


	
		×
		

	






    
        
            
                
                    
                
            

            
                
                    
                    
                        
                    
                

            

            
                                    Σύνδεση
                    Ας αρχίσουμε
                            

        

        

        
            	Travel
	Technology
	Sports
	Marketing
	Education
	Career
	Social Media


            + Εξερευνήστε όλες τις κατηγορίες
        


            






    

        
        
            LECTURE 1: On Diophantine inequalitiescc.oulu.fi/~tma/LECTURE1.pdf · LECTURE 1: On Diophantine...

        


        




    
        
            
                

                
                
            

            
                
                1

54
                
            

            
                
                100%
Actual Size
Fit Width
Fit Height
Fit Page
Automatic


                
            

			
        

        
            
                
                
                
            

            
                

                

                
                    
                     Match case
                     Limit results 1 per page
                    

                    
                    

                

            

        
        
            
                                    
    
        
        

        

        

        
        
            LECTURE 1: On Diophantine inequalities July 22, 2014 
        

        
    






                            

        

    









        
            	
					Upload

					others
				
	
                    Category

                        Documents

                
	
                    view

                    5
                
	
                    download

                    0
                


        

        


        

        
        
            
                SHARE

                
                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    
                

            

            
                                    Download
                                Report this document
            

            

        


        
            Embed Size (px):

            344 x 292
429 x 357
514 x 422
599 x 487


        

        

        

        
                
            Transcript of LECTURE 1: On Diophantine inequalitiescc.oulu.fi/~tma/LECTURE1.pdf · LECTURE 1: On Diophantine...

            Page 1
                        

LECTURE 1: On Diophantine inequalities
 July 22, 2014

Page 2
                        

Convex bodys
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Minkowski’s convex body theorem I
 Minkowski’s convex body theorem I: Let n ∈ Z+. Assume that
 Λ ⊆ Rn is a lattice with rank Λ = n and C ⊆ Rn is symmetric (wrt
 origin) convex body with
 V (C) > 2n det Λ or ≥ if C is compact (1)
 Then, there exists a non-zero lattice point in C. In fact
 #C ∩ Λ ≥ 3. (2)
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Diophantine inequalities/R
 Theorem A is a typical example from the theory of linear forms.
 THEOREM A: Let
 α1, ..., αm ∈ R (3)
 and
 h1, ..., hm ∈ Z+ (4)
 be given. Then there exist p, q1, ..., qm ∈ Z with a qk 6= 0,
 satisfying
 |qi | ≤ hi , ∀i = 1, ...,m, (5)
 and
 |p + q1α1 + ...+ qmαm| <1
 h1 · · · hm:=
 1
 h. (6)
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Proof of Theorem A
 Write
 L0x := x0 + α1x1 + ...+ αmxm, (7)
 Lkx := xk , k = 1, ...,m. (8)
 Put
 |L0x | <1
 h, (9)
 |Lkx | ≤ hk + 1/2, k = 1, ...,m. (10)
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Proof of Theorem A
 Then
 (L0, L1, ..., Lm) : Zm+1 → Rm+1 (11)
 defines a full lattice
 Λ := Z`0 + Z`1 + ...+ Z`m =
 Z(1, 0, ..., 0)T + Z(α1, 1, 0, ..., 0)T + ...+ Z(αm, 0, ..., 1)T
 ⊆ Rm+1 (12)
 with determinant
 det Λ = 1. (13)
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Proof of Theorem A
 Determinant of the full lattice
 Λ = Z`0 + Z`1 + ...+ Z`m ⊆ Rm+1 (14)
 is given by
 det Λ =∣∣det(`0 `1...`m)
 ∣∣ =
 ∣∣∣∣∣∣∣∣∣∣∣∣∣∣
 1 α1 α2 ... αm
 0 1 0 ... 0
 0 0 1 ... 0
 . . . ... .
 0 0 0 ... 1
 ∣∣∣∣∣∣∣∣∣∣∣∣∣∣= 1. (15)
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Proof of Theorem A
 (From now on we will drop the transpose notation and think the
 row notation as a column vector when necessary.)
 Now the conditions (9) and (10) determine a convex set
 C := {(y0, ..., ym)| |y0| <1
 h, |yk | ≤ hk + 1/2} ⊆ Rm+1 (16)
 with volume
 vol C =2m+1(h1 + 1/2) · · · (hm + 1/2)
 h1 · · · hm> 2m+1. (17)
 By Minkowski’s convex body theorem I there exists
 0 6= y = (p + q1α1 + ...+ qmαm, q1, ..., qm) ∈ C ∩ Λ. (18)
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Proof of Theorem A
 Hence we have
 (p, q1, ..., qm) ∈ Zm+1 \ {0} (19)
 with
 |qi | ≤ hi , ∀i = 1, ...,m, (20)
 and
 |p + q1α1 + ...+ qmαm| <1
 h1 · · · hm. (21)
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Primitive vector
 An integer vector
 (r0, r1, ..., rm) ∈ Zm+1 (22)
 is primitive, if the greatest common divisor satisfies
 g.c.d.(r0, r1, ..., rm) = 1. (23)
 Let
 g.c.d.(p, q1, ..., qm) = d ∈ Z≥2 (24)
 and suppose
 (p, q1, ..., qm) = d(s, r1, ..., rm), (s, r1, ..., rm) ∈ Zm+1 (25)
 satisfies the equation
 |p + q1α1 + ...+ qmαm| <1
 h. (26)
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Primitive vector solution
 Then
 |s + r1α1 + ...+ rmαm| <1
 dh<
 1
 h. (27)
 Thus we have also a primitive solution
 (s, r1, ..., rm) ∈ Zm+1 (28)
 for equation
 |p + q1α1 + ...+ qmαm| <1
 h. (29)
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Diophantine inequalities
 THEOREM B: Let
 α1, ..., αm ∈ R (30)
 and
 h1, ..., hm ∈ Z+ (31)
 be given. Then there exist a primitive vector
 (p, q1, ..., qm) ∈ Zm+1 \ {0} (32)
 with a qk 6= 0, satisfying
 |qi | ≤ hi , ∀i = 1, ...,m, (33)
 and
 |p + q1α1 + ...+ qmαm| <1
 h1 · · · hm:=
 1
 h. (34)
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Infinute of primitive solutions
 THEOREM C: Let
 1, α1, ..., αm ∈ R (35)
 be linearly independent over Q. Then there exist infinitely many
 primitive vectors
 vk = (pk , q1,k , ..., qm,k) ∈ Zm+1 \ {0} (36)
 with
 hi ,k := max{1, |qi ,k |}, ∀i = 1, ...,m, (37)
 satisfying
 |pk + q1,kα1 + ...+ qm,kαm| <1
 h1,k · · · hm,k:=
 1
 hk. (38)
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Proof of Theorem C
 Suppose on the contrary, that there exist only finitely many
 primitive solutions for (38). Then by the linear independence and
 assumption (36) there exists a minimum
 min |pk + q1,kα1 + ...+ qm,kαm| :=1
 R> 0. (39)
 Choose then
 hi ∈ Z+, h1 · · · hm =: h,1
 h≤ 1
 R. (40)
 Now by Theorem B there exists a primitive solution
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Proof of Theorem C
 (p, q1, ..., qm) ∈ Zm+1 \ {0} (41)
 with
 max{1, |qi |} ≤ hi , ∀i = 1, ...,m, (42)
 satisfying
 |p + q1α1 + ...+ qmαm| <1
 h≤ 1
 R. (43)
 which contradicts (39).
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Corollaries
 THEOREM D: Let
 1, α1, ..., αm ∈ R (44)
 be linearly independent over Q. If there exist positive constants
 c , ω ∈ R+ such that
 |β0 + β1α1 + ...+ βmαm| ≥c
 (h1 · · · hm)ω. (45)
 for all
 (β0, β1, ..., βm) ∈ Zm+1 \ {0}, hk = max{1, |βk |}, (46)
 then
 ω ≥ 1. (47)
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Proof of Theorem D
 Assume on the contrary that
 ω < 1. (48)
 By Theorem C there exists an infinute of primitive vectors
 satisfying
 |pk + q1,kα1 + ...+ qm,kαm| <1
 h1,k · · · hm,k(49)
 and by (45) we have
 c
 (h1,k · · · hm,k)ω≤ |pk +q1,kα1+...+qm,kαm| <
 1
 h1,k · · · hm,k(50)
 Choose
 log(h1,k · · · hm,k) ≥ log(1/c)
 1− ω. (51)
 A contradiction with (50).
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Corollaries
 Usually the above results are only given in terms of
 Hk := maxi=1,...,m
 |qi ,k |. (52)
 THEOREM C2: Let
 1, α1, ..., αm ∈ R (53)
 be linearly independent over Q. Then there exist infinitely many
 primitive vectors
 vk = (pk , q1,k , ..., qm,k) ∈ Zm+1 \ {0} (54)
 satisfying
 |pk + q1,kα1 + ...+ qm,kαm| <1
 Hmk
 . (55)
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Corollaries
 THEOREM D2: Let
 1, α1, ..., αm ∈ R (56)
 be linearly independent over Q. If there exist positive constants
 c , ω ∈ R+ such that
 |pk + q1,kα1 + ...+ qm,kαm| >c
 Hωk
 (57)
 for all
 vk = (pk , q1,k , ..., qm,k) ∈ Zm+1, 1 ≤ Hk = max |qi ,k |, (58)
 then
 ω ≥ m. (59)
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Is the best bound for all
 Let α be an algebraic integer of degQα = m + 1 and αi = σi (α),
 where σi are the field monomorphisms of the field Q(α).
 Then
 |p + q1α + ...+ qmαm| > 1
 Hm(m + 1)mAm2 ,
 A = 2 maxi=0,1,...,m
 |αi | (60)
 for all
 (p, q1, ..., qm) ∈ Zm+1, 1 ≤ H = max |qi |. (61)
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Better bound for a.a.
 THEOREM F: For almost all
 α1, ..., αm ∈ R, (62)
 wrt Lebesgue measure, there exist infinitely many primitive vectors
 vk = (pk , q1,k , ..., qm,k) ∈ Zm+1 \ {0}, (63)
 Hk := max |qi ,k |, ∀i = 1, ...,m, (64)
 satisfying
 |pk + q1,kα1 + ...+ qm,kαm| <1
 Hmk logHk
 . (65)
 Further (65) is the best bound for a.a.
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On simultaneous Diophantine inequalities
 THEOREM AS: Let
 α1, ..., αm ∈ R (66)
 be given. Then there exist
 q ∈ Z+, p1, ..., pm ∈ Z (67)
 satisfying
 |qαi + pi | <1
 q1/m, ∀i = 1, ...,m. (68)
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Simultaneous linear forms
 THEOREM AS MODIFIED: Let
 α1, ..., αm ∈ R, f1 + ...+ fm = 1, (69)
 be given. Then there exist
 q ∈ Z+, p1, ..., pm ∈ Z (70)
 satisfying
 |qαi + pi | <1
 qfi, ∀i = 1, ...,m. (71)
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Proof
 Define a set
 C = {(x0, x1, ..., xm) ∈ Rm+1| |x0| ≤ q + 1/2,
 |x0αi + xi | <1
 qfi, i = 1, ...,m} = (72)
 {(x0, x1, ..., xm) ∈ Rm+1| |x0| ≤ q + 1/2,
 − x0αi −1
 qfi< xi < −x0αi +
 1
 qfi, i = 1, ...,m; } (73)
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Proof/C symmetric convex body/Vol C
 Vol C = (2q + 1)2
 qf1· · · 2
 qfm> 2m+1. (74)
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Proof/Lattice
 Define a lattice
 Λ = Zm+1. (75)
 By Minkowski’s convex body theorem there exists
 0 6= x = (p, q1, ..., qm) ∈ C ∩ Λ. (76)
 Hence we have
 (p, q1, ..., qm) ∈ Zm+1 \ {0} (77)
 with ...
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Simultaneous linear forms
 THEOREM BS: Let
 α1, ..., αm ∈ R (78)
 be given. Then there exists a primitive vector
 (q, p1, ..., pm) ∈ Zm+1, q ∈ Z+ (79)
 satisfying
 |qαi + pi | <1
 q1/m, ∀i = 1, ...,m. (80)
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Infinute of primitive solutions
 THEOREM CS: Let at least one of the numbers
 α1, ..., αm ∈ R (81)
 be irrational. Then there exist infinitely many primitive vectors
 vk = (qk , p1,k , ..., pm,k) ∈ Zm+1 \ {0}, qk ∈ Z+ (82)
 satisfying
 |qkαi + pi ,k | <1
 q1/mk
 , ∀i = 1, ...,m. (83)
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On Diophantine inequalities of linear forms/C
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A linear Diophantine inequality/C/Shidlovskii
 THEOREM AC1: Let
 α0 = 1, α1, ..., αm ∈ C (84)
 and
 H ∈ Z≥1 (85)
 be given. Then there exists a
 (β0, β1, ..., βm) ∈ Zm+1 \ {0}, |βi | ≤ H, ∀i = 0, 1, ...,m, (86)
 satisfying
 |β0 + β1α1 + ...+ βmαm| ≤c
 H(m−1)/2, c =
 √2
 m∑k=0
 |αk |. (87)
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Linear forms/C
 Let I denote an imaginary quadratic field or the field Q of rational
 numbers and ZI its ring of intergers.
 For simplicity we consider the case
 I = Q(√−1) (88)
 with Gaussian integers
 ZI = Z + iZ. (89)
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An other linear Diophantine inequality/CTHEOREM AC2: Let
 α1, ..., αm ∈ C (90)
 and
 h1, ..., hm ∈ Z+ (91)
 be given. Then there exists a non-zero integer vector
 (β0, β1, ..., βm) ∈ Zm+1I \ {0} (92)
 satisfying
 |βi | ≤ hi , ∀i = 1, ...,m, (93)
 and
 |β0 + β1α1 + ...+ βmαm| ≤(
 2√π
 )m+1 1
 h1 · · · hm:= R0. (94)
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PROOF/Disks
 Let a = c + id ∈ C. Define a disk
 DR = {z ∈ C| |z − a| ≤ R}, VOL DR = πR2, (95)
 and another disk
 CR = {(x0, y0) ∈ R2| (x0−c)2+(y0−d)2 ≤ R2}, VOL CR = πR2.
 (96)
 Note the following correspondence
 z = x0 + iy0 ∈ DR ⇔ (x0, y0) ∈ CR . (97)
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Disks
 Denote
 a + ib = −(z1α1 + ...+ zmαm), zi = xk + iyk , k = 0, 1, ...,m.
 (98)
 Define sets
 D = {z = (z0, z1, ..., zm) ∈ Cm+1|
 |z0 − (a + ib)| ≤ R0; |zk | ≤ hk , k = 1, ...,m} (99)
 and
 C = {(x0, y0, x1, y1, ..., xm, ym) ∈ R2m+2|
 (x0 − a)2 + (y0 − b)2 ≤ R20 , x
 2k + y2k ≤ h2k , k = 1, ...,m}. (100)
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Proof/C symmetric convex body
 C is convex.

Page 36
                        

Proof/Vol C
 Vol C =
 ∫...
 ∫ ∫ ∫(x0−a)2+(y0−b)2≤R2
 0
 dx0dy0
 dx1dy1 · · · dxmdym =
 (101)
 πR20
 ∫...
 ∫ ∫ ∫x21+y2
 1≤h21
 dx1dy1
 dx2dy2 · · · dxmdym = (102)
 π2R20h
 21
 ∫...
 ∫ ∫ ∫x22+y2
 2≤h22
 dx2dy2
 dx3dy3 · · · dxmdym = (103)
 ...
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Proof/Vol C
 Vol C = πm+1h21 · · · h2mR20 = (104)
 πm+1h21 · · · h2m(
 4
 π
 )m+1 1
 h21 · · · h2m= 22m+2. (105)
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Proof/Lattice/C
 Define a lattice
 Λ = Z2m+2. (106)
 By Minkowski’s convex body theorem there exists
 0 6= x = (x0, y0, x1, y1, ..., xm, ym) ∈ C ∩ Λ. (107)
 Thus we get
 (β0, β1, ..., βm) = (x0 + iy0, x1 + iy1, ..., xm + iym)
 ∈ D ∩ Zm+1I \ {0} (108)
 with
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Proof/C
 |βi | ≤ hi , ∀i = 1, ...,m, (109)
 and
 |β0 + β1α1 + ...+ βmαm| ≤(
 2√π
 )m+1 1
 h1 · · · hm. (110)
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Siegel’s lemma
 Siegel’s lemma or Thue-Siegel’s lemma [] is a powerful tool in
 Transcendental Number Theory. We may say that most
 transcendency proofs are based on Siegel’s lemma.
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Siegel’s lemma
 Let
 Lm(x) = am · x =N∑
 n=1
 amnxn, m = 1, ...,M, (111)
 be M non-trivial linear forms with coefficients amn ∈ Z in N
 variables xk . Denote
 Am :=N∑
 n=1
 |amn| ∈ Z+, m = 1, ...,M. (112)
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Siegel’s lemma
 Suppose that
 M < N, (113)
 then the system of equations
 Lm(x) = 0, m = 1, ...,M, (114)
 has a non-zero integer solution z = (z1, ..., zN)T ∈ ZN \ {0} with
 1 ≤ max1≤n≤N
 |zn| ≤⌊
 (A1 · · ·AM)1
 N−M
 ⌋. (115)
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Siegel’s lemma/The system of equations
 The system of equations
 a11x1 + a12x2 + ...+ a1NxN = 0
 a21x1 + a22x2 + ...+ a2NxN = 0
 ...
 aM1x1 + aM2x2 + ...+ aMNxN = 0
 has an integer solution with
 1 ≤ max1≤n≤N
 |xn| ≤⌊
 (A1 · · ·AM)1
 N−M
 ⌋.
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Proof of Siegel’s lemma
 I. Let
 A := [amn] ∈ MM×N(Z) (116)
 be the matrix of the linear mapping
 L = (L1, ..., LM)T : ZN → ZM , N > M. (117)
 The linear mapping (117) is not injective and thus
 Ker L 6= {0}. (118)
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Proof of Siegel’s lemma
 II. Denote
 Z :=⌊
 (A1 · · ·AM)1
 N−M
 ⌋(119)
 Then
 A1 · · ·AM < (Z + 1)N−M (120)
 and consequently
 (A1Z + 1) · · · (AMZ + 1)(112)
 ≤ (121)
 A1 · · ·AM(Z + 1)M(120)< (122)
 (Z + 1)N−M(Z + 1)M = (Z + 1)N . (123)
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Proof of Siegel’s lemma
 III. Number of integer points in cubes. Define the first cube
 �1 := {x ∈ ZN | 0 ≤ xn ≤ Z} (124)
 where the number of points is
 #�1 = (Z + 1)N . (125)
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Proof of Siegel’s lemma
 VI. Secondly, the linear mappings
 Lm(x) =N∑
 n=1
 amnxn, m = 1, ...,M (126)
 are bounded in the cube (124) by∑amn<0
 amnxn ≤ Lm(x) ≤∑
 amn>0
 amnxn. (127)
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Proof of Siegel’s lemma
 Denote
 − bm :=∑
 amn<0
 amn, cm :=∑
 amn>0
 amnxn. (128)
 and note
 bm + cm = Am. (129)
 Then we have
 − bmZ ≤ Lm(x) ≤ cmZ . (130)
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Proof of Siegel’s lemma
 Define the second cube (box)
 �2 := {l ∈ ZM | − bmZ ≤ lm ≤ cmZ}, (131)
 where
 #{lm} = (bm + cm)Z + 1 = AmZ + 1. (132)
 Thus the number of points in the second cube (131) is
 #�2 = (A1Z + 1) · · · (AMZ + 1). (133)
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Proof of Siegel’s lemma
 Consequently,
 L(�1) ⊆ �2, (134)
 where
 #�2 = (A1Z + 1) · · · (AMZ + 1) < #�1 = (Z + 1)N . (135)
 Hence
 L : �1 → �2 (136)
 is not injective.
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Proof of Siegel’s lemma
 Therefore there exist two different vectors
 x1, x2 ∈ �1 (137)
 such that
 L(x1) = L(x2). (138)
 Thus
 L(x1 − x2) = 0, (139)
 where
 z := x1 − x2 ∈ ±�1 \ {0}. (140)
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Proof of Siegel’s lemma
 Finally, from
 z ∈ ±�1 \ {0} (141)
 we get
 − Z ≤ zk ≤ Z . (142)
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Successive minima
 λj = inf{λ > 0| rank〈(λC) ∩ Λ〉 = j}. (143)
 0 < λ1 ≤ · · · ≤ λn <∞. (144)
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Minkowski’s convex body theorem II
 Let n ∈ Z+. Assume that Λ ⊆ Rn is a lattice with rank Λ = n and
 C ⊆ Rn is symmetric (wrt origin) convex body. Then
 2n
 n!det Λ ≤ λ1 · · ·λnV (C) ≤ 2n det Λ. (145)
 In particular ⇒
 λn1V (C) ≤ 2n det Λ. (146)
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