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 Force Resultants - 1
 Chapter 3 Chapter 3 –– FORCE SYSTEM FORCE SYSTEM RESULTANTSRESULTANTS
 Basic Engineering 2434Roberto Osegueda & Wen-Whai Li
 Civil Engineering Department
 Force Resultants - 2
 3.1 Cross Product3.1 Cross Product• Cross Product
 The cross product of two vectors A and B is a vector C defined as
 θ is the angle between vectors A and B when placed tail to tail; uc is a unit vector perpendicular to both A and B in the direction of C.The magnitude of vector C is
 C = A × B = A B sin θ uc
 C = A B sin θ
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 Force Resultants - 3
 • Cross product is a vector• The direction of the vector resulting from a cross
 product follows the right-hand rule
 Force Resultants - 4
 Laws of OperationNot Commutative:
 A × B ≠ B × AA × B = -B × A
 Associative:
 a(A × B) = (aA) × B = A × (aB) = (A × B) a
 Distributive:
 A ×(B +C) = A × B + A × C
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 Force Resultants - 5
 Cartesian Vector Formulationi × i = 0 i × j = k i × k = -jj × i = -k j × j = 0 j × k = ik × i = j k × j = -i k × k = 0
 Force Resultants - 6
 Vector Expression of Cross Product
 A × B = (Ay Bz - Az By ) i - (Ax Bz - Az Bx ) j(Ax By - Ay Bx ) k
 Cross product is determined easier through the determinant of the following matrix
 i j k
 A × B = Ax Ay Az
 Bx By Bz
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 Force Resultants - 7
 3.2 Moment of a Force 3.2 Moment of a Force –– Scalar FormulationScalar Formulation
 MomentMoment is a measure of the tendency of a force to cause a body to rotate about a pot or axis.
 The magnitude of a moment is defined as
 where,
 M is the magnitude of a moment (N-m, lb-ft, k-in, etc.)
 F is the magnitude of a force (kN, N, lb, kips, etc.)
 d is the perpendicular distance from the point or axis to the line of action of the force (m or ft)
 M = d F
 Force Resultants - 8
 Moment is a vectorMoment is a vector and the direction of the vector is determined by the right-hand rule, i.e.:
 with the fingers curled in the direction of the tendency to rotate, the direction of the thumb represents the direction of the moment
 Sense of the momentSense of the moment (sign convention):plus (+): counterclockwise momentminus (-): clockwise moment
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 Force Resultants - 9
 Moment about z axis Moment about x axis
 No Moment
 Force Resultants - 10
 Resultant Moment of a System of Coplanar ForcesIf the forces form a coplanar system, then all moment vectors be collinear pointing perpendicular to the plane of the forces.
 If all moment vectors are collinear, the resultant moment can be added algebraically.
 MR = Σ F d
 Examples 3-1 through 3-4
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 Force Resultants - 11
 3.3 Moment of a Force 3.3 Moment of a Force –– Vector FormulationVector Formulation
 The moment of a force F about a point O is
 r is a position vector from point O to any point on the line of action of F
 The magnitude of the moment Mo is
 θ is the angle formed between r and F
 Mo = r × F
 Mo = r F sin θ
 Force Resultants - 12
 i j k
 Mo = r × F = rx ry rz
 Fx Fy Fz
 Moment VectorMoment Vector is determined through the determinant of
 Direction of Moment VectorDirection of Moment Vector is perpendicular to both r and F
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 Force Resultants - 13
 The resultant moment of a system of forces about the same point O can be determined by adding the individual moment vectors resulting from r × F
 MRO = Σ r × F
 Resultant Moment of a System of Forces
 Examples 3-5 and 3-6
 Force Resultants - 14
 3.4 Transmissibility of a Force and the 3.4 Transmissibility of a Force and the Principle of MomentsPrinciple of Moments
 Transmissibility• A Force F can act at any point
 along its line of action and still creates the same moment about point O.
 • The external effects on a body remain unchanged when a force, acting at a given point on the body, is applied to another point lying on the line of action of the force.
 Examples 3-7 and 3-8
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 Force Resultants - 15
 The moment of a force about any point is equal to the sum of the moments of the components of the force about the same point.
 IfMo = r × F and F = F1 + F2
 ThenMo = r × (F1 + F2)= (r × F1 ) + (r × F2 )
 ( r × F1 ) is the moment due to component F1
 ( r × F2 ) is the moment due to component F2
 Principle of Moments (Varignon’s Theorem)
 Force Resultants - 16
 3.5 Moment of a Force About a Specified Axis3.5 Moment of a Force About a Specified AxisThe moment of a force F about an axis a-a is defined as the component of M parallel to a-a; where M is the moment of Fabout any point on the axis. Mathematically, M = r × F and
 Ma = (ua · M ) ua = [ua · (r × F) ] ua = Ma ua
 ua is a unit vector pointing in the direction of axis a-a.
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 Force Resultants - 17
 Vector Expression of Ma
 rA = F =ua= jMa =
 Force Resultants - 18
 Mathematical Expression of the Moment About an Axis
 Ma = (ua · M ) ua = [ua · (r × F) ] ua = Ma ua
 uax uay uaz
 Ma = ua · (r × F) = rx ry rz
 Fx Fy Fz
 Examples 3-9 and 3-10
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 Force Resultants - 19
 3.6 Moment of a Couple3.6 Moment of a Couple
 Scalar FormulationThe magnitude of the moment
 produced by two equal, opposite, and non-collinear forces is M = F d
 F is the magnitude of the force, N or lb
 d is the distance perpendicular to the forces, m or ft
 Force Resultants - 20
 Vector FormulationThe moment resultant about an arbitrary point O due to the two forces is
 Mo = rA ×(-F) + rB × F= (rB - rA) × F= (r × F)
 Points A and B are arbitrary.No reference to the moment centerThe moment M of a couple is a free vectorfree vector because it is the same regardless of the location of the point O. r goes from any point on the line of action of the first force to any point on the line of action of the second force.
 Sign convention:CW - Clockwise; CCW - Counterclockwise
 M = (r × F)
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 Force Resultants - 21
 • Two couples are said to be equivalent if they produce the same moment
 A couple is unchanged as long as the magnitude and direction of its Moment vector remain constant
 A couple is not affected by allowing the force to act in any one parallel planes
 Equivalent Couples
 Force Resultants - 22
 Examples of Equivalent Couples
 A) M = 50 k N-m k B) M = 50 k N-m k
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 Force Resultants - 23
 Resultant Couple MomentBecause moments of couples are free vectors, they can be applied at any point of a body and thus added vectorially.
 MR = M 1 + M 2
 Or if each moment is represented by a vector cross product, then
 MR = Σ(r × F)
 Examples 3-11 through 3-14
 Force Resultants - 24
 3.7 Movement of a Force on a Rigid Body 3.7 Movement of a Force on a Rigid Body (Equivalent Systems)(Equivalent Systems)
 • A force acts on an object to cause translation and rotation.
 • A force acting at one point can be represented by an equivalent system consisting of a force and a moment.
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 Force Resultants - 25
 3.8 Resultants of a Force and Couple System3.8 Resultants of a Force and Couple SystemPurpose
 Representing a complicated force and moment system bya less complicated one to simplify the analysis.
 Advantage Simplify the analysisGain better understanding
 Force Resultants - 26
 Procedure for AnalysisThree-Dimensional Systems Use Cartesian vector formulation. The resultant force is equivalent to the vector sum of all forces in the system. In addition, the resultant couple moment is equivalent to the vector sum of all couple moments in the system plus the moments about point O of all the forces in the system. That isFR = Σ F andMRo = Σ Mo = Σ M + Σ(r × F)
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 Force Resultants - 27
 Procedure for AnalysisTwo-Dimensional Systems Use scalar formulation. The components of the resultant force is found with the algebraic sum of the x and y components of all forces in the coplanar system. In addition, the resultant couple moment is perpendicular to the plane and is equivalent to the algebraic sum of all couple moments in the system plus the moments about point O of all the forces in the system. That is
 FRx = Σ Fx
 FRy = Σ Fy
 MRo = Σ Mo = Σ M + ΣFd
 Examples 3-15 through 3-16
 Force Resultants - 28
 3.9 Further Reduction of a Force and 3.9 Further Reduction of a Force and Couple SystemCouple System
 • If the force and moment resultants are perpendicular, the moment resultant can be eliminated by moving the force resultant in a direction perpendicular to the moment a distance equal to:
 R
 RF
 Md o=
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 Force Resultants - 29
 Concurrent Force SystemsIn a concurrent system, the line of action of all the forces pass through a common point. Therefore, there is no moment resultant and the system of forces can be simplified to one force The resultant of all forces acts in the point of concurrency (common)
 Force Resultants - 30
 Coplanar Force SystemsCoplanar force systems can be reduced to a single resultant force and a couple moment perpendicular to the plane, and furthermore, to a single force at a specific location.
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 Force Resultants - 31
 Parallel Force SystemsParallel force systems with couple moments perpendicular to the forces can be reduced to a single resultant force
 Examples 3-17 through 3-21
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