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            Extension of inverses of Γ-equivariant holomorphic embeddings of bounded symmetric domains of rank ≥ 2 and applications to rigidity problems Ngaiming Mok and Kwok-Kin Wong 1 Introduction Let Ω be a bounded symmetric domain of rank ≥ 2 and Γ ⊂ Aut (Ω) be a torsion-free irreducible lattice, , X := Ω/Γ. In [8], [10] and [20] Hermitian metric rigidity for the canonical K¨ahler-Einstein metric was established. In the locally irreducible case, it says that the latter is up to a normalizing constant the unique Hermitian metric on X of nonpositive curvature in the sense of Griﬃths. This led to the rigidity result for nonconstant holomorphic mappings of X into Hermitian manifolds of nonpositive curvature in the sense of Griﬃths, to the eﬀect that up to a normalizing constant any such holomorphic mapping must be an isometric immersion totally geodesic with respect to the Hermitian connection. With an aim to studying holomorphic mappings of X into complex man- ifolds which are of nonpositive curvature in a more generalized sense, for instance, quotients of arbitrary bounded domains of Stein manifolds by torsion-free discrete groups of automorphisms, a form of metric rigidity was established in [12] applicable to complex Finsler metrics, including espe- cially induced Carath´ eodory metrics (deﬁned using bounded holomorphic functions). By studying extremal bounded holomorphic functions in rela- tion to certain complex Finsler metrics, rigidity theorems were established in [12] for nonconstant holomorphic mappings f : X → N into complex manifolds N whose universal covers admit suﬃciently many ‘independent’ bounded holomorphic functions. A new feature of the ﬁndings is that the liftings F :Ω → e N to universal covers were shown to be holomorphic embed- dings . The latter result will be referred to as the Embedding Theorem. In the survey article [13] of the ﬁrst author, a strengthening of the Embedding Theorem was announced, as follows. Theorem 1.1. (The Extension Theorem) Let Ω ⊂ C n be a bounded sym- metric domain of rank ≥ 2 in its Harish-Chandra realization, which is de- composed into irreducible factors Ω=Ω 1 ×···× Ω m . Let Γ ⊂ Aut(Ω) be a torsion-free irreducible lattice and M := Ω/Γ is the ﬁnite volume quotient (with respect to the canonical metric). Let N be a complex manifold and 1 
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Extension of inverses of Γ-equivariant holomorphic
 embeddings of bounded symmetric domains of
 rank ≥ 2 and applications to rigidity problems
 Ngaiming Mok and Kwok-Kin Wong
 1 Introduction
 Let Ω be a bounded symmetric domain of rank ≥ 2 and Γ ⊂ Aut (Ω) be atorsion-free irreducible lattice, , X := Ω/Γ. In [8], [10] and [20] Hermitianmetric rigidity for the canonical Kahler-Einstein metric was established. Inthe locally irreducible case, it says that the latter is up to a normalizingconstant the unique Hermitian metric on X of nonpositive curvature in thesense of Griffiths. This led to the rigidity result for nonconstant holomorphicmappings of X into Hermitian manifolds of nonpositive curvature in thesense of Griffiths, to the effect that up to a normalizing constant any suchholomorphic mapping must be an isometric immersion totally geodesic withrespect to the Hermitian connection.
 With an aim to studying holomorphic mappings of X into complex man-ifolds which are of nonpositive curvature in a more generalized sense, forinstance, quotients of arbitrary bounded domains of Stein manifolds bytorsion-free discrete groups of automorphisms, a form of metric rigidity wasestablished in [12] applicable to complex Finsler metrics, including espe-cially induced Caratheodory metrics (defined using bounded holomorphicfunctions). By studying extremal bounded holomorphic functions in rela-tion to certain complex Finsler metrics, rigidity theorems were establishedin [12] for nonconstant holomorphic mappings f : X → N into complexmanifolds N whose universal covers admit sufficiently many ‘independent’bounded holomorphic functions. A new feature of the findings is that theliftings F : Ω → N to universal covers were shown to be holomorphic embed-dings . The latter result will be referred to as the Embedding Theorem. Inthe survey article [13] of the first author, a strengthening of the EmbeddingTheorem was announced, as follows.
 Theorem 1.1. (The Extension Theorem) Let Ω ⊂ Cn be a bounded sym-metric domain of rank ≥ 2 in its Harish-Chandra realization, which is de-composed into irreducible factors Ω = Ω1 × · · · × Ωm. Let Γ ⊂ Aut(Ω) be atorsion-free irreducible lattice and M := Ω/Γ is the finite volume quotient(with respect to the canonical metric). Let N be a complex manifold and
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τ : N → N is its universal cover. Suppose f : M → N is a holomorphicmap. Write F : Ω → N as the lifting of f . Assume (M,N ; f) satisfies thefollowing non-degeneracy condition:
 (†): for each k (1 ≤ k ≤ m), there exists a bounded holomorphic function
 hk on N and an irreducible factor subdomain Ω′k ⊂ Ω such that hk
 is non constant on F (Ω′k).
 Then, there exists a bounded holomorphic map R : N → Cn such that RF =idΩ.
 We will call Theorem 1.1 the solution to the Extension Problem to signifythat it gives an extension of the inverse map of the holomorphic embeddingF : X → N . We note moreover that the proof of Theorem 1.1 is independentof the fact that F is an embedding, and it gives an alternative proof of theEmbedding Theorem of [12]. In fact, the existence of R : N → Cn such thatR F = idΩ implies a fortiori that F is injective and immersive, yielding
 Corollary 1.2. (The Embedding Theorem) F is a holomorphic embedding.
 A complete proof of Theorem 1.1 for the case of polydisks is given in [13],and a sketch of the proof for the general case is also given there. The keyingredients in [13] are Moore’s Ergodicity Theorem and Koranyi’s notion andexistence theorem on admissible limits for bounded holomorphic functionson bounded symmetric domains.
 In this article, we give a streamlined complete proof of Theorem 1.1.In our proof, Moore’s Ergodicity Theorem still plays an essential role butKoranyi’s notion of admissible limits is replaced by the Cayley projection.For the proof of Theorem 1.1, it is equivalent to show that the identity mapidΩ is in the pull-back algebra F ∗Hol (N ,Ω) of holomorphic maps which isalmost the vector-valued version of the algebra F := F ∗Hol (N ,∆). Thismotivates us to consider bounded holomorphic functions s = F ∗h ∈ F ,which can be taken to be nonconstant by the nondegeneracy assumption(†). We need to consider certain limits sΦ of s with respect to a Cayleyprojection ρΦ : Ω → Φ, where Φ is a rank r− 1 boundary component of ∂Ωin a Harish-Chandra realization. One is then able to show that ρ∗ΦsΦ ∈ F .By the S1-averaging argument of H. Cartan, we would be able to producefrom ρ∗ΦsΦ a linear map µ : N → Cn. By another K-averaging argument,the identity map is found to in be the pull-back F ∗µ. Thus R = µ will bethe desired solution to our Extension Problem.
 The Cayley projection ρΦ is intimately related to nonstandard (i.e., nottotally geodesic) holomorphic isometric embeddings Bm → Ω constructed in
 2
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[15] by means of minimal rational curves. With the Cayley projection ρΦ, aholomorphic function sΦ : Φ → ∆ is naturally defined whose existence is asimple consequence of the classical Fatou ’s Theorem. It coincides with therestricted admissible limiting function in the sense of Koranyi.
 In all the averaging arguments, various group actions are applied tobounded holomorphic functions. Such group actions may produce functionswhich are not a priori inside the original algebras under considerations. Toresolve this problem, we need to make use of some ergodicity and densitytheorems which are consequences of Moore’s Ergodicity Theorem. Withthese theorems, for any sequence in the arguments which produces newfunctions, we may approximate the sequence so that the limit is shown tolie on the desired algebras.
 The organization of the article goes as follows. In Chapter 2, the bound-ary component theory for bounded symmetric domains of Wolf is brieflyrecalled. It serves to fix notations and recall several basic facts to be usedin later chapters. In Chapter 3, the concept and construction of Cayley pro-jections are introduced. In Chapter 4, a well-known S1-averaging argumentof H. Cartan is recalled. We will also discuss a K-averaging argument. InChapter 5, the proof of Theorem 1.1 (the Extension Theorem) is given. InChapter 6, the last chapter, we give applications of the the Extension The-orem to rigidity problems on irreducible finite-volume quotients of boundedsymmetric domains of rank ≥ 2.
 The current article grew out on the one hand from a self-contained so-lution of the Extension Problem made possible by the use of nonstandardholomorphic isometric embeddings of the complex unit ball via the use ofminimal rational curves given by [15], and on the other hand on applica-tions of the Extension Theorem to rigidity problems on X = Ω/Γ. Thesolution of the Extension Problem constitutes a portion of the Ph.D. thesisof the second author written under the supervision of the first author, whileapplications of that solution culminating in the Isomorphism Theorem forholomorphic mappings from X into arbitrary quotients of bounded domainsof finite intrinsic measure with respect to the Kobayashi-Royden volumeform (cf. Theorem 6.2) is an expanded and revised version of unpublishedresults of the first author.
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Page 4
                        

2 Boundary Structure of Boundary Symmetric Do-mains
 We first give some preparation and set the notations. In this part, the mainreference is [21].
 Let Ω ∼= G0/K = X0 be an irreducible bounded symmetric domain withbase point x0. Let g0 := Lie(G0), k = Lie(K), so that we have the Cartandecomposition g0 = k⊕m0. Denote g = gC0 and m = mC
 0 . Then g = kC ⊕mand gc = k⊕ im0 is a compact real form of g. Let t be a Cartan subalgebraof k. Then it is also a Cartan subalgebra in g0 and gc. The complexificationtC is a Cartan subalgebra of g. For z ∈ k a central element that induce thecomplex structure J = ad(z)|m on X0 as well as on its compact dual X, wehave the corresponding decomposition m = m+ ⊕ m− into (±i)-eigenspacesof J . Write p = kC ⊕ m−, which is a parabolic subalgebra of g consists ofnonnegative eigenspaces of ad(iz).
 Let all the corresponding real analytic subgroups be denoted by capitalletters. We have X0 = G0/K, X = G/P and G0 ∩ P = K. Write xc :=e · P ∈ G/P , then by the Borel Embedding Theorem,
 X0 → X
 gK 7→ g · xc
 embeds X0 holomorphically into X as an open orbit G0(xc). The topologi-cally boundary of X0 in X will be denoted by ∂X0. On the other hand, themap
 M+ ×KC ×M− → G
 (m+, k,m−) 7→ m+km−
 is a complex analytic diffeomorphism onto a dense open subset of G thatcontains G0. This induces the map
 ξ : m+ → X = G/P
 m 7→ exp(m)P
 which gives rise to the Harish Chandra embedding Ω = ξ−1X0 ⊂ m+. Wewill study the topological boundary ∂Ω of Ω in m+ ∼= Cn.
 Let Ψ be a set of maximal strongly orthogonal noncompact positive rootsof g. For each γ ⊂ Ψ, one can define the partial Cayley transform cγ ∈ Gc. IfΓ ⊂ Ψ, then cΓ :=
 ∏γ∈Γ
 cγ . Moreover, to each Γ ⊂ Ψ, there is a Lie subalgebra
 4
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gΓ ⊂ g with real forms gΓ, 0 = g0 ∩ gΓ and gΓ, c = gc ∩ gΓ which give riseto totally geodesic Hermitian symmetric subspaces XΓ = GΓ(x0) ⊂ X andXΓ, 0 = GΓ, 0(x0) ⊂ X0 respectively.
 The topological boundary ∂X0 of X0 in X decomposes into G0 orbits ofthe form
 G0(cΨ−Γx0) =∪k∈K
 kcΨ−ΓXΓ, 0,
 where Γ ( Ψ and kcΨ−ΓXΓ, 0 is a boundary component of X0. Each of thesets kcΨ−ΓXΓ, 0 is also a Hermitian symmetric space of noncompact typewith rank |Γ|. Here G0(cΨ−Γx0) = G0(cΨ−Σx0) if and only if |Γ| = |Σ|.Thus ∂X0 = E0∪E1∪· · ·∪Er−1 as disjoint union of G0 orbits Ei, each is inturn a union of boundary components of rank i. The boundary componentsof Ω in m+ is given by ξ−1kcΨ−ΓXΓ, 0 = ad(k) · ξ−1cΨ−ΓXΓ, 0. This alsoshows that the boundary components of Ω in m+ are bounded symmetricdomains of rank |Γ| and ∂Ω admits a similar decomposition into G0 orbits.Without loss of generality, we will write ∂Ω = E0∪E1∪· · ·∪Er−1. Boundarycomponents in the orbit Ei would be said of rank i. Note that the regularpart Reg(∂Ω) of the boundary ∂Ω is exactly Er−1. The Silov boundarySil(Ω) = E0 = G0(cΨx0), which is the unique closed boundary orbit. Theboundary components in Sil(Ω) are just points. For each 0 ≤ i ≤ r − 2,the orbit Ei is contained in Ei+1, which is the topological closure of Ei+1
 in the compact dual X of X0∼= Ω. For example, if Φ is a rank 1 boundary
 component, then ∂Φ consists of points in E0, thus ∂Φ = Sil(Φ).For Γ ( Ψ, let
 NΨ−Γ, 0 = g ∈ G0 : gcΨ−ΓXΓ, 0 = cΨ−ΓXΓ, 0 ⊂ G0.
 Then NΨ−Γ, 0 is the normalizer of the boundary component cΨ−ΓXΓ, 0 of X0
 in X. Here NΨ−Γ, 0 is conjugate to NΨ−Σ in G0 if and only if |Γ| = |Σ|.Moreover, since G is simple, NΨ−Γ, 0 are maximal parabolic subgroups ofG0 and any maximal parabolic subgroups of G0 is conjugate to NΨ−Γ, 0 forsome Γ. This shows that NΨ−Γ, 0 depends on the cardinality |Γ| of Γ butnot the entire structure of Γ.
 The space G0/NΨ−Γ, 0 is a real flag manifold. Consider the fibration
 π :G0(cΨ−Γx0) →G0/NΨ−Γ, 0
 gcΨ−Γx0 7→ gNΨ−Γ, 0.
 For any point gNΨ−Γ, 0 ∈ G/NΨ−Γ, 0, note that π−1(gNΨ−Γ, 0)∩K(cΨ−Γx0)has exactly one point. We can identify the base of the fibration G/NΨ−Γ, 0
 5
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to K(cΨ−Γx0) via kNΨ−Γ, 0 → k(cΨ−Γx0). Thus π becomes a K-equivariantmapG0(cΨ−Γx0) → K(cΨ−Γx0) so that the fibre π
 −1(kcΨ−Γx0) = kcΨ−ΓXΓ, 0,which is the boundary component that pass through the boundary pointkcΨ−Γx0. Thus G0/NΨ−Γ, 0 = K(cΨ−Γx0) is the moduli space of all rank |Γ|boundary components of X0 in X.
 3 Cayley Projections and Admissible Limits
 The main purpose of this section is to prove the following:
 Theorem 3.1. Let Ω ⊂ Cn be an irreducible bounded symmetric domain ofrank r ≥ 2 and ∂Ω be the topological boundary in its compact dual. Supposeh is a bounded holomorphic function defined on Ω. Then for almost all rankr − 1 boundary components Φ ⊂ ∂Ω, h admits the Cayley limit hΦ definedon Φ with respect to any family of Cayley projections ρΦ. The limitingfunction hΦ is also bounded holomorphic.
 Remark 3.2. For the case r = 1, Ω is either a unit disk in the complexplane or a complex unit ball in higher dimension. Each rank 0 boundarycomponent Φ is just a point. The one dimensional case is covered by theclassical Fatou’s theorem and the higher dimensional case is covered by [4].We also remark that the final conclusion about the holomorphicity does notmake sense since the boundary has odd real dimension.
 3.1 The Construction of Cayley Projections
 We first describe how a Cayley projection is constructed. We need to makeuse of a holomorphic isometric embedding Bl → Ω, whose construction canbe found in [15].
 Let Ω be an irreducible bounded symmetric domain of rank r ≥ 2. Foreach b ∈ X in the compact dual of X0
 ∼= Ω, let
 Vb :=∪
 ℓ : ℓ is a minimal rational curve on X through bVb := Vb ∩ Ω.
 By the Polydisk theorem, there exists a maximal polydisk P ∼= ∆r embeddedtotally geodesically as complex submanifold into Ω, so that
 Ω =∪k∈K
 kP.
 6
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Each of the factor disk in P ∼= ∆r would be called a minimal disk. Itis known that a minimal disk D = ℓ ∩ Ω where ℓ is a minimal rationalcurve on the compact dual X. There is an injective group homomorphismAut (P ) → Aut 0(Ω), implying that there are extensions for elements inAut (P ) to Aut (Ω). Suppose D ∼= ∆ × 0 is a minimal disk in Ω and theone parameter group of transvections ψt ∈ Aut (∆) is defined by
 ψt(z) =z + t
 1 + tz.
 Then(ψt(z), 0) : −1 < t < 1 ⊂ Aut (D)
 extends to a one-parameter group of transvections Ψt ∈ Aut (Ω) via Aut (D) →Aut (Ω).
 Definition 3.3. For each z ∈ Ω, a Cayley projection ρ is defined by
 ρ(z) := limt→1
 Ψt(z).
 The name reflects its connection to the partial Cayley transform definedin [21], cf. also [3] and [?]. One observe that ρ is equivalently defined byany discrete subsequence Ψtk ⊂ Ψt (where tk → 1). Note also thatρ(Ω) := Φ is exactly a rank r − 1 boundary component.
 As in [15], for every b ∈ Φ, there is a holomorphic isometry
 ρ−1(b) = Vb ∼= Bm
 for some positive integer m. Thus ρ : Ω → Φ is a fibration with each fibreholomorphically isometric to Bm. Since one may choose different embeddingsAut (D) → Aut (Ω), there may exist more than one Cayley projections toeach boundary component Φ.
 For our later discussion, we would usually need to choose a family ofCayley projections in the following sense. For each boundary componentΦ ⊂ Reg(∂Ω), we just pick a Cayley projection ρΦ. Thus a family of Cayleyprojections ρΦ can be identified as a subset of the moduli space of rankr−1 boundary components G0/N . We may then discuss the concept ‘almostall Cayley projections in the family’ by using the measure on G0/N .
 Remark 3.4. Although it is not needed in proving the main theorem of thearticle, we can define the following more general Cayley projections,
 7
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Instead of picking one factor disk in the definition of Cayley projections,we may pick any sub-polydisk. For the unit disk ∆, the one-parameter groupof transvections ψt ∈ Aut (∆) in (3.1) gives rise to the one-parameter group
 (ψt, ψt, . . . , ψt) ∈ Aut (∆)s → Aut (∆)r, 1 ≤ s ≤ r, −1 < t < 1,
 where r is the rank of the irreducible bounded symmetric domain Ω. Viaan embedding Aut (∆)r → Aut (Ω), we get from (ψt, ψt, . . . , ψt) a one-parameter group of transvections Ψt ∈ Aut (Ω). Note that for any z ∈ Ω, ast→ 1, Ψt(z) converges to a boundary component Φ ⊂ ∂Ω.
 A Cayley projection comes from a particular one-parameter group of theform Ψt defined as above, in which we choose to embed only one factor disk(ie., s = 1). Similar to the situation of the Cayley projection, the projectiondefined by
 ρ(z) := limt→1
 Ψt(z)
 is equivalently defined by any discrete sequence Ψtk ⊂ Ψt, where −1 <tk < 1 is such that tk → 1. The image of ρ is now a boundary component ofrank r − s. We say that ρΦ is a Cayley projection of rank s. The fibre forCayley projections of rank s for s ≥ 2 is not necessarily a ball.
 3.2 Limiting functions defined by Cayley projections
 Definition 3.5. Let h be a function defined on Ω and ρΦ : Ω → Φ is aCayley projection defined by Ψtk ⊂ Aut (Ω). For each z ∈ Ω, we say thatthe limit hΦ(z) := limk→∞Ψ∗
 tkh(z) (if exist) is the Cayley limit of h at z
 with respect to ρΦ.
 We remark here that our definition of Cayley limits happens to coincidewith Koranyi’s notion of restricted admissible limits stated in [5]. Using one-parameter group of transvections, one can define the restricted admissibledomains and hence the restricted admissible limits. Then observe that thesequence of points along a Cayley projection must lie inside some restrictedadmissible domains in the sense of Koranyi defined in [5]. Conversely, thetail part of a sequence of points in a restricted admissible domain must agreewith a sequence of points along some Cayley projections.
 Note in particular that we have the holomorphic isometry ρ−1Φ (b) = Vb ∼=
 Bm (b ∈ Φ). By Fatou’s theorem form-ball, the restriction h|Vbof a bounded
 holomorphic function h has admissible limit at almost all points on ∂Vb ∼=∂Bm.
 8
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3.3 The Universal Space
 Let
 S := (b, q) | q ∈ ∂Vb − b ⊂ Reg(∂Ω)× Reg(∂Ω)−∆Reg(∂Ω).
 Recall that the orbit consisting of all r− 1 boundary components is exactlyEr−1 = Reg(∂Ω). Note also that any r − 1 boundary component is biholo-morphic to an irreducible bounded symmetric domain Ω1 of the same typeas Ω but of rank r − 1. So π−1(gN) ∼= Ω1 and we have the fibration
 π : Reg(∂Ω) → G0/N, π−1(gN) ∼= Ω1.
 Using the projection of the first factor in S, we get the following fibration:
 π1 : S → Reg(∂Ω), π−11 (b) = ∂Vb − b ∼= ∂Bm − pt,
 where the isomorphism on fibre is holomorphically isometric. Hence we geta two-layer fibration
 S → Reg(∂Ω) → G0/N.
 We would need to discuss various measures for the sets in the abovepicture. Let µ be the Haar measure (class) on G0/N . Since G0/Nparametrizes all rank r − 1 boundary components, when we say ‘almostall’ rank r − 1 boundary components, it is always with respect to the mea-sure µ. Terminology about measurability of boundary components oflower rank is defined analogously. For any irreducible bounded symmet-ric domain, it is in particular a bounded subset in Cn. Thus it inherits theLebesgue measure from Cn. We would need to discuss the Lebesgue measureλ on Ω1. The Haar measure on ∂Bm would be denoted by σ.
 Recall that for a fibration over measurable space P → (X,m1) with mea-surable fibre (F,m2), P can be given a product measure m1×m2 on whichthe usual Fubini’s theorem applies. It means that we can also integrate mea-surable subsets in P by the other slicing corresponding to m2×m1. In oursituation, Reg(∂Ω) is equipped with the product measure µ×λ. The uni-versal space S is equipped with two equivalent product measures µ×λ×σand σ×µ×λ. This equivalence of two different slicings is important whenwe prove the existence of Cayley limits for bounded holomorphic functionswith respect to a family of Cayley projections.
 3.4 Proof of Theorem (3.1)
 The proof of Theorem (3.1) consists of two steps:
 9
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1. Fix a particular rank r − 1 boundary component with an extra as-sumption to assert the existence of the Cayley limit.
 2. Show that almost all rank r − 1 boundary components would satisfythe extra assumption.
 In the following, we always assume Ω ⊂ Cn to be an irreducible boundedsymmetric domain of rank r ≥ 2 and ∂Ω is the topological boundary in thecompact dual. Note also that a rank r − 1 boundary component lies in theregular part of ∂Ω, which we denote Reg(∂Ω).
 3.4.1 Step 1
 Proposition 3.6. Let Φ ⊂ Reg(∂Ω) be a rank r−1 boundary component andρΦ : Ω → Φ a Cayley projection defined by γk ⊂ Aut (Ω). For a boundedholomorphic function h defined on Ω, assume there is a dense subset E ⊂ Ωsuch that for each point p ∈ E, the limit of hk(p) := γ∗kh(p) exists, thenhΦ := lim
 k→∞hk exists on all of Φ and is bounded holomorphic.
 Proof. Since ρ(Ω) = Φ, any p ∈ Ω is inside certain fibre, say ρ−1(b) for apoint b ∈ Φ. Note that the fibre ρ−1
 Φ (b) ∼= Bm, if p ∈ Ω ∩ ρ−1Φ (b), then γk(p)
 converges to b as k → ∞ admissibly in the sense of m-Ball. By Fatou’stheorem for m-ball, we know that the set of point E ⊂ Ω such that the limitof hk exists is non-empty. Suppose the admissible limit of h|ρ−1
 Φ (b) exists
 at the point b ∈ ∂(ρ−1Φ (b)) ∼= ∂Bm and the limiting value is η, then the
 sequence hk|ρ−1Φ (b) converges in the pointwise sense to the constant function
 η : Φ → C.Assume there is a dense subset E ⊂ Ω such that for each point p ∈ E,
 the limit of hk(p) exists. Then hk converges in the pointwise sense to somehΦ on the dense subset E ⊂ Ω. In fact, it follows that hk converges in thepointwise sense to some hΦ on all of Ω. To see this, let z ∈ Ω. Supposeε > 0. In any open ball B(z, r) of radius r > 0 centred at z, there is a pointp ∈ E ∩ B(z, r) since E is dense in Ω. Fix any k ∈ N. There exists a smallenough r > 0 so that |hk(z) − hk(p)| < ε
 3 by the continuity of hk. Also fork and l large enough, we have |hk(p)− hl(p)| < ε
 3 since p ∈ E. Thus
 |hk(z)− hl(z)| ≤ |hk(z)− hk(p)|+ |hk(p)− hl(p)|+ |hl(p)− hl(z)| < ε
 for r small enough and k, l large enough. This implies that hk(z) is Cauchyfor any z ∈ Ω and hence hk converges in the pointwise sense on all of Ω.
 10
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Since h is bounded on Ω, each hk is bounded on Ω implies that hΦis bounded. By Montel’s theorem, hk is a normal family. There is asubsequence hkj that converges on compact subsets of Ω to hΦ. Hence hΦis holomorphic.
 Fix a bounded holomorphic function h defined on Ω and a Cayley-projection ρΦ : Ω → Φ. The assumption in proposition (3.6) can be writtenas follows:
 (Φ): there is a dense subset E ⊂ Ω such that for each p ∈ E, the limitof hk(p) := γ∗kh(p) exists for any γk ⊂ Aut (Ω) defining ρΦ.
 Let EΦ,ρΦ ⊂ Φ be the set of points on Φ where the Cayley limit of hwith respect to the Cayley projection ρΦ do not exist. We define also:
 (Φ)’: the exceptional set EΦ,ρΦ ⊂ Φ is of (Lebesgue) measure zero.
 Lemma 3.7. For a bounded holomorphic function h on Ω and a Cayleyprojection ρ : Ω → Φ, (Φ) is equivalent to (Φ)’. Hence in proposition(3.6), the assumption (Φ) can be replaced by (Φ)’.
 Proof. First note that if property (Φ) is satisfied, then we may apply propo-sition (3.6) to see that EΦ,ρ is even empty.
 For the converse, consider the fibration ρ : Ω → Φ. If the set of excep-tional points EΦ,ρ is of measure zero, then
 E :=∪
 ρ−1(b) : b ∈ Φ− EΦ,ρ
 is a desired dense subset in Ω. To see this, we must claim that for any z ∈ Ωand any r > 0, we have B(z, r) ∩ ρ−1(b) = ∅ for some b ∈ Φ− EΦ,ρ. If not,let r0 > 0 to be such that B(z, r0)∩E = ∅. Then for any point p ∈ B(z, r0),h(ρ(p)) does not exists. If suffices to show that ρ(B(z, r0)) ⊂ Φ is of positivemeasure to derive the desired contradiction.
 For later purposes, note that
 B(z, r0) ⊂∪
 ρ−1(b) : b ∈ ρ(B(z, r0)).
 Since ρ : Ω → Φ is a fibration, it is in particular an open map. For somesmall enough t > 0, there is δ > 0 such that ρ(B(z, t)) ⊂ B(ρ(z), δ). Butthen the open subset B(ρ(z), δ) ⊂ ρ(B(z, r0)) is of positive measure. Thisis impossible.
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In order to get theorem (3.1), we will show that for almost all Φ ⊂Reg(∂Ω), there exists ρΦ satisfying (Φ)’. Thus we need to find a familyP = ρΦ of Cayley projections so that almost all ρΦ in the family P satisfy(Φ)’. In fact, we will do even more. Instead of finding one particular familyof Cayley projections, we are going to show that for any family of Cayleyprojections, almost all ρΦ in the family satisfy (Φ)’.
 3.4.2 Step 2
 Let h be a bounded holomorphic function on Ω. For every gN ∈ G0/N , to itscorresponding rank r − 1 boundary component π−1(gN) := Φ ⊂ Reg(∂Ω),we pick a Cayley projection ρΦ : Ω → Φ. Thus it means that we have chosena family of Cayley projections ρΦ. We can now talk about Cayley limitsof h with respect to the family of Cayley projections ρΦ.
 Define EΦ ⊂ Φ to be the subset so that at each point p ∈ EΦ, h hasno Cayley limit at p (with respect to ρΦ in a chosen family ρΦ). Notethat Φ ∼= Ω1 has the measure λ = λΦ, which is inherited from Ω1. Wecall ρΦ exceptional if λ(EΦ) > 0. Note also that when a family of Cayleyprojections ρΦ is chosen, we can measure the family by the measure µof G0/N since we many identify ρΦ to subset of G0/N . Define L ⊂ ρΦto be the set of all exceptional Cayley projections in the family and L to bethe identification of L in G0/N .
 Suppose ρΦ is a family of Cayley projections such that µ(L) > 0, thenthe product measure of the preimage of L under π : Reg(∂Ω) → G0/Nis also of positive measure, ie., µ(π−1(L)) > 0. Similarly, we also have(µ× λ× σ)(π−1
 1 π−1(L)) > 0.Given the existence of a family of Cayley projections with µ(L) > 0, we
 are going to obtain the contradiction that there is a subset of π−11 π−1(L),
 such that it has positive measure on one interpretation but at the same timeof zero measure in another interpretation involving the Fatou’s theorem oncomplex m-ball.
 Lemma 3.8. For any family of Cayley projections ρΦ, the exceptional setL must have measure zero, ie., µ(L) = 0.
 Proof. Suppose µ(L) > 0. For each exceptional Cayley projection ρΦ ∈ L,the exceptional set of points EΦ ⊂ Φ has λ(EΦ) > 0. Collect all suchexceptional sets and denote by
 E =∪
 EΦ : ρΦ ∈ L ⊂ Reg(∂Ω).
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Note that E ⊂ π−1(L) ⊂ Reg(∂Ω). Moreover, we have µ(L) > 0 (byassumption) and λ(EΦ) > 0 (from the meaning of being exceptional), sothat (µ× λ)(E) > 0.
 The preimage of E ⊂ Reg(∂Ω) under the fibration π1 : S → Reg(∂Ω)is a subset of S ⊂ Reg(∂Ω) × Reg(∂Ω). In fact, π−1
 1 (E) = E × T for somesubset T ⊂ Reg(∂Ω). The subset T is a union of sets of the form ∂Vb −b,where there is a holomorphic isometry Vb ∼= Bm for some positive integer m.We can measure E×T by the measure (µ×λ)×σ as discussed previously,which corresponds to the slicing of S by using the measure µ× λ (whichcorresponds to Reg(∂Ω)) and followed by σ (which corresponds to ∂Bm).Note that ((µ×λ)×σ)(E×T ) = ((µ×λ)×σ)(π−1
 1 (E)) > 0, as (µ×λ)(E) > 0.Recall the definition of the universal space
 S = (b, q) ∈ Reg(∂Ω)× Reg(∂Ω)|q ∈ ∂Vb − b.
 One observe that q ∈ ∂Vb − b if and only if b ∈ ∂Vq − q. Thus E iscontained in a union of sets of the form ∂Vq −q. This exactly means thatwe can slice E × T by using the measure σ followed by µ× λ.
 Since ∂Vq ∼= ∂Bm, a point x ∈ E∩(∂Vq−q) is such that the admissiblelimit (in the sense ofm-ball) for h|Vq does not exist at x. By Fatou’s theoremfor m-ball, σ(E ∩ (∂Vq − q)) = 0. Hence 0 < (µ × λ × σ)(E × T ) =(σ × µ× λ)(E × T ) = 0. This is the desired contradiction.
 This completes step 2 and hence we obtain theorem (3.1).
 4 Averaging Arguments for Holomorphic Maps
 In this part, we discuss the averaging arguments, which will be appliedin the proof of the main theorem (1.1) for the linearization of the Cayleyprojection.
 4.1 A theorem of H. Cartan
 The following lemma is a simple observation for holomorphic maps betweenbounded circular domains. The idea is already known to H. Cartan in [1].
 Lemma 4.1. Let Ω1 ⊂ Cn and Ω2 ⊂ Cm be bounded complete circulardomains. Suppose F : Ω1 → Ω2 is a holomorphic map. Then
 F (z) = e−iθF (eiθz), ∀eiθ ∈ S1, ∀z ∈ Ω1,
 if and only if F is a linear transformation Cn → Cm.
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Proof. Expand F (z) = e−iθF (eiθz) in homogeneous series expansions andcompare term by term.
 We may view the above lemma slightly differently. For any continuouscomplex-valued function f : Ω → C defined on a bounded circular domainΩ ⊂ Cn, we may define the S1 action
 (eiθ · f)(z1, . . . , zn) := f(e−iθz1, . . . , e−iθzn).
 This in fact induces a unitary representation of S1 on L2(Ω) (we need theminus sign to make sure it is a homomorphism). Suppose now F : Ω1 → Ω2
 is a holomorphic map between bounded complete circular domains such thatF (z) = e−iθF (eiθz). The relation F (z) = e−iθF (eiθz) implies that F is alinear transformation. Thus the pull-back
 F ∗ : L2(Ω2) → L2(Ω1)
 is a linear map between Hilbert spaces.For each θ ∈ R , denote the S1-action (eiθ · h)(z) = h(e−iθz) on L2(Ω1)
 and L2(Ω2) by Tθ1 : L2(Ω1) → L2(Ω1) and T
 θ2 : L2(Ω2) → L2(Ω2) receptively.
 Then F ∗ is S1-equivariant, ie., T θ1F
 ∗ = F ∗T θ2 since for any h ∈ L2(Ω2) and
 z ∈ Ω1,(T θ
 1F∗h)(z) = (T θ
 1 (h F ))(z) = h(F (e−iθz)) = h(e−iθF (z))= T θ
 2 (h(F (z))) = (F ∗T θ2 h)(z) .
 We record this as
 Corollary 4.2. Let F : Ω1 → Ω2 be a holomorphic map between boundedcomplete circular domains. Then F ∗ : L2(Ω2) → L2(Ω1) is S1-equivariantif and only if F is a linear transformation.
 Note that in this corollary, F ∗ may be the zero map. For latter appli-cation, we would need to show that under geometric conditions, such F ∗
 would not be the zero map.
 4.2 Linearization of bounded holomorphic maps
 We are going to construct S1-equivariant maps from given holomorphic mapsby taking average, which is the following well-known
 Lemma 4.3. Suppose F : Ω1 → Ω2 is a bounded holomorphic map betweenbounded complete circular domains. Define
 F (z) :=
 ∫ π
 −πeiθF (e−iθz)
 dθ
 2π.
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Then F is S1-equivariant. In particular, this implies that F is a lineartransformation.
 For our application, we would take Ω1 and Ω2 to be bounded symmetricdomains, which are bounded complete circular, and F to be the Cayleyprojections.
 4.3 K-equivariant holomorphic maps
 Now we take Ω1 and Ω2 to be bounded symmetric domains of the sametype with possibly different dimensions. By using the Harish-Chandra co-ordinates, we may view both Ω1 and Ω2 in some Cn. Even the argu-ment would hold for more general situations, for our purpose, we takeΩ1 = Ω ∼= G0/K = G0(x0) and Ω2 = Φ to be a rank r − 1 boundarycomponent of Ω. The set of all rank r − 1 boundary components form anorbit Er−1 = G0(cΓx0) for some partial Cayley transform cΓ. Geometricallythe orbit Er−1 is a disjoint union of boundary symmetric domains and everyone of them is biholomorphic to Φ. Write Er−1 =
 ⨿k∈K
 kΦ (recall that each
 boundary component is of the form ξ−1kcΨ−ΓXΓ, 0 = ad(k)ξ−1cΨ−ΓXΓ, 0).Define |Er−1| = Ω′ : Ω′ = π−1
 r−1(gN), gN ∈ G0/N, which is a set consistsof all rank r − 1 boundary components as elements. We may view the setΦ ⊂ Er−1 as an element in |Er−1| and talk about K-actions in the sensethat each element k ∈ K send the element Φ ∈ |Er−1| to another elementkΦ ∈ |Er−1|. The K-action on |Er−1| is transitive.
 Let HΦ : Ω → Φ be a bounded holomorphic map. Suppose dimΩ = nand dimΦ = m < n. We may put Ω ⊂ Cn and
 ⨿kΦ in a different copy of
 Cn ∼= m+. Now for each k ∈ K, kΦ is also in Cn. Let (kHΦ) : Ω → kΦ bedefined by (kHΦ)(z) := k(HΦ(z)) for each z ∈ Ω.
 Lemma 4.4. Let HΦ : Ω → Φ be a bounded holomorphic map betweenirreducible bounded symmetric domains of the same type so that Φ ⊂ Ω ⊂ Cn
 and Ω ∼= G0/K. Take dk to be the Haar measure on K and define
 H(z) :=
 ∫KkHΦ(k
 −1z)dk.
 Then H : Ω → Cn is either the zero map or a constant multiple of theidentity map idΩ.
 Proof. Note that H : Ω → Cn is a K-equivariant holomorphic map betweendomains in Cn. Because the centre of K is S1, H is in particular S1-equivariant and hence a linear transformation Cn → Cn. Moreover, since
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the isotropy subgroup K acts irreducibly on Cn ∼= m+, by Schur lemma, themap H can either be 0 or a constant multiple of the identity map.
 For our purpose, we need to make sure that such an K-averaging wouldproduce non-zero maps. This can be achieved by geometric arguments underthe assumption of the main theorem (1.1). Another technical issue in theproof of theorem (1.1) involving the averaging argument is that such kind ofaveraging would produce functions outside the algebra under consideration.This problem could be addressed by some density arguments, cf. [14] p. 26Lemma 3.
 5 The Solution to Extension Problem
 For the proof of theorem (1.1), we also need the following lemmas whichfollow readily from Moore’s Ergodicity theorem:
 Lemma 5.1 (cf. Zimmer [22], Proposition 2.1.7). Let G be a connectedreal Lie group, Γ ⊂ G be an irreducible lattice and H ⊂ G be a noncompactclosed subgroup. Then except for a set E ⊂ G/H of measure zero, the orbitΓ(gH) is dense in G/H.
 This implies the following
 Lemma 5.2. Let Ω ∼= G0/K be a bounded symmetric domain of rank r ≥2 and Γ ⊂ Aut0(Ω) be a torsion-free irreducible lattice, M := Ω/Γ. LetP ⊂ Ω be a maximal polydisk of Ω, which induces a canonical embeddingAut(∆)r → Aut0(Ω). Write ψt(z) =
 z+t1+tz so that Ψ = ψt : −1 < t < 1 ⊂
 Aut(∆) gives rise to a one-parameter subgroup in ∆ and H = id∆r−1 ×Ψ ⊂ Aut(∆)r → Aut0(Ω). Let φtk = (eiθ1 , . . . , eiθr−1 , ψtk) ⊂ (∂∆)r−1×Ψ be a sequence. Suppose the coset ΓH is dense in G0/H, then for almostall (eiθ1 , . . . , eiθr−1) ∈ (∂∆)r−1, there exists a discrete sequence γk ⊂ Γsuch that γk = φtkδk for some δk ⊂ Aut0(Ω) and tk ⊂ (−1, 1) so thatδk → id and tk → 1.
 Lemma (5.2) in particular says that if p ∈ Φ is a point at a rank r − 1boundary component Φ and p = ρΦ(z) for some z ∈ Ω and Cayley projectionρΦ : Ω → Φ defined by φtk, then we can find a sequence γk ⊂ Γ suchthat not only is p the limit point of φtk(z), p is also the limit point ofγk(z). This implies that for any holomorphic function s ∈ F , the limit ofthe pullbacks φ∗
 tks is the same as the limit of the pullbacks γ∗ks. To see this,
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note that for any z ∈ Ω,
 |φ∗tks(z)− γ∗ks(z)| = |(s φtk)(z)− (s φtk)(δk(z))|
 = |∫ δk(z)
 z(s φtk)
 ′(ξ)dξ|
 ≤ C ∥s φtk∥L∞(Ω) |δk(z)− z| (Cauchy’s estimate)
 ≤ C ∥s∥L∞(Ω) |δk(z)− z| → 0,
 since δk → id. For any γ ∈ Γ and s ∈ F , γ∗s ∈ F and moreover,limk→∞ γ∗ks ∈ F , we see that ρ∗ΦsΦ ∈ F .
 5.1 Proof of the Extension Theorem
 Proof. For almost all g ∈ G0, ΓHg is dense in G0/H
 g (here Hg = gHg−1)by lemma (5.1). Replacing H by Hg if necessary, we may assume ΓH isdense in G0/H.
 Let s ∈ F = F ∗Hol(N ,∆), ie., s = F ∗h : Ω → ∆ for some h ∈Hol(N ,∆). By the nondegeneracy assumption (†) , we may let h to benonconstant on F (Ω) so that s is nonconstant. Let Φ ⊂ ∂Ω be a rankr − 1 boundary component and ρΦ : Ω → Φ be a Cayley projection. InHarish-Chandra coordinate, Φ can be viewed as a totally geodesic symmetricsubspace of another copy of Ω ⊂ Cn so that we may let 0 ∈ Φ ⊂ Cn. Thus
 ρΦ : Ω → Φ
 Z 7→ (ρ1Φ(Z), . . . , ρnΦ(Z)),
 where n = dimΩ. By theorem (3.1), we may assume the Cayley limitsΦ : Φ → ∆ of s exists on Φ with respect to ρΦ. Then ρ
 ∗ΦsΦ ∈ F .
 We now want to linearize ρ∗ΦsΦ : Ω → ∆. By averaging sΦ over S1 asin lemma (4.3), we obtain a S1-equivariant holomorphic map sΦ : Φ → ∆.Note that we can make sure that with the S1-averaging sΦ, the pull-backρ∗ΦsΦ still lies inside F by the lemma (5.2) and the fact that F is closedunder taking locally uniform limits. Replace sΦ by sΦ if necessary, we mayassume a priori that sΦ is S1-equivariant. Thus
 ρ∗ΦsΦ(Z) = λ1Φρ1Φ(Z) + · · ·+ λnΦρ
 nΦ(Z)
 for some constants λiΦ depending on the Cayley limit sΦ. By Finsler metricrigidity (see [11] and [12], cf. also [13] and [14]) , we may find a uniform
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lower bound a > 0 so that for any choice of Cayley limit sΦ, λiΦ > a > 0.
 This implies that we can further take
 ρ∗ΦsΦ(Z) = λ1ρ1Φ(Z) + · · ·+ λnρnΦ(Z)
 where the constants λi are independent of Φ. Combined with the fact thatρ∗ΦsΦ ∈ F = F ∗Hol(N ,∆), we see that for all i, ρiΦ = F ∗µiΦ for some
 bounded holomorphic function µiΦ : N → ∆, ie., µiΦ ∈ Hol(N ,∆). Denote
 µΦ = (µ1Φ, . . . , µnΦ) : N → Cn. Take HΦ = ρΦ in lemma (4.4), we have
 ρ(z) :=
 ∫KkρΦ(k
 −1z)dk
 is either the zero map or a nonzero multiple of the identity map idΩ.We claim that the linear transformation ρ is not zero map. To see this, it
 suffices to show that (dρ)0 = ρ is non-zero at 0. Without loss of generality,we may assume the Cayley projection ρΦ is constructed from a minimaldisk D ⊂ Ω passing through 0 ∈ Ω and in the Harish-Chandra coordinateof Ω, D is orthogonal to Φ in the Euclidean sense. This means that we maydecompose the tangent space T0Ω ∼= T0Φ⊕T0Φ⊥, where T0Φ corresponds tovectors parallel to Φ and T0Φ
 ⊥ corresponds to vectors in ρΦ-fibre directions.To show (dρ)0 is not zero, it suffices to see that its trace tr((dρ)0) is non-zero.We know that (dρΦ)0(T0Φ
 ⊥) = 0 and (dρΦ)0(T0Φ) = T0Φ. The averagingρ = (dρ)0 consists of conjugations by k ∈ K. Since trace is invariant underconjugation, the trace of the averaging trρ is equal to the trace of (dρΦ)0,which is clearly non-zero.
 Thus we may, replace ρΦ by ρ if necessary, assume that ρΦ isK-equivariantso that it is of the form ρΦ = 1
 c idΩ for some constant c = 0. From ρ∗ΦsΦ ∈F = F ∗Hol(N ,∆), we know that 1
 c idΩ = ρΦ = F ∗µΦ = F ∗(µ1Φ, . . . , µnΦ) for
 some µiΦ ∈ Hol(N ,∆). The theorem is proved by taking R = cµΦ : N →Cn.
 6 Applications to Rigidity Theorems
 The first link between bounded holomorphic functions and rigidity problemswas given by the Embedding Theorem in [12]. In Theorem 1.1 we solvedthe Extension Problem, which is the problem of ‘inverting’ the holomorphicembedding F : Ω → N as a bounded holomorphic map, i.e., finding a holo-morphic extension R : N → Cn of the inverse i : F (Ω) → Ω b Cn as abounded holomorphic map. As a first application of Theorem 1.1, we are go-ing to prove for compact quotients X = Ω/Γ a factorization result called the
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Fibration Theorem for holomorphic mappings f : X → N inducing isomor-phisms on fundamental groups which says that there exists a holomorphicfibration ρ : N → X such that ρ f ≡ idX . (Here and henceforth we useX to denote quotients Ω/Γ.) After lifting f to F : Ω → N , compactness isused to show that certain bounded plurisubharmonic functions constructedon N have to be constant, which allows us to show that R descends from Nto N .
 A primary objective in our research relating bounded holomorphic func-tions to rigidity problems is to study holomorphic mappings on X into tar-get manifolds N which are uniformized by an arbitrary bounded domainD on a Stein manifold, N := D/Γ′. We study further the situation wheref : X → N = D/Γ′ induces an isomorphism on fundamental groups andlook for necessary and sufficient conditions which guarantee that the liftingF : Ω → D is a biholomorphism. We are going to establish the latter un-der the assumption that N is of finite intrinsic measure with respect to theKobayashi-Royden volume form. For a generalization of the Fibration The-orem to the case where X is of finite volume, we need to show the constancyof certain bounded plurisubharmonic functions. When N is a completeKahler manifold of finite volume, we have at our disposal the tool of inte-gration by parts. We resort to such techniques, by passing first of all to thehull of holomorphy of D and making use of the canonical Kahler-Einsteinmetric constructed by [2] and shown to be complete in [17]. We exploitthe hypothesis that N = D/Γ′ is of finite intrinsic measure with respect tothe Kobayashi-Royden volume form to prove that N can be enlarged to acomplete Kahler-Einstein manifold of finite volume, which is enough to showthat the bounded plurisubharmonic functions constructed are constant. Thelatter hypothesis on N appears to be the most natural geometric condition,as the notion of intrinsic measure, unlike the canonical Kahler-Einstein met-ric, is elementary and defined for any complex manifold, and its finitenessis a necessary condition for the target manifold to be compactifiable, i.e.,to be biholomorphic to a Zariski open subset of a compact complex mani-fold. The passage from a quotient of a bounded domain of finite intrinsicmeasure to a complete Kahler-Einstein manifold of finite volume involvesan elementary a-priori estimate on the Kobayashi-Royden volume form ofindependent interest applicable to arbitrary bounded domains.
 6.1 Preliminaries and statements of results
 We are going to apply the solution to the Extension Problem given in The-orem 1.1 to holomorphic mappings f : X → N which induce isomorphisms
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on fundamental groups. We assume that N is compactifiable. In this casewe prove that N can be projected onto f(X). More precisely, we have
 Theorem 6.1. (The Fibration Theorem) Let Ω be a bounded symmetricdomain of rank ≥ 2 and Γ ⊂ Aut(Ω) be a torsion-free irreducible lattice,X := Ω/Γ. Let N be a compact complex manifold and denote by N itsuniversal cover, N = N/Γ′. Let f : X → N be a holomorphic mapping
 into N inducing an isomorphism f∗ : Γ∼=−→ Γ′ on fundamental groups and
 denote by F : Ω → N the lifting to universal covering spaces. Suppose(X,N ; f) satisfies the nondegeneracy condition (†). Then, f : X → N is aholomorphic embedding, and there exists a holomorphic fibration ρ : N → Xsuch that ρ f = idX .
 In the Fibration Theorem since f∗ : Γ∼=−→ Γ′, there is a smooth map
 g0 : N → X such that (g0)∗ = (f∗)−1 on fundamental groups. When N
 is Kahler there is a harmonic map g : N → X homotopic to g0, and bythe method of strong rigidity starting with [19], g gives the holomorphicfibration ρ : N → X. The method of harmonic maps fails when we dropthe Kahler condition on N , and the strength of the Fibration Theorem lieson the use of bounded holomorphic functions on the universal cover N ofN in place of the Kahler condition. The Fibration Theorem can also begeneralized to the case where X is of finite volume and N is compactifiable.This generalization and its application will be taken up in our next result.
 One of our primary objectives in relating bounded holomorphic func-tions to rigidity problems is to develop a theory applicable to holomorphicmappings from irreducible finite-volume quotients of bounded symmetricdomains of rank ≥ 2 by torsion-free lattices to complex manifolds N uni-formized by arbitrary bounded domains. In this case the nondegeneracycondition (†) for the Embedding Theorem is always satisfied for any non-constant holomorphic mapping f : X → N . We will apply Theorem 1.1(the Extension Theorem) to such mappings assuming now as in the Fibra-tion Theorem that the induced map on fundamental groups is an isomor-phism. We look for some natural geometric condition on N which allowsus to establish an analogue of the Fibration Theorem, in which case oneexpects the fibers on Ω to reduce to single points. We establish the follow-ing principal result in §6 yielding a biholomorphism under the assumptionthat the target manifold N = D/Γ′ is of finite measure with respect to theKobayashi-Royden volume form, a condition necessary for N to admit arealization as a Zariski open subset of some compact complex manifold.
 Theorem 6.2. (The Isomorphism Theorem) Let Ω be a bounded symmetric
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domain of rank ≥ 2 and Γ ⊂ Aut(Ω) be a torsion-free irreducible lattice,X := Ω/Γ. Let D be a bounded domain on a Stein manifold, Γ′ be a torsion-free discrete group of automorphisms on D, N := D/Γ′. Suppose N is offinite measure with respect to the Kobayashi-Royden volume form, and f :
 X → N is a holomorphic map which induces an isomorphism f∗ : Γ∼=−→ Γ′.
 Then, f : X∼=−→ N is a biholomorphic map.
 Remark 6.3. We note that in the statement of the Isomorphism Theoremwe do not need to assume that D is simply connected. We will need a slightvariation in the formulation of the Extension Theorem. In the proof of thelatter result it is not essential to use the universal covering space N . Wemay use any regular covering τ : N → N provided that the holomorphicmapping f : X → N admits a lifting to F : Ω → N .
 6.2 Complete Kahler-Einsten metrics and estimates on theKobayashi-Royden volume form
 For the Isomorphism Theorem we are interested in the case where the targetmanifold N is uniformized by a bounded domain D on a Stein manifold. Inour study of such manifolds we will need to resort to the use of canonicalcomplete Kahler metrics. When D is assumed furthermore to be a domain ofholomorphy, we have the canonical Kahler-Einstein metric. The existenceof the metric was established by [2], and its completeness by [17]. Moreprecisely, we have
 Theorem 6.4. (Existence Theorem on Kahler-Einstein Metrics) Let M bea Stein manifold and D b M be a bounded domain of holomorphy on M .Then, there exists on D a unique complete Kahler-Einstein metric dsKE
 of Ricci curvature −(n + 1). The metric is furthermore invariant underAut(D).
 Remark 6.5. We note that invariance of ds2KE under Aut(D) follows fromuniqueness and the Ahlfors-Schwarz Lemma for volume forms. Furthermore,for the existence of ds2KE the bounded domain D b M has to be assumeda domain of holomorphy. It was in fact proven in [17] that any boundeddomain onM admitting a complete Kahler-Einstein metric of negative Riccicurvature satisfies the Kontinuitatssatz of Oka’s, and must therefore be adomain of holomorphy.
 In the formulation of the Isomorphism Theorem we assume that thetarget manifold N = D/Γ′ is of finite intrinsic measure with respect to
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the Kobayashi-Royden volume form. This notion of intrinsic measure (cf.6.2) is defined for any complex manifold. For the proof of the IsomorphismTheorem we need nonetheless to work with the complete Kahler-Einsteinmetric. This is done by first passing to the hull of holomorphy D of D. Forthe passage and for estimates in the proof it is necessary to compare variouscanonical metrics and volume forms, as given in the following ComparisonLemma which results from the Ahlfors-Schwarz Lemma for Kahler metricsand for volume forms (cf. [9] and the references given there).
 Lemma 6.6. (The Comparison Lemma) Let D be a bounded domain onsome n-dimensional Stein manifold, ds2KE be the canonical complete Kahler-Einstein metric of constant Ricci curvature −(n+ 1), and denote by dVKE
 its volume form. Then, for the Caratheodory metric κ and the Kobayashi-Royden volume form dVKR on D, we have
 ds2KE ≥ 2κ
 n+ 1, dVKE ≤ dVKR .
 Let ds2Bn be the Poincare metric on the unit ball Bn ⊂ Cn normalized tohave constant Ricci curvature −(n + 1), with volume form dVPoin. On acomplex manifold M let KM be the space of all holomorphic maps f : Bn →M . For a holomorphic n-vector η its norm with respect to the Kobayashi-Royden volume form dVKR is given by ∥η∥dVKR
 = inf∥ξ∥dVPoin: f∗ξ = η
 for some f ∈ KM. We will need the following estimate for the Kobayashi-Royden volume form on a bounded domain in Cn in terms of distances tothe boundary.
 Proposition 6.7. Let U b Cn be a bounded domain, and denote by ρ = ρUthe Kobayashi-Royden volume form on U . For z ∈ U denote by δ(z) theEuclidean distance of z from the boundary ∂U . Write dV for the Euclideanvolume form on Cn. Then, there exists a positive constant c depending onlyon n and the diameter of U such that
 ρ(z) >c
 δ(z)dV .
 Proof. We will first deal with the case where n = 1. In this case, theKobayashi-Royden form is the same as the infinitesimal Kobayashi-Roydenmetric, which agrees with the Poincare metric, and we have the strongerestimate where c
 δ(z) is replaced by cδ2(z)(logδ)2
 (cf. [17]). The latter estimate
 relies on the Uniformization Theorem and does not carry over to the case ofgeneral n. We will instead give the weaker estimate as stated in Proposition
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6.7 for n = 1 using the Maximum Principle and Rouche’s Theorem and givethe necessary modification for general n.
 Let z ∈ U and f : ∆ → U be a holomorphic function such that f(0) = z.Denote by w the Euclidean coordinate on ∆. We will show that for someabsolute constant C to be determined, we have |f ′(0)| ≤ C
 √δ(z), which
 gives the estimate ∥ ∂∂z∥
 2 ≥ cδ(z) for c = 1
 C2 . Let b ∈ ∂U be such that
 |z − b| = δ(z). To get an upper estimate for |f ′(0)| we are going to showthat if |f ′(0)| were too large, then b would lie in the image f , leading to acontradiction. To this end consider the function h(w) := f(w)− b, h : ∆ →∆(2R) assuming U b ∆(R), R <∞. The affine linear part of h at 0 is givenby L(w) = h′(0)w + h(0) = f ′(0)w + (z − b), noting the trivial estimate|f ′(0)| ≤ 2R by the Maximum Principle. Write h(w) = L(w) + E(w).We claim that there is a constant a > 0 for which the following holds if|f ′(0)| ≥ C
 √δ(z) for any constant C > 3
 a .
 (a) |L(w)| > 2δ(z) whenever |w| = a√δ(z) ;
 (b) |E(w)| < δ(z) whenever |w| = a√δ(z) .
 From (a) and (b) it follows that |h(w)| > δ(z) whenever |w| = a√δ(z). To
 prove (b) of the claim observe that the ‘error’ term E(w) satisfies E(0) =E′(0) = 0 and |E(w)| ≤ |h(w)|+ |L(w)| ≤ |h(w)|+ |f ′(0)||w|+ |z − b| ≤ 6R
 for |w| < 1, by the Maximum Principle applied to E(w)w2 , so that (b) is
 valid whenever (6R)a2 < 1. As to (a) choose now the constant C such thatC > 3
 a . Then, for |w| = a√δ(z),∣∣L(w)∣∣ ≥ (
 C√δ(z)
 )·|w|−δ(z) > 3
 a
 √δ(z)
 (a√δ(z)
 )−δ(z) > 2δ(z) , (1)
 so that (1) holds for C > 3a . For Proposition 6.7 in the case of n = 1 we can
 conclude by applying Rouche’s Theorem to reach a contradiction whenever|f ′(0)| ≥ C
 √δ(z). In view of the generalization to several variables, we give
 the argument here. Assume |f ′(0)| ≥ C√δ(z). Consider ht(w) = L(w) +
 tE(w) for t real 0 ≤ t ≤ 1. From (1) it follows that for 0 ≤ t ≤ 1 we have|ht(w)| > (2− t)δ(z) > 0 whenever |w| = a
 √δ(z). For t = 0 the affine-linear
 function L admits a zero at w = w0 := b−zf ′(0) , |w| ≤
 δ(z)
 C√
 δ(z)=
 √δ(z)
 C <
 a√
 δ(z)
 3 . In particular, w0 ∈ ∆(a√δ(z)
 )for the zero w0 of L(w) = h0(w).
 For 0 ≤ t ≤ 1 the number of zeros of ht on the disk ∆(a√δ(z)
 )is counted,
 by the Argument Principle, by the boundary integral
 1
 2π
 ∫∂∆
 (a√
 δ(z))√−1 ∂log|ht|2 =
 1
 2π
 ∫∆(a√
 δ(z))√−1∂∂log|ht|2 . (2)
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The boundary integral is well-defined, takes integral values, and varies con-tinuously with t, so that it is independent of t, implying that there existsa zero of ht on the disk ∆
 (√δ(z)
 ); 0 ≤ t ≤ 1. In particular, for t = 1,
 h1(w) = h(w) = f(w) − b, and f(w) = b has a solution on ∆(√
 δ(z)),
 contradicting with the assumption that b ∈ ∂U .We now generalize the argument to several variables. Let f : Bn → U
 be such that f(0) = z. Let again b ∈ ∂U be a point such that δ(z) = b.Consider the linear map df(0). Assume U b Bn(R), R < ∞. Consideringh(w) := f(w) − z, h(Bn) b Bn(2R), by the Schwarz Lemma ∥df(0)(η)∥ ≤2R∥η∥ for any η ∈ T0(Bn) ∼= Cn, where ∥ ·∥ denotes the Euclidean norm. Toprove Proposition 6.7 in general it suffices to get an estimate | det(df(0))| ≤C√δ(z) for some constant C > 0 depending on U . In analogy to (a) and
 (b) in the case of n = 1 for the purpose of arguing by contradiction (inorder to establish the estimate | det(df(0))| ≤ C
 √δ(z) ) we claim that for
 U b Bn(R) ⊂ Cn there exist constants a,C > 0 depending only on n and Rfor which the following holds assuming |det(df(0))| ≥ C
 √δ(z).
 (a) ∥L(w)∥ > 2δ(z) whenever ∥w∥ = a√δ(z) ;
 (b) ∥E(w)∥ < δ(z) whenever ∥w∥ = a√δ(z) .
 Noting that ∥df(0)(w)∥ ≤ 2R∥w∥ the argument for (b) is the same as in thecase of n = 1, and it suffices to choose a such that (6R)a2 < 1. As for (a)considering |w| ∈ ∂Bn(a
 √δ(z)) we have∣∣L(w)∣∣ ≥ ∥df(0)(w)∥ − ∥z − b∥ = ∥df(0)(w)∥ − δ(z) . (3)
 To relate ∥df(0)(w)∥ to | det(df(0)| suppose df(0)(w) = ξ with ∥ξ∥ = α∥w∥.Denoting by w⊥ resp. ξ⊥ the orthogonal complements of the nonzero vec-tors w and ξ in Cn we consider the linear map Λ : w⊥ → η⊥ given byΛ = π df(0)|w⊥ where π : Cn → η⊥ is the orthogonal projection. With re-spect to orthonormal bases of the (n−1)-dimensional complex vector spacesw⊥ resp. η⊥ we have | det(Λ)| ≤ (2R)n−1 by the Schwarz Lemma while
 | det(df(0)| = α(det(Λ)), giving α ≥ | det(df(0)|(2R)n−1 . Choosing now any positive
 constant C such that C(2R)n−1 >
 3a for ∥w∥ = a
 √δ(z) and | det(df(0))| >
 C√δ(z) we have
 α ≥ | det(df(0))|(2R)n−1
 >C√δ(z)
 (2R)n−1>
 3
 a
 √δ(z) . (4)
 Thus, for ∥w∥ = a√δ(z) and assuming |det(df(0)| > C
 √δ(z) we have by
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(3) and (4)
 ∥L(w)∥ ≥ 3
 a
 √δ(z)
 (a√δ(z)
 )− δ(z) > 2δ(z) , (5)
 yielding (a) and proving the claim. From (a) and (b) it follows that ∥h(w)∥ >δ(z) whenever ∥w∥ = a
 √δ(z). In terms of the Euclidean coordinates w =
 (w1, ..., wn) of the domain manifold define as for n = 1 the holomorphicmap h(w) = f(w) − b. Decomposing h(w) = L(w) + E(w) as in the caseof n = 1, L(w) = df(0)(w) + (z − b), and using exactly the same argumentthere we have a real one-parameter family of holomorphic maps ht(w) =L(w)+tE(w). Hence, for 0 ≤ t ≤ 1 we have ∥ht(w)∥ ≥ ∥L(w)∥−t∥E(w)∥ ≥(2 − t)δ(z) > δ(z) for w ∈ ∂Bn(a
 √δ(z)), hence ht(w) = 0 for any w ∈
 ∂Bn(a√δ(z)
 ). For the analogue of Rouche’s Theorem we note that the affine
 linear function L(w) = df(0)(w)+ (z− b) admits a unique zero at w = w0 =(df(0))−1(b− z) on Cn. By hypothesis (for argument for contradiction) wehave ∥df(0)(η)∥ > 3
 a
 √δ(z)∥η∥ for η ∈ T0(Bn) ∼= Cn, hence ∥df(0)−1(ξ)∥ <
 a∥ξ∥3√
 δ(z)for ξ ∈ Tz(U) ∼= Cn, so that in particular w0 ∈ Bn
 (a√δ(z)
 )and
 h0(w) = L(w) has a unique solution on Bn(a√δ(z)
 ). Suppose for some
 t, 0 ≤ t ≤ 1, ht(w) = 0 is not solvable on Bn(a√δ(z)). Writing ht(w) =
 (ht,1(w), · · · , ht,n(w)), the coefficients ht,k(w) cannot be simultaneously zero,so that [ht] : Bn → Pn−1 is well-defined, and
 (√−1∂ ∂log|ht|2
 )n ≡ 0, sincethe (1,1)-form inside the parenthesis is nothing other than the pull-back ofthe Kahler form of the Fubini-Study metric on Pn−1, which is everywheredegenerate. If that happened, by Stokes’ theorem we would have
 I(t) :=1
 (2π)n
 ∫∂Bn
 (a√
 δ(z))√−1∂log|ht|2 ∧
 (√−1∂∂log|ht|2
 )n−1= 0 . (6)
 The boundary integral is well-defined for 0 ≤ t ≤ 1, with I(0) = 1. Obvi-ously I(t) varies continuously with t, but it is less clear that I(t) is an integerfor each t. To reach a contradiction to the assumption b ∈ ∂U (as in the useof Rouche’s Theorem for n = 1), we proceed as follows. ht = L+ tE makessense for any real t, and, for ϵ sufficiently small, in the interval −ϵ ≤ t ≤ 1+ϵ,ht is not equal to 0 on ∂Bn
 (a√δ(t)
 ). Hence, the boundary integral I(t) re-
 mains well-defined. I(t) then varies as a real-analytic function in t. For tsufficiently small, ht is a biholomorphism of Bn
 (a√δ(z)
 )onto its image. The
 current(√
 −1∂∂log|ht|2)n
 over Bn(a√δ(z)
 )is given by (2π)nδx(t), where
 x(t) is the unique zero of ht, and δx denotes the delta measure at x. HenceI(t) = 1 for t sufficiently small. It follows that I(t) = 1 for 0 ≤ t ≤ 1 by real-analyticity, and we have a contradiction at t = 1. The proof of Proposition6.7 is complete.
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The Kobayashi-Royden volume form on a complex manifold M arisesfrom the space KM of holomorphic maps f : Bn →M . In the event whereMis a bounded domain U in a Stein manifold Z, estimates for the Kobayashi-Royden form can be localized using Cauchy estimates. More precisely, if blies on the boundary ∂U on Z, and B ⊂ Z is a small Euclidean coordinateball centred at b, any holomorphic map f : Bn → U must map Bn(r) intoB ∩ U for the Euclidean ball Bn(r) centred at 0 of radius r, for some r > 0independent of f ∈ KU . This leads to an upper bound on the Kobayashi-Royden volume form of B ∩ U in terms of that of U . We formulate it ina more general form as follows, noting the monotonicity property of theKobayashi-Royden volume form.
 Lemma 6.8. (Localization Lemma for the Kobayashi-Royden volume form)Let π : U → Z be a bounded Riemann domain spread over a Stein manifoldZ, and W ⊂ Z be any open subset. Let K ⊂W be a compact subset. Then,there exists a positive constant C depending on U , W and K such that forany z ∈ K we have
 µU (z) ≤ µU∩W (z) ≤ CµU (z) .
 Proposition 6.9. Let π : U → Z be a bounded Riemann domain spreadover a Stein manifold Z, and W ⊂ U be an open subset. Let x ∈ U−W andB ⊂ U be an open coordinate neighborhood of b in U , which we will identifyas a Euclidean open set, endowed with the Lebesgue measure λ. SupposeVolume(B ∩W,µB) < ∞. Then, the closed subset B −W ⊂ B is of zeroLebesgue measure.
 Proof. The problem being local, we are led to the following special situation.Identify Cn with R2n. Let I denote the unit interval [0, 1], and E ⊂ I2n bea closed subset contained in I2n−1 × [ϵ, 1] for some ϵ, 0 < ϵ < 1, so thatI2n−1 × [0, ϵ) ⊂ I2n −E. On Cn −E denote by δ the Euclidean distance toE, i.e. δ(x) = sup
 r : Bn(x; r) ∩ E = ∅ for x /∈ E. By Proposition 6.7, we
 have ∫I2n−E
 dV
 δ<∞ , (1)
 where dV denotes the Euclidean volume form on R2n. Then, we need toprove that λ(E) = 0 for the Lebesgue measure λ. Let S ⊂ I2n−1 be theclosed subset consisting of those s such that
 (s × I
 )∩ E = ∅. Denote by
 t the Euclidean variable for the last direct factor of I2n. For each s ∈ S
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observe that ∫(s×I)−E
 dt
 δ= ∞ . (2)
 To see this note that for each s ∈ S, δ(s, t) ≤ |t − t0| for any t0 such that(s, t0) ∈ E. For s ∈ S taking t0 ∈ [ϵ, 1] to be the smallest number suchthat (s, t0) ∈ E, the integral above dominates the integral
 ∫ t00
 dtt0−t = ∞,
 as observed. As a consequence, by Fubini’s Theorem, the closed subsetS ⊂ I2n−1 is of zero Lebesgue measure, so that E ⊂ S × I is of zeroLebesgue measure, as desired.
 We note that, given any unramified covering map ν : M ′ → M , theKobayashi-Royden volume form µM onM agrees with that onM ′ by lifting,since Bn is simply-connected. Using Proposition 6.7 we deduce that followingresult crucial to the proof of the Isomorphism Theorem (Theorem 6.2). Itrelates the covering domain D to its hull of holomorphy D, and allows usto enlarge N to a manifold admitting a complete Kahler-Einstein metric offinite volume.
 Proposition 6.10. Let D ⊂ Z be an a bounded domain on a Stein manifoldZ, Γ′ ⊂ Aut(D) be a torsion-free discrete group of automorphisms of D suchthat N = D/Γ′ is of finite measure with respect to µD. Let π : D → Z be thehull of holomorphy of D. Then, Γ′ extends to a torsion-free discrete group ofautomorphisms Γ′ of D such that, writing N := D/Γ′, N is of finite volumewith respect to µ
 N.
 Proof. It is standard that Γ′ ⊂ Aut (D) extends canonically to a subgroupΓ′ ⊂ Aut (D), Γ′ ∼= Γ′. We start by showing that Γ′ ⊂ Aut (D) is a torsion-free discrete subgroup. Since torsion-freeness of Γ′ is a property of theabstract group, Γ′ is also torsion-free. For the proof of discreteness supposeotherwise, then there exists a sequence of distinct automorphisms µi ∈ Γ′
 of D such that the corresponding sequence µi ∈ Γ′ of automorphisms ofD converges to an automorphism µ ∈ Aut (D). Clearly µ|D maps D intothe topological closure D ⊂ D. However, since the subgroup Γ′ ⊂ Aut (D)for the bounded domain D is discrete, we must have π(µ(D)) ⊂ ∂D (inCn, n := dim(D)). In particular µ is of maximal rank ≤ n − 1 and cannotbe an automorphism, giving a contradiction and yielding the discreteness ofΓ′ ⊂ Aut (D).
 Since µN
 ≤ µN on N , Volume(N,µN) ≤ Volume(N,µN ) < ∞. On the
 other hand, Volume(N−N,µN) is obtained by integrating µ
 Nover N−N . In
 terms of local holomorphic coordinates which give local Lebesgue measures,
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we can write µN
 = φ · λ, where φ is a bounded measurable function. Since
 N can be covered by a countable number of open Euclidean open sets Bα
 such that Bα ∩ (N − N) is of zero Lebesgue measure of each index α, weconclude that Volume(N , µ
 N) = Volume(N,µ
 N) <∞, as desired.
 From Proposition 6.10 and the Existence Theorem on Kahler-Einsteinmetrics (Theorem 6.4) on bounded domains of holomorphy, we have imme-diately
 Corollary 6.11. Let N ⊃ N be the complex manifold as in Proposition6.10. Then N admits a unique complete Kahler-Einstein metric gKE offinite volume and of constant Ricci curvature −(n+ 1), n = dimN .
 6.3 Proof of the Fibration Theorem and the IsomorphismTheorem
 We deduce first of all the Fibration Theorem (Theorem 6.1) from the Ex-tension Theorem (Theorem 1.1).
 Proof. (The Fibration Theorem) By the hypothesis X := Ω/Γ and N =
 N/Γ′ are compact, f : X → N induces an isomorphism f∗ : π1(X) = Γ∼=−→
 Γ′ = π1(N) on fundamental groups and (X,N ; f) satisfies the condition (†)concerning pull-backs of bounded holomorphic functions on N by the liftingF : Ω → N of f : X → N to universal covers. Let R : N → Ω be theholomorphic mapping given by Theorem 1.1 such that R F = idΩ. We aregoing to prove that R descends to ρ : N → X.
 Assume for simplicity that Ω is irreducible (and of rank ≥ 2). We havefirst to prove that R(N) ⊂ Ω. Let α ∈ T0(Ω) be a characteristic vectorof unit length at the origin 0, ∆α ⊂ Ω be the minimal disk such thatα ∈ T0(∆α). Let Lα : Cn → Cα be the Euclidean orthogonal projection,which projects Ω onto ∆α. We identify Cα isometrically with C and hence∆α with ∆. We claim that R(N) ⊂ Ω. Denote by τ : N → N the canonicalprojection. For any bounded holomorphic function θ on N consider thefunction ψθ : N → R defined by ψθ(q) = sup|θ(p)| : τ(p) = q FromCauchy estimates ψθ is continuous. Since it is obviously plurisubharmonicand N is compact, ψθ is a constant function. Applying this now to thefunction θα := Lα R we conclude that ψθα must be identically equal to1, since ψθα(p) = 1 for any p ∈ f(X). Taking all possible characteristicvector α of unit length at 0 one concludes readily that R(N) ⊂ Ω, as canbe seen for instance from the Polydisk Theorem. It remains to show thatR(N) ∩ ∂Ω = ∅. Identifying Ω as an open subset of T0(Ω), we have Ω =
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η ∈ T0(Ω) : ∥η∥κ ≤ 1 where κ denotes the Caratheodory metric on Ω. IfR(N)∩ ∂Ω = ∅, then the plurisubharmonic function φ(w) = ∥R(w)∥κ on Nattains its maximum value 1, and must therefore be identically equal to 1,so that R(N) ⊂ ∂Ω. But this contradicts with the fact that R(p) ∈ Ω forany p ∈ F (Ω), and proves R(N) ⊂ Ω, as desired.
 Using f∗ : Γ∼=−→ Γ′ we identify Γ with Γ′. For every γ ∈ Γ and any
 p ∈ F (Ω), p = F (x), we have R(γ(p)) = γ(R(p)) = γ(x) by definition.Consider now the vector-valued holomorphic map Tγ : N → Cn given byTγ = R(γ(p))−γ(R(p)). Then Tγ vanishes identically on F (Ω). Considering
 the plurisubharmonic function ∥Tγ∥ on N and descending to N by taking
 suprema over fibers of τ : N → N we conclude as in the above that Tγvanishes identically on N , i.e., we have the identity R γ ≡ γ R on allof N . It follows that the holomorphic mapping R : N → Ω descends toρ : N → X. Since R F ≡ idΩ we conclude that ρ f ≡ idX , provingTheorem 1 in the case where Ω is irreducible. For the general case where Ωmay be reducible it suffices to consider pull-backs of bounded holomorphicfunctions which are nonconstant on irreducible factor subdomains of Ω andthe proof follows verbatim .
 For the proof of the Isomorphism Theorem we proceed now to justifythe same line of argument by first proving the constancy of analogous func-tions ψθ. This will be demonstrated by integrating by part on completeKahler manifolds, for which purpose we will pass to the hull of holomor-phy of D and make use of complete Kahler-Einstein metrics as explained in§2. A further argument, again related to the vanishing of certain boundedplurisubharmonic functions, will be needed to show that the holomorphic fi-bration obtained is trivial. For the proof of the Isomorphism Theorem alongthis line of thoughts we will need
 Lemma 6.12. Let (Z, ω) be an s-dimensional complete Kahler manifoldof finite volume, and u be a uniformly Lipschitz bounded plurisubharmonicfunction on Z. Then, u is a constant function.
 Proof. Fix a base point z0 ∈ Z. For R > 0 denote by BR the geodesicball on (Z, ω) of radius R centred at z0. There exists a smooth nonnegativefunction ρR on Z, 0 ≤ ρR ≤ 1, such that ρ ≡ 1 on B R , ρ ≡ 0 outside BR+1,and such that ∥dρR | ≤ 2
 R . By Stokes’ Theorem, we have
 0 =
 ∫Z
 √−1d(ρRu) ∧ ∂u ∧ ωs−1 +
 ∫ZρR
 √−1u∂∂u ∧ ωs−1 . (1)
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Here√−1∂∂u ≥ 0 in the sense of currents, hence it has coefficients which are
 complex measures when expressed in terms of local holomorphic coordinates,and
 √−1u∂∂u is well-defined since u is a bounded function.∫
 BR
 √−1∂u ∧ ∂u ∧ ωs−1 ≤
 ∫ZρR
 √−1∂u ∧ ∂u ∧ ωs−1
 = −∫Z
 √−1u∂ρR ∧ ∂u ∧ ωs−1 −
 ∫ZρR
 √−1u∂∂u ∧ ωs−1 . (2)
 In terms of norms on (Z, ω), ∥du∥ is by assumption uniformly bounded.Furthermore, ∥dρR∥ ≤ 2
 R , and its support is contained in Z − BR, sothat the second last term of (2), up to a fixed constant, is bounded byVolume(Z−BR, ω), which decreases to 0 as R→ ∞ since Volume(Z, ω) <∞by assumption. On the other hand the last integral is nonnegative sinceu ≥ 0 and u is plurisubharmonic. Fix any R0 > 0. It follows readily thatfor any R > R0,∫
 BR0
 ∥∂u∥2 ≤∫BR
 ∥∂u∥2 → 0 as R→ ∞ .
 As a consequence ∂u ≡ 0, so that u ≡ C for some constant C, as desired.
 We are now ready to prove the main application of the Extension The-orem (Theorem 1.1), as follows.
 Proof. (The Isomorphism Theorem) Here and in what follows by the in-trinsic measure we will always mean the measure given by the Kobayashi-Royden volume form. The starting point is the Fibration Theorem (Theorem6.1), which was stated and proved only for the case where X = Ω/Γ andN = N/Γ′ are both compact. We observe first of all that the analogue ofTheorem 6.1 also holds in the more general case where Γ ⊂ Aut (Ω) is onlyassumed to be a torsion-free lattice, and N is assumed to be compactifiable,i.e., N is biholomorphic to a Zariski open subset of some compact complexmanifold N . From the proof of Theorem 6.1 what is needed is the con-stancy of certain bounded continuous plurisubharmonic functions ψ. Butthe hypothesis that N is compactifiable is sufficient for that purpose, byRiemann extension of bounded plurisubharmonic functions across the sub-variety A := N −N ⊂ N , and the Maximum Principle for plurisubharmonicfunctions can be applied to the extended plurisubharmonic functions on thecompact complex manifold N to give the needed generalization of Theorem6.1, yielding a holomorphic fibration ρ : N → X such that ρ f ≡ idX .
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By Proposition 6.10, we can ‘complete’ D to a bounded domain of holo-morphy D and extend Γ′ to a torsion-free discrete group of automorphismsΓ′, such that N = D/Γ′ is of finite intrinsic measure. By Corollary 6.11,N carries a unique Kahler-Einstein metric gKE of constant Ricci curvature−(n + 1), n = dim(N). Denote by ωKE the Kahler form of gKE . By in-
 variance gKE and ωKE descend to N , and we use the same notations on N .By the Comparison Lemma (Lemma 6.6), the Kahler-Einstein volume formon N is bounded by a constant multiple of the Kobayashi-Royden volumeform, so that (N , ωKE ) is also of finite volume. We may consider the holo-
 morphic map f : X → N to have image in N . Applying the Extension
 Theorem (Theorem 1.1), we can extend the inverse map i : F (Ω)∼=−→ Ω
 to R : D → Cn as a bounded holomorphic map. We claim, in analogy tothe proof of the Fibration Theorem, that R(D) ⊂ Ω. The proof there relieson showing that the bounded plurisubharmonic function ψθ is a constant.From the construction, dψθ is uniformly bounded with respect to the in-duced Caratheodory metric κ on N . By the Comparison Lemma (Lemma6.6), gKE dominates a constant multiple of κ, so that ∥dψθ∥gKE
 is uniformly
 bounded on N (cf. Eqn (1) below for details in an analogous situation).By Lemma 6.12 it follows that ψθ is a constant, so that R(D) ⊂ Ω. Thesame argument applied to the bounded vector-valued holomorphic functionsTγ = R γ − γ R yields the equivariance of R under Γ. As a consequence,the analogue of the Fibration Theorem remains valid, i.e., there exists aholomorphic map ρ : N → X such that f ρ ≡ idX . To complete the proofof the Isomorphism Theorem it remains to show that f : X → N is anopen embedding. Knowing this, we will have ρ f ≡ id
 Nby the identity
 theorem, so that f maps X biholomorphically onto N . But, by hypothesisf(X) ⊂ N , so that N = N and we will have established that f : X → N isa biholomorphism.
 We proceed to prove that f : X → N ⊂ N is an open embedding.Suppose otherwise. Then, n = dim(N) > dim(X) := m and the fibersρ−1(x) of ρ : N → X are positive-dimensional. Let x0 ∈ X be a regularvalue of ρ : N → X, and L ⊂ ρ−1(x0) be a connected component, dim(L) =n −m > 0. We claim that L lifts in a univalent way to D. To this end letx0 ∈ Ω such that π(x0) = x0. and L ⊂ D be a connected component ofR−1(x0), such that τ(L) = L for the covering map τ : D → N . Supposeγ ∈ Γ acts as a covering transformation on D such that γ(L) = L. By theΓ-equivariance of R we have R(γ(p)) = γ(R(p)). Applying this to p ∈ L,R(γ(p)) = R(p), so that γ(R(p)) = R(p), implying that γ acts as the identitymap on Ω since Γ ⊂ Aut(Ω) is torsion-free. This means precisely that τ |
 L
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maps L bijectively onto L, as claimed.Recall that gKE is the complete Kahler-Einstein metric on N of constant
 Ricci curvature −(n+1), ωKE is its Kahler form. From the liftings L we aregoing to derive a contradiction. Let σ be a bounded holomorphic function onthe bounded domain D such that σ|
 Lis not identically a constant. Then,
 u := |σ|2 gives a nonnegative plurisubharmonic function on L ∼= L. Ifwe know that (L, ωKE |L) is of finite volume, then Lemma 6.10 applies to
 yield a contradiction. We only know that (N , ωKE ) is of finite volume. Let
 again x0 ∈ X be a regular value of ρ : N → X, q0 := f(x0). Let Vbe a simply connected open neighborhood of x0 in X. For x ∈ V denoteby Lq ⊂ ρ−1(x) ⊂ N the connected component of ρ−1(x) containing q :=
 f(x). Since V is simply connected there is an open subset V ⊂ Ω suchthat π
 ∣∣V
 : V → X maps V bijectively onto V for the universal covering
 map π : Ω → X. For x ∈ V denote by x ∈ V the unique point suchthat π(x) = x and write Lq ⊂ Ω for the irreducible component of π−1(Lq)
 containing x. For almost all x ∈ V , x is a regular value of ρ : N → X,and Lq ⊂ N , q = f(x), is a complex submanifold of N of dimension equalto dim(N) − dim(X) = n −m. For a singular value x, it remains the casethat dim(Lq) = n−m, but Lq may have singularities. The arguments in the
 preceding paragraph remain valid to show that τ∣∣Lq
 maps Lq bijectively onto
 Lq. Let W ⊂ N be the union of Lq. Let σ now be a bounded holomorphic
 function on the bounded domain D such that σ∣∣Lq0
 is not identically a
 constant. Since τ∣∣W
 : W → N maps W bijectively onto W we may regardσ is a bounded holomorphic function on W . Write u := |σ|2. Then, u is anonnegative bounded plurisubharmonic function on W . Recall that κ is theinduced Caratheodory metric on N = D/Γ′. By the Comparison Lemma(Lemma 6.6), gKE ≥ Const. × κ. Since ∂u = σ∂σ and σ is bounded, wehave
 ∥∂u(y)∥gKE ≤ Const.× ∥∂σ(y)∥gKE
 = Const.× sup|∂σ(η)| : η ∈ Ty(D), ∥η∥gKE ≤ 1
 ≤ Const.′ × sup
 |∂σ(η)| : η ∈ Ty(D), ∥η∥κ ≤ 1
 <∞ ,
 where the last inequality follows from the definition of the Caratheodorymetric. Denote by Rρ ⊂ f(V ) the subset of all q = f(x), where x ∈ V
 is a regular value of ρ. Consider the fibration R : D → Ω. Then, theCaratheodory metric κ
 Don D dominates the pull-back of the Caratheodory
 32

Page 33
                        

metric κΩ on Ω. By the Comparison Lemma, the Kahler-Einstein metricgKE on D dominates a constant multiple of the Caratheodory metric κ
 Don
 D, so thatgKE ≥ Const.× R∗κΩ .
 Descend to N and consider the fibration ρ|W : W → V . In what followswe impose the condition that V b X and denote by dλ the restriction of asmooth volume form on X to V . From (1) it follows
 ωnKE ≥ (Const.× ρ∗dλ) ∧ ωn−m
 KE .
 By Fubini’s Theorem we conclude from the estimates that∫q∈Rρ
 Volume(Lq, ωKE
 ∣∣Lq)dλ(q) ≤ Const.×Volume(W,ωKE)
 ≤ Const.×Volume(N , ωKE) <∞ ,
 so that q ∈ Rρ and Volume(Lq, ωKE |Lq) <∞ for almost all q ∈ V . ApplyingLemma 6.6 to a regular fiber Lq with q sufficiently to q0, Volume(Lq, ωKE |Lq) <∞ and to the nonconstant plurisubharmonic function u = |σ|2 on Lq we ob-tain a contradiction to Lemma 6.12, proving by contradiction that f : X →N is an open embedding, with which we have completed the proof of theIsomorphism Theorem (Theorem 6.2).
 We have the following variation of Theorem 6.2 when the fundamentalgroups of X and N are only assumed to be isomorphic as abstract groups.
 Theorem 6.13. (Variation of the Isomorphism Theorem) Suppose in the
 statement of Theorem 6.2 in place of assuming that f∗ : Γ∼=−→ Γ′ we assume
 instead that Γ ∼= Γ′ as abstract groups and that f : X → N is nonconstant.Then, f : X → N is a biholomorphism.
 Proof. Fix an isomorphism between Γ and Γ′ as abstract groups and henceidentify Γ′ with Γ. f∗ is thus regarded as a group endomorphism of Γ. LetG = Aut0(Ω) be the identity component of the automorphism group of Ω.Replacing Γ (and hence Γ′) by a subgroup of finite index we may assumethat Γ ⊂ G. Since G is semisimple, connected and of real rank ≥ 2, andΓ ⊂ G is an irreducible lattice, by the Margulis Superrigidity Theorem [7],either f∗(Γ) is finite, or else f∗ : Γ → Γ extends to a group automorphismφ : G → G. In the former case we would have a lifting X to the coveringdomain D of N , which would force f to be constant by the Maximum
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Principle, since the Satake compactification of X is obtained by adding avariety of dimension ≤ dim(X) − 2. In other words, the nonconstancy of
 f forces f∗ : Γ∼=−→ Γ to extend to a group automorphism φ : G → G.
 In particular, f∗ is injective. With respect to a fixed Haar measure onthe semsimiple Lie group G, which is invariant under the automorphismφ, Volume(G/Γ) must agree with Volume(G/f∗(Γ)). Since f∗(Γ) ⊂ Γ, it
 follows that f∗(Γ) = Γ, so that f∗ : Γ∼=−→ Γ ∼= Γ′, and we are back to the
 original formulation of the the Isomorphism Theorem.
 Acknowledgement The research of the first author is partially sup-ported by the GRF 7046/10 of the HKRGC, Hong Kong.
 References
 [1] Cartan, H.: Sur les fonctions de deux variables complexes. Les trans-formations d’un domaine borne D en un domaine interieur a D, Bull.de la Soc. Math. de France 58 (1930), 199-219.
 [2] Cheng, S.-Y. and Yau, S.-T: On the existence of a complete Kahler-Einstein metric on non-compact complex manifolds and the regularityof Fefferman’s equation, Comm. Pure Appl. Math. 33 (1980), 507-544.
 [3] Frankel, S.: Complex geometry of convex domains that cover varieties,Acta Math. 163 (1989), 109-149.
 [4] Koranyi, A.: Harmonic functions on Hermitian hyperbolic space,Trans. Amer. Math. Soc. 135 (1969), 507-516.
 [5] Koranyi, A.: Harmonic functions on symmetric spaces, in Symmetricspaces (Short Courses, Washington Univ., St. Louis, Mo., 1969-1970),Pure and Appl. Math., Vol. 8, Dekker, New York, 1972, pp. 379-412.
 [6] Koranyi, A.: Poisson integrals and boundary components of symmetricspaces, Invent. Math. 34 (1976), 19-35.
 [7] Margulis, G. A.: Discrete Subgroups of Semisimple Lie Groups , Ergeb-nisse in der Mathematik und ihrer Grenzgebiete, Folge 3, Band 17,Springer-Verlag, Berlin-Heidelberg-New York 1991.
 34

Page 35
                        

[8] Mok, N.: Uniqueness theorems of Hermitian metrics of seminegativecurvature on locally symmetric spaces of negative Ricci curvature, Ann.Math. 125 (1987), 105-152.
 [9] Mok, N.: Complete Kahler-Einstein metrics of bounded domains lo-cally of finite volume at some boundary points, Math. Ann. 281 (1988),23-30.
 [10] Mok, N.: Metric Rigidity Theorems on Hermitian Locally Symmet-ric Manifolds , Series in Pure Mathematics Vol. 6, World Scientific,Singapore-New Jersey-London-Hong Kong, 1989.
 [11] Mok, N.: Characterization of certain holomorphic geodesic cycles onquotients of bounded symmetric domains in terms of tangent subspaces,Compositio Math. 132 (2002), 289-309.
 [12] Mok, N.: Extremal bounded holomorphic functions and an embeddingtheorem for arithmetic varieties of rank ≥ 2, Invent. Math. 158 (2004),1-31.
 [13] Mok, N.: Ergodicity, bounded holomorphic functions and geomet-ric structures in rigidity results on bounded symmetric domains, inProceedings of the International Congress of Chinese Mathematicians(Hangzhou 2007), Volume II, Higher Educational Press, Beijing, 2007,pp. 464-505.
 [14] Mok, N.: Rigidity problems on compact quotients of bounded sym-metric domains. (English summary) Proceedings of the InternationalConference on Complex Geometry and Related Fields, pp. 201-249,AMS/IP Stud. Adv. Math., 39, Amer. Math. Soc., Providence, RI,2007.
 [15] Mok, N.: Holomorphic isometries of the complex unit ball intoirreducible bounded symmetric domains,url : http://hkumath.hku.hk/∼imr/IMRPreprintSeries/2015/IMR2015-1.pdf
 [16] Mok, N. and Tsai, I-Hsun.: Rigidity of convex realizations of irre-ducible bounded symmetric domains of rank ≥ 2, J. Reine Angew.Math. 431 (1992), 91-122.
 [17] Mok, N. and Yau, S.-T.: Completeness of the Kahler-Einstein metricon bounded domains and characterization of domains of holomorphy by
 35

Page 36
                        

curvature conditions, in The Mathematical Heritage of Henri Poincare ,Proc. Symp. Pure Math. 39 (Part I) 1983, pp. 41-60.
 [18] Rudin, W.: Function theory in the unit ball of Cn, Springer-Verlag,Berlin, 2008.
 [19] Siu, Y.-T.: The complex analyticity of harmonic maps and the strongrigidity of compact Kahler manifolds, Ann. Math. 112 (1980), 73-111.
 [20] To, W.-K.: Hermitian metrics of seminegative curvature on quotientsof bounded symmetric domains, Invent. Math. 95 (1989), 559-578.
 [21] Wolf, J. A.: Fine structure of Hermitian symmetric spaces, in Sym-metric spaces (Short Courses, Washington Univ., St. Louis, Mo., 1969-1970) Pure and App. Math., Vol. 8, Dekker, New York, 1972, p. 271-357.
 [22] Zimmer, R. J.: Ergodic theory and semisimple groups. Monographs inMathematics, 81. Birkhauser Verlag, Basel, 1984.
 36



			
LOAD MORE        

            

    

    
    
        
        
        

                

        
                                                
                                    
                        
                            
                                                            
                                                        
                        

                        Bounded universal functions for sequences of …archive.ymsc.tsinghua.edu.cn/pacm_download/116/7961-11512_2008... · Bounded universal functions for sequences of holomorphic self-maps

                    

                                                                
                        
                            
                                                            
                                                        
                        

                        Noncommutative Geometry and Conformal Geometry (joint work … · RP+HW: Noncommutative geometry and conformal geometry. II. Connes-Chern character and the local equivariant index

                    

                                    

                                                                
                                    
                        
                            
                                                            
                                                        
                        

                        Introduction - Bergische Universität Wuppertalheller/eacs_final.pdf · EQUIVARIANT ALGEBRAIC COBORDISM JEREMIAH HELLER AND JOSE MALAG ON-L OPEZ Abstract. We construct an equivariant

                    

                                                                
                        
                            
                                                            
                                                        
                        

                        uni-hamburg.de · 2010-10-05 · Applications of Equivariant Degree for Gradient Maps to Symmetric Newtonian Systems Haibo Ruan† and S lawomir Rybicki‡ January 18, 2007 Abstract

                    

                                    

                                                                
                                    
                        
                            
                                                            
                                                        
                        

                        arXiv:1506.08365v2 [math.CV] 4 Mar 2016 - …arXiv:1506.08365v2 [math.CV] 4 Mar 2016 TOPOLOGICAL INVARIANTS FOR SEMIGROUPS OF HOLOMORPHIC SELF-MAPS OF THE UNIT DISC FILIPPO BRACCI†,

                    

                                                                
                        
                            
                                                            
                                                        
                        

                        Quillen’s Metric and Determinant Line Bundle in Noncommutative … · 2020. 9. 18. · I Quillen’s approach: based on determinant line bundle and its curvature, aka holomorphic

                    

                                    

                                                                
                                    
                        
                            
                                                            
                                                        
                        

                        Introduction - uni-wuppertal.deorlik/preprints/proetale...2 SASCHA ORLIK machinery developed in [O] for describing global sections of equivariant vector bundles on X:The advantage

                    

                                                                
                        
                            
                                                            
                                                        
                        

                        Holomorphic Symplectic Manifolds - UniTrentoalpha.science.unitn.it/~andreatt/SymplecticUS.pdf · dimH2i(X,Q) = ♯{conj. classes of el. of G of age = i}; odd homology is zero. Moreover

                    

                                    

                                                                
                                    
                        
                            
                                                            
                                                        
                        

                        13-4 Inverses of Trigonometric Functions - Math 50 · 13-4 Inverses of Trigonometric Functions 953 13-4 KEYWORD: MB7 13-4 GUIDED PRACTICE 1.Vocabulary Explain how the inverse tangent

                    

                                                                
                        
                            
                                                            
                                                        
                        

                        Fonctions trigonométriques et trigonométriques inverses 6dev-math.cmaisonneuve.qc.ca/alevesque/doc/trigo.pdf · rotation complète dans le sens inverse des aiguilles d’une montre

                    

                                    

                                                                
                                    
                        
                            
                                                            

                                                        
                        

                        Morse theory for rank 2 Higgs bundles - Mathematicsgraeme/files/papers/MorseHiggs... · Study the G-equivariant Morse theory of the func-tional kµIk2 + kµCk2 OR 2. Two-stepprocess:

                    

                                                                
                        
                            
                                                            

                                                        
                        

                        Dynamics on Riemann surfaces and the geometry of moduli ...abel.math.harvard.edu/.../home/text/talks/harvard/2011/slides.pdf · Dynamics on Riemann surfaces and ... {holomorphic forms

                    

                                    

                                                                
                                    
                        
                            
                                                            

                                                        
                        

                        On the structure of C0-semigroups of holomorphic Carathéodory …stacho/ORLANDO16/stacho.pdf · 2016-06-27 · On the structure of C 0-semigroups of holomorphic Carath eodory isometries

                    

                                                                
                        
                            
                                                            

                                                        
                        

                        Holomorphic symplectic geometry - math.unice.frbeauvill/conf/Lisbon.pdf · Holomorphic symplectic geometry Arnaud Beauville Universit e de Nice Lisbon, March 2011 Arnaud Beauville

                    

                                    

                                                                
                                    
                        
                            
                                                            

                                                        
                        

                        THE THOM ISOMORPHISM IN GAUGE-EQUIVARIANT K-THEORYmech.math.msu.su/~troitsky/MPIM2005-47.pdf · THE THOM ISOMORPHISM IN GAUGE-EQUIVARIANT K-THEORY VICTOR NISTOR AND EVGENIJ TROITSKY

                    

                                                                
                        
                            
                                                            

                                                        
                        

                        On the De Gregorio modiﬁcation of the Constantin-Lax-Majda ...As observed by Constantin, Lax, and Majda, the CML model is equivalent to the local equation for holomorphic functions

                    

                                    

                                                                
                                    
                        
                            
                                                            

                                                        
                        

                        Holomorphic reduction of = 2 gauge theories, Wilson-’t ...

                    

                                                                
                        
                            
                                                            

                                                        
                        

                        G-equivariant φ-coordinated quasi modules for quantum vertex …math.camden.rutgers.edu/files/haisheng-quantum-vertex.pdf · 2013. 3. 25. · G-equivariant φ-coordinated quasi modules

                    

                                    

                                                                
                                    
                        
                            
                                                            

                                                        
                        

                        13-4 Inverses of Trigonometric Functions - Math 50mathbriones.weebly.com/uploads/8/3/4/0/8340232/13.4.pdf · These functions can be used to define the inverse trigonometric functions.

                    

                                                                
                        
                            
                                                            

                                                        
                        

                        H-matrix approximability of inverses of discretizations of ...kernel function, which is given for a much broader class of problems. We refer to [16] and refer-ences therein, where

                    

                                    

                                    

        

        
    


















    
        
            
                γλώσσες

                	English
	Français
	Español
	Deutsch
	Portuguese
	Indonesian


            

            
                	Italian
	Romanian
	Malaysian
	Greek
	Dutch
	Polish


            

            
                Σελίδες

                	Κατηγορίες
	Σχετικά με εμάς
	Επικοινωνήστε μαζί μας


            

            
                Νομικός

                	Οροι χρήσης
	DMCA
	Πολιτική cookie
	Privacy Policy


            

        


        


        
            Copyright © 2022 FDOCUMENT

        

            











    

