 → −x3I x1x1 = x1x1, x2x2 = x2x2, x3x3 = x3x3, x1x2 = −x1x2I σ11 = σ11, σ22 = σ22, σ33 = σ33, σ12 = −σ12I Thus, σ12 = 0
 Due to symmery of orthorhombic crystal, only three independentcomponents: σ11, σ22, σ33
 15 / 16
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Tetragonal crystal
 Consider 4-fold rotation axis aligned along x3I x1 → x2, x2 → −x1, x3 → x3I x1x1 = x2x2, x2x2 = x1x1, x3x3 = x3x3, x1x2 = −x2x1, x1x3 =x2x3, x2x3 = −x1x3
 I σ11 = σ22, σ22 = σ11, σ33 = σ33, σ12 = −σ12, σ13 = σ23, σ23 = −σ13I Thus, σ12 = σ13 = σ23 = 0
 Due to symmery of tetragonal crystal, two independent components:σ11, σ33
 16 / 16
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