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Vojta’s inequality implies Mordell
 E.1 The theorem
 C/K a curve over a number field of genus g > 1. It’s Jacobian isJ, with symmetric divisor Θ with resulting Height pairing 〈x , y〉and norm hΘ(x) = |x |2 = 〈x , x〉. We embed C in J somehow, forinstance using a rational point (or jA defined below).
 Theorem (Faltings)
 C (K ) is finite
 Abramovich MA 254 notes: Diophantine Geometry 2 / 27
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Vojta’s inequality implies Mordell
 E.1 Vojta’s inequality
 The heart of the proof presented is
 Theorem (Vojta)
 There exist κ1, κ2 > 1 such that if z ,w ∈ C (K ) with |z | > κ1 and|w | > κ2|z |, then
 〈z ,w〉 ≤ 3
 4|z ||w |.
 Proposition
 Vojta’s inequality implies Faltings’s Theorem
 Abramovich MA 254 notes: Diophantine Geometry 3 / 27
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Vojta’s inequality implies Mordell
 E.1 Proof of implication
 It suffices to show that the image of C (K ) in J(K )/torsion isfinite. Let r be the rank.
 Suppose C (K ) is infinite. So the norms |x | are unbounded.
 Inductively pick zi ∈ C (K ) so that |z1| > κ1 and|zi | > κ2|zi−1|, so that Vojta’s inequality applies to all.
 The inequality implies that the angle between zi and zj is≥ α := arccos(3/4).
 In particular the spherical open balls B(ui , α/2) of angle α/2around ui = zi/|zi | are disjoint.
 But vol Sr−1 ≥ vol∐
 B(ui , α/2) =∑
 vol B(ui , α/2) =∞,since vol B(ui , α/2) = vol B(uj , α/2) > 0. ♠
 Abramovich MA 254 notes: Diophantine Geometry 4 / 27
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Vojta’s inequality implies Mordell
 E.2 Compatible divisors
 Choose a divisor A on C such that degC A = 1 and(2g − 2)A ∼ KC .
 Possibly after extending K the divisor A ∈ Div(C/K ).
 Get an embedding jA : C → J by x → (x)− A.
 Will chose ΘA =∑g−1
 i=1 jAC .
 Write PA = sum∗ΘA − p∗1ΘA − p∗2ΘA.
 Lemma
 (1) ΘA is symmetric;
 (2) j∗AΘA ∼ gA
 (3) (jA × jA)∗PA ∼ −∆C + p∗1A + p∗2A.
 Abramovich MA 254 notes: Diophantine Geometry 5 / 27
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Vojta’s inequality implies Mordell
 E.2 Compatible divisors - proof
 (1) The divisor Θg−1 ⊂ Picg−1(C ) is characterized byH0(O(D)) 6= 0, equivalently H1(O(D)) 6= 0 orH0(KC − D) 6= 0, so symmetric under x 7→ KC − x . NowΘA = Θg−1 − (g − 1)A = KC −Θg−1 − (g − 1)A =(g − 1)A−Θg−1 = [−1]∗ΘA.
 (2) j∗AΘA = p ∈ C |h0(p + (g − 2)A) ≥ 0= p ∈ C |h0(gA− p) ≥ 0 ∼ gA.
 (3) Restricting∑∗ΘA to q × C we get
 p ∈ C |h0(p + q + (g − 3)A) ≥ 0 = p ∈C |h0((g + 1)A− q − p) ≥ 0 ∼ (g + 1)A− q. The restrictionof p∗1ΘA ∼ 0 and of p∗2ΘA ∼ gA as before, so PA restricts toA− q. On the right hand side the restriction of ∆C is q, therestriction of p∗1A ∼ 0 and of p∗2A ∼ A, also giving in totalA− q. Symmetry and the seesaw principle give the result.
 Abramovich MA 254 notes: Diophantine Geometry 6 / 27
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Vojta’s inequality implies Mordell
 E.2 Specific heights
 Choose N so that NA is very ample (e.g. N = 2g − 1). LetφNA : C → Pn be a fixed embedding.
 This provides a height hC ,NA(z) and hC ,ξNA(z) := ξhC ,NA(z) -in particular hC ,NA(z) = NhC ,A(z) - more to come.
 We assume that φNA(C ) does not meet the intersectionplanes of hyperplanes.
 We assume further that any three of the basis sections definea birational map C → P2.
 Choose M large so that B = (M + 1)p∗1A + (M + 1)p∗2A−∆C
 is very ample. This gives an embedding φB : C × C → Pm,providing for a height hC×C ,B(z ,w). We extend tohC×C ,dB(z ,w) = dhC×C ,B(z ,w).
 Abramovich MA 254 notes: Diophantine Geometry 7 / 27
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Vojta’s inequality implies Mordell
 E.2 Specific heights - continued
 For all δ1, δ2 > 0 consider Dδ1,δ2 = δ1p∗1A + δ2p∗2A. We fixhC×C ,Dδ1,δ2
 (z ,w) = δ1hC ,δ1A(z) + δ2hC ,δ2A(w).
 For d1, d2, d define the Vojta divisor
 Ω(d1, d2, d) = (d1 − d)p∗1A + (d2 − d)p∗2A + d∆C ,
 where we assume gd2 < d1d2 < g 2d2. It is deliberately goingto be somewhat lopsided: d1 > d > d2.
 We require N|d1, d2, d and fix δi = (di + Md)/N. Then
 Ω(d1, d2, d) = Dδ1N,δ2N − dB.
 We use the corresponding height hC×C ,Ω(d1,d2,d)(z ,w) =δ1hC ,NA(z) + δ2hC ,NA(w)− dhC×C ,B(z ,w).
 We require d to be large enough that
 H0(C × C ,O(B))⊗d → H0(C × C ,O(dB))
 is surjective.
 Abramovich MA 254 notes: Diophantine Geometry 8 / 27
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Vojta’s inequality implies Mordell
 E.4 Mumford’s estimate
 Proposition
 There is a constant c1 so that for all d1, d2, d and all z ,w ∈ C (K )we have
 hΩ(d1,d2,d)(z ,w) ≤ d1
 g|z |2 +
 d2
 g|w |2 − 2d〈z ,w〉+ (d1 + d2 + d)c1.
 Taking d1 = d2 = d = 1 gives Mumford’s gap principle:
 cos](z ,w) ≤ (|z |/|w |+ |w |/|z |)/2g + c ′/|z ||w |.
 Proof: Since Ω(d1, d2, d) = Dd1,d2 − d(D1,1 −∆C ), the heightmachine gives
 hΩ(d1,d2,d)(z ,w) =d1hC ,A(z) + d2hC ,A(w)
 − dhC×C ,−∆C+D1,1(z ,w) + O(d1 + d2 + d).
 Abramovich MA 254 notes: Diophantine Geometry 9 / 27
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Vojta’s inequality implies Mordell
 E.4 Mumford’s estimate - concluded
 Recall j∗AΘA ∼ gA, so
 hC ,A(u) =1
 g|u|2 + O(1).
 Recall (jA × jA)∗PA ∼ −∆C + p∗1A + p∗2A, so
 hC×C ,−∆C+D1,1(z ,w)
 = hJ,ΘA(z + w)− hJ,ΘA
 (z)− hJ,ΘA(w) + O(1)
 = |z + w |2 − |z |2 − |w |2 + O(1) = 2〈z ,w〉+ O(1).
 Combining, the result follows. ♠
 Abramovich MA 254 notes: Diophantine Geometry 10 / 27
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Vojta’s inequality implies Mordell
 E.5 Sections interpreted (Also E.6)
 Recall that Ω(d1, d2, d) = Dδ1N,δ2N − dB. We have a bilinearH0(Ω(d1, d2, d))⊗ H0(dB)→ H0(Dδ1N,δ2N).Having required d , δ1, δ2 to be larger than what’s required forSerre’s theorem, we have surjective SymdH0(B)→ H0(dB) andSymδ1H0(C ,NA)⊗ Symδ2H0(C ,NA)→ H0(Dδ1N,δ2N). Letyi ∈ H0(B) and xi ∈ H0(C ,NA) be the section providing theembedding and heights.
 Lemma
 We have a bijection
 H0(Ω(d1, d2, d))
 =
 (Fi (x , x ′) ∈ k[x , x ′]δ1,δ2/IC×C )
 ∣∣∣∣ Fi (x , x ′)ydj |C×C
 = Fj(x , x ′)ydi |C×C
 .
 Abramovich MA 254 notes: Diophantine Geometry 11 / 27
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Vojta’s inequality implies Mordell
 E.6 Sections interpreted and counted
 Writing the rational functionsydi
 yd0
 = Pi (x ,x′)
 Qi (x ,x ′)we can further
 represent H0(Ω(d1, d2, d)) by collections (Fi (x , x ′) ∈ k[x , x ′]δ1,δ2)satisfying
 (PjQi )dFi (x , x ′)|C×C = (PiQj)
 dFj(x , x ′)|C×C .
 We will use Siegel’s Lemma to find small sections. First we needthe dimensions.
 Lemma
 (1) `(Ω(d1, d2, d)) ≥ d1d2 − gd2 − (g − 1)(d1 + d2).
 (2) `(Dδ1N,δ2N) = (Nδ1 − g + 1)(Nδ2 − g + 1).
 Abramovich MA 254 notes: Diophantine Geometry 12 / 27
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Vojta’s inequality implies Mordell
 E.6 Intersection numbers
 Part (2) follows since `(p∗1E1 + p∗2E2) = `(E1)`(E2). Since N waschosen large, Riemann-Roch for curves says `(δiNA) = δiN−g + 1.For Part (1) we need Riemann-Roch:
 Theorem (Surface Riemann-Roch)
 χ(OS(D)) = D·(D−KS )2 + χ(OS).
 We have χ(OC×C ) = (χ(OC ))2 = (g − 1)2 and intersection tablep∗1A p∗2A ∆C
 p∗1A 0 1 1
 p∗2A 0 1 1
 ∆C 1 1 2− 2g
 Abramovich MA 254 notes: Diophantine Geometry 13 / 27
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Vojta’s inequality implies Mordell
 E.6 Proof of dimension estimate
 We now compute
 χ(Ω(d1, d2, d)) = 2d1d2−2gd2−(2g−2)(d1+d2)2 + (g − 1)2,
 so `(Ω(d1, d2, d)) ≥d1d2 − gd2 − (g − 1)(d1 + d2) + `(KC×C − Ω(d1, d2, d)).
 Since the intersection number K − Ω with the moving divisorA1 is (2g − 2)− d2 and d2 is large, `(K − Ω) = 0, so ourcrude estimate holds. ♠
 Abramovich MA 254 notes: Diophantine Geometry 14 / 27
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Vojta’s inequality implies Mordell
 E.7 summary: Ω has a small section
 Proposition
 There is c1(C/K ,A,B) > 0 such that the following holds. Fixγ > 0 and assume d1d2 − gd2 ≥ γd1d2. Then there iss ∈ Γ(C × C ,O(Ω(d1, d2, d))) corresponding to (Fi ) such that
 h((Fi )) ≤ c1d1 + d2
 γ+ o(d1 + d2).
 This is proven by an incredibly technical application of Sigel’sLemma. We’ll come back to it.
 Abramovich MA 254 notes: Diophantine Geometry 15 / 27
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Vojta’s inequality implies Mordell
 E.8 Lower bound on hΩ(z ,w): the index
 We will fix (z ,w) ∈ C × C , align d1, d2, d to (z ,w), and thenchoose a section s ∈ Γ(Ω). We need to consider the index of s at(z ,w), with respect to weights (δ1, δ2) For this we choosecoordinates at z ,w and take derivatives with respect to parametersζ, ζ ′:
 Ind(s) := min
 i1δ1
 +i2δ2
 ∣∣∣∣i1, i2 ≥ 0, ∂i1∂′i2f (z ,w) 6= 0
 .
 We say (i∗1 , i∗2 ) is admissible if Ind(s) =
 i∗1δ1
 +i∗2δ2
 and∂i∗1 ∂
 ′i∗2
 f (z ,w) 6= 0.
 Lemma
 If (i∗1 , i∗2 ) is admissible and if g(z ,w) 6= 0 then
 ∂i∗1 ∂′i∗2
 f (z ,w) =∂i∗
 1∂′i∗2
 (f (z,w)g(z,w))
 g(z,w) .
 Abramovich MA 254 notes: Diophantine Geometry 16 / 27
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Vojta’s inequality implies Mordell
 E.8 Implicit lower bound on hΩ(z ,w)
 Proposition
 s ∈ Γ(Ω) given by (Fi ), (i∗1 , i∗2 ) is admissible at (z ,w), then
 hΩ(z ,w) ≥ −h((Fi ))− (i∗1 + i∗2 + 2δ1 + 2δ2 + 2n)
 −∑v
 maxi1+···+iδ1
 =i∗1
 δ1∑k=1
 max0≤`≤n
 minj
 log
 ∣∣∣∣(∂ik x`xj
 )(z)
 ∣∣∣∣v
 −∑v
 maxi ′1+···+i ′δ2
 =i∗2
 δ2∑k=1
 max0≤`≤n
 minj ′
 log
 ∣∣∣∣∣(∂i ′k
 x ′`x ′j ′
 )(z)
 ∣∣∣∣∣v
 The key is to unwindhΩ(z ,w) = δ1hNA(z) + δ2hNA(w)− dhB(z ,w).We’ll get back to this.
 Abramovich MA 254 notes: Diophantine Geometry 17 / 27
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Vojta’s inequality implies Mordell
 E.9 Derivative bounds
 We need to bound∣∣∣(∂ik x`
 xj
 )(z)∣∣∣v
 and
 ∣∣∣∣(∂i ′k x ′`x ′j′
 )(z)
 ∣∣∣∣v
 . A rational
 function ξ(ζ) = x`/xj(ζ) satisfies an equation p(ξ, ζ) = 0 of degreebounded by the degree D of C . We wish to estimate thederivatives of ξ at the point (a, 0) corresponding to z . Also write
 |x |archv :=
 |v |v v archimedean
 1 otherwise.
 Proposition
 |∂iξ(0)|v ≤ (|2D|archv )11i
 (|p|v
 ∂p/∂ξ(a, 0)|v
 )2i−1
 max1, |a|v2iD .
 Abramovich MA 254 notes: Diophantine Geometry 18 / 27
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Vojta’s inequality implies Mordell
 E.10 More explicit lower bound on hΩ(z ,w)
 Proposition
 s ∈ Γ(Ω) given by (Fi ), then there is a finite set Z ⊂ C such thatfor z ,w /∈ Z and (i∗1 , i
 ∗2 ) is admissible at (z ,w),
 hΩ(z ,w) ≥ −h((Fi ))−c18(i∗1 |z |2 +i∗2 |w |2)−c19(i∗1 +i∗2 +δ1 +δ2 +1).
 (Here we fall back to |z | being the canonical height in thejacobian.)
 Abramovich MA 254 notes: Diophantine Geometry 19 / 27
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Vojta’s inequality implies Mordell
 E.11 Roth’s lemma: two variable case
 Proposition
 Let P ∈ Q[X1,X2] of bidegree at most (r1, r2). Let β1, β2 ∈ Q. Let1 ≥ ω > 0 such that r1 ≤ ωr1 and
 h(P) + 4r1 ≤ ωminr1h(β1), r2h(β2).
 Then there are i1, i2 ≥ 0 such that i1δ1
 + i2δ2≤ 4√ω and
 ∂i1,i2P(β1, β2) 6= 0.
 Abramovich MA 254 notes: Diophantine Geometry 20 / 27
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Vojta’s inequality implies Mordell
 E.11 Index bound
 Proposition
 Given C ,A,B there is a constant c35 such that the following holds.Let ε, δ > 0 be small, and let d1, d2, d and (z ,w) satisfy
 ε2d2 ≥ d2, mind1|z |2, d2|w 2 ≥ c35d1/(γε2), d2d2−d2 ≥ γd1d2.
 Let s ∈ Γ(Ω) be a small section of heighth((Fi )) = c1
 d1+d2γ + o(d1 + d2). Then there is (i∗1 , i
 ∗2 ) admissible at
 (z ,w) withi∗1d1
 +i∗2d2≤ 12Nε.
 Abramovich MA 254 notes: Diophantine Geometry 21 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - first choices
 In a proposition from E.10 there was an ”exceptional” finiteset of points Z ⊂ C (K ).
 We require κ1 > maxz∈Z h(z). There will be another lowerbound required on κ1 below.
 Take points z ,w ∈ C (K ), where |z | > κ1. We’ll specifyrequirements on κ2 later.
 Pick 1 ε, ν > 0 depending on C .
 We’ll want κ21 > 1/ε, κ2/
 √2 > 1/ε.
 We pick D 1. This choice does depend on z ,w : we needD > |w |2, though we’ll let it go to infinity.
 Set d1 = N⌊√
 g + ν D|z|2
 ⌋, d2 = N
 ⌊√g + ν D
 |w |2
 ⌋, d =
 N⌊
 D|z||w |
 ⌋.
 Abramovich MA 254 notes: Diophantine Geometry 22 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - lower height bounds
 We proved, for z ,w /∈ Z and admissible I ∗1 , I∗2 ,
 hΩ(z ,w)≥ −h((Fi ))− c18(i∗1 |z |2 + i∗2 |w |2)− c19(i∗1 + i∗2 + δ1 + δ2 + 1).
 Recall that δ1, δ2 are positive linear combinations of d1, d2, d .Also we may, and will, assume |z |, |w | 1. SohΩ(z ,w) ≥ −h((Fi ))− c42(i∗1 |z |2 + i∗2 |w |2)− c43(d1 + d2 + d).
 For the last term we have d1 + d2 + d ≤ c44Dκ2
 1≤ c44εD, so
 hΩ(z ,w) ≥ −h((Fi ))− c42(i∗1 |z |2 + i∗2 |w |2)− c46εD.
 Abramovich MA 254 notes: Diophantine Geometry 23 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - there is a small section
 we have seen in E7 that if d1d2 − gd2 ≥ γd1d2 there is asection s of Ω(d1, d2, d) corresponding to (Fi ) such that
 h((Fi )) ≤ c1d1 + d2
 γ+ o(d1 + d2).
 limD→∞
 d1d2 − gd2
 d1d2= 1− g
 g + ν=
 ν
 g + ν> ν/(g + 1). So
 γ = ν/3g will work for large D and any g .
 For such gamma we get a section with
 h((Fi )) ≤ c47d1 + d2
 γ≤ c48(d1 + d2) ≤ c49εD.
 This gives hΩ(z ,w) ≥ −c50(i∗1 |z |2 + i∗2 |w |2)− c51εD.
 Abramovich MA 254 notes: Diophantine Geometry 24 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - verifying index bound
 To bound the index we needed in E.11
 ε2d2 ≥ d2, mind1|z |2, d2|w 2 ≥ c35d1/(γε2), d2d2−d2 ≥ γd1d2.
 Note that d2/d1 ∼D→∞ |z |2/|w |2. So for large D we have
 d1
 d2≤ 2|z |2
 |w |2≤ 2/κ2
 2 ≤ ε2.
 d1|z |2 and d2|w |2 are “balanced”: d2|w |2d1|z|2 ∼D→∞ 1. so for
 large D we have 1/2 ≤ d2|w |2d1|z|2 ≤ 2.
 Assuming further κ1 ≥ 2c35/(γε2) we getmind1|z |2, d2|w 2 ≥ d1|z |2/2 ≥ d1κ
 21/2 ≥ c35d1/(γε2), as
 needed.
 Abramovich MA 254 notes: Diophantine Geometry 25 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - Mumford
 We now have the index bound
 i∗1d1
 +i∗2d2≤ 12Nε.
 Combining we get hΩ(z ,w) ≥ −c53(d1|z |2 + d2|w |2)− c54εD.
 The definitions of d1, d2 give d1|z |2 ≤ c55D, d2|w |2 ≤ c56D.
 So hΩ(z ,w) ≥ −c57εD.
 Mumford gave in E.4hΩ(d1,d2,d)(z ,w) ≤ d1
 g |z |2 + d2
 g |z2|2−2d〈z ,w〉+(d1 +d2 +d)c1.
 Since d1 + d2 + d ≤ c44εD we have
 d1
 g|z |2 +
 d2
 g|z2|2 − 2d〈z ,w〉 ≥ −c60εD.
 Abramovich MA 254 notes: Diophantine Geometry 26 / 27
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Vojta’s inequality implies Mordell
 E.12: Vojta’s inequality - conclusion
 Plugging in we get⌊√g + ν D
 |z|2
 ⌋|z|2g +
 ⌊√g + ν D
 |w |2
 ⌋|w |2g − 2
 ⌊D|z||w |
 ⌋〈z ,w〉 ≥
 −c60εD.
 For D →∞ we get
 〈z ,w〉 ≤(√
 g + ν
 g+
 c61ε
 2
 )|z ||w |.
 Since g ≥ 2 we have limν,ε→0
 (√g+νg + c61ε
 2
 )= 1/
 √g < 3/4,
 so for small ε, ν, not depending on z ,w ,
 〈z ,w〉 ≤ 3
 4|z ||w |,
 as required. ♠
 Abramovich MA 254 notes: Diophantine Geometry 27 / 27
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