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DIRICHLET’S THEOREM ON DIOPHANTINEAPPROXIMATION AND HOMOGENEOUS FLOWS
 DMITRY KLEINBOCK AND BARAK WEISS
 Preprint, September 2006
 Abstract. Given an m×n real matrix Y , an unbounded set T ofparameters t = (t1, . . . , tm > 0, tm+1, . . . , tm+n < 0) with
 ∑ti = 0
 and 0 < ε ≤ 1, we say that Dirichlet’s Theorem can be ε-improvedfor Y along T if for every sufficiently large t ∈ T there are nonzeroq ∈ Zn and p ∈ Zm such that{
 |Yiq− pi| < εe−ti , i = 1, . . . ,m|qj | < εe−tm+j , j = 1, . . . , n .
 We show that for any ε < 1 and any T ‘drifting away from walls’,see (1.8), Dirichlet’s Theorem cannot be ε-improved along T forLebesgue almost every Y . In the case m = 1 we also show that fora large class of measures µ (introduced in [KLW]) there is ε0 > 0such that for any drifting away from walls T , any ε < ε0, andfor µ-almost every Y , Dirichlet’s Theorem cannot be ε-improvedalong T . These measures include natural measures on sufficientlyregular smooth manifolds and fractals.
 Our results extend those of several authors beginning with thework of Davenport and Schmidt done in late 1960s. The proofs relyon a translation of the problem into a dynamical one regarding theaction of a diagonal semigroup on the space SLm+n(R)/ SLm+n(Z).
 1. Introduction
 Let m,n be positive integers, and denote by Mm,n the space of m×nmatrices with real entries. Dirichlet’s Theorem (hereafter abbreviatedby ‘DT’) on simultaneous diophantine approximation states that forany Y ∈ Mm,n (viewed as a system of m linear forms in n variables)and for any t > 0 there exist q = (q1, . . . , qn) ∈ Zn r {0} and p =(p1, . . . , pm) ∈ Zm satisfying the following system of inequalities:
 ‖Y q− p‖ ≤ e−t/m and ‖q‖ < et/n . (1.1)
 Here and hereafter, unless otherwise specified, ‖ · ‖ stands for the normon Rk given by ‖x‖ = max1≤i≤k |xi|. See [Sc2] for a discussion oftwo ways of proving this theorem, due to Dirichlet and Minkowskirespectively.
 1
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2 DMITRY KLEINBOCK AND BARAK WEISS
 Given Y as above and positive ε < 1, we will say that DT can beε-improved for Y , and write Y ∈ DIε(m,n), or Y ∈ DIε when thedimensionality is clear from the context, if for every sufficiently large tone can find q ∈ Zn r {0} and p ∈ Zm with
 ‖Y q− p‖ < εe−t/m and ‖q‖ < εet/n , (1.2)
 that is, satisfy (1.1) with the right hand side terms multiplied by ε (forconvenience we will also replace ≤ in the first inequality by <). Alsonote that Y is called singular if Y ∈ DIε for any ε > 0 (in other words,DT can be ‘infinitely improved’ for Y ).
 The two papers [DS1, DS2] by H. Davenport and W. Schmidt give afew basic results concerning the properties defined above. For example,the following is proved there:
 Theorem 1.1 ([DS2]). For any1 m,n ∈ N and any ε < 1, the setsDIε(m,n) have Lebesgue measure zero.
 In other words, λ-generic systems of linear forms do not allow anyimprovement to DT (λ will denote Lebesgue measure throughout thepaper).
 Another question raised by Davenport and Schmidt concerns thepossibility sof improving DT for matrices with some functional rela-tionship between entries. Specifically they considered row matrices
 f(x) =(x x2
 )∈M1,2 , (1.3)
 and proved
 Theorem 1.2 ([DS1]). For any ε < 4−1/3, the set of x ∈ R for whichf(x) ∈ DIε(1, 2) has zero Lebesgue measure.
 In other words, generic matrices of the form (1.3) do not allow asufficiently drastic improvement to DT. This result was subsequentlyextended by R. Baker, Y. Bugeaud, and others. Namely, for some othersmooth submanifolds of Rn they exhibited constants ε0 such that al-most no points on these submanifolds (viewed as row or column ma-trices) are in DIε for ε < ε0. We will discuss the history in more detailin §4.
 In the present paper we significantly generalize Theorems 1.1 and1.2 by using a homogeneous dynamics approach and following a themedeveloped in the paper [KW2] which dealt with infinite improvementto DT, that is, with singular systems. Namely, we study the subject of
 1Even though the results of [DS2] are stated for matrices with one row or onecolumn, i.e. for a vector or a single linear form, the proofs can be generalized tothe setting of systems of linear forms.
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DIRICHLET’S THEOREM AND HOMOGENEOUS FLOWS 3
 improvement of the multiplicative version of DT. In what follows wefix m,n ∈ N and let k = m+n. Let us denote by a+ the set of k-tuplest = (t1, . . . , tk) ∈ Rk with
 t1, . . . , tm > 0, tm+1, . . . , tk < 0, andk∑i=1
 ti = 0 . (1.4)
 It is not hard to see that both Dirichlet’s and Minkowski’s proofs ofDT easily yield the following statement:
 Theorem 1.3. For any system of m linear forms Y1, . . . , Ym (rows ofY ∈ Mm,n) in n variables and for any t ∈ a+ there exist solutionsq = (q1, . . . , qn) ∈ Zn r {0} and p = (p1, . . . , pm) ∈ Zm of{
 |Yiq− pi| ≤ e−ti , i = 1, . . . ,m
 |qj| < e−tm+j , j = 1, . . . , n .(1.5)
 Now, given an unbounded subset T of a+ and positive ε < 1, saythat DT can be ε-improved for Y along T , or Y ∈ DIε(T ), if there is t0such that for every t = (t1, . . . , tk) ∈ T with ‖t‖ > t0, the inequalities{
 |Yiq− pi| < εe−ti , i = 1, . . . ,m
 |qj| < εe−tm+j , j = 1, . . . , n .(1.6)
 i.e., (1.5) with the right hand side terms multiplied by ε, have nontrivialinteger solutions. Clearly DIε = DIε(R) where
 R def={(
 tm, . . . , t
 m,− t
 n, . . . ,− t
 n
 ): t > 0
 }(1.7)
 is the ‘central ray’ in a+. Also say that Y is singular along T if itbelongs to DIε(T ) for every positive ε. The latter definition was intro-duced in [KW2] for T contained in an arbitrary ray in a+ emanatingfrom the origin (the setup of diophantine approximation with weights)in the special case n = 1.
 To state our first result we need one more definition. Denote
 btc def= min
 i=1,...,k|ti| ,
 and say that an unbounded T ⊂ a+ drifts away from walls if
 ∀ s > 0 ∃ t > 0 : t ∈ T , ‖t‖ > t⇒ btc > s . (1.8)
 In other words, each coordinate of t tends to infinity as t→∞ in T .Using Lebesgue’s Density Theorem and an elementary argument
 which can be found e.g. in [Ca, Chapter V, §7] and dates back toKhintchine, one can show that for any m,n and T ⊂ a+ drifting awayfrom walls, DIε(T ) has Lebesgue measure zero as long as ε < 1/2.
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4 DMITRY KLEINBOCK AND BARAK WEISS
 However proving the same for any ε < 1 is more difficult, even in thecase T = R considered by Davenport and Schmidt. In [DS2] theyderived this fact from the density of generic trajectories of certain one-parameter subgroup action on the space G/Γ, where
 G = SLk(R) and Γ = SLk(Z) . (1.9)
 In §2.2 we show how the fact that DIε(T ) has Lebesgue measure zerofor any ε < 1 and any unbounded T ⊂ R follows from mixing ofthe G-action on G/Γ. We also explain why mixing is not enough toobtain such a result for an arbitrary T ⊂ a+ drifting away from walls,even contained in a single ‘non-central’ ray, and prove the followingmultiplicative analogue of Theorem 1.1:
 Theorem 1.4. For any T ⊂ a+ drifting away from walls and anyε < 1, the set DIε(T ) has Lebesgue measure zero.
 In other words, given any T as above, DT in its generalized form(Theorem 1.3) cannot be improved for generic systems of linear forms.Theorem 1.4 is derived from the equidistribution of translates of certainmeasures on G/Γ (Theorem 2.2). In §2 we present two proofs of thistheorem. The first is a modification of the argument used in analyzingepimorphic groups [Sh1, SW], which relies on M. Ratner’s classificationof measures invariant under unipotent subgroups, and the ‘lineariza-tion method’ developed by S.G. Dani, G.A. Margulis, N. Shah andothers. After a preliminary version of this paper was prepared, a sim-pler approach avoiding the use of Ratner’s theorem was suggested tothe authors by Margulis. As discussed in §4.1, the method involv-ing Ratner’s theorem has been developed further by Shah, yielding animportant generalization. Thus we have chosen to include both proofs.
 Next, building on the approach of [KLW, KW2], we generalize Theo-rem 1.2, namely, consider measures other than Lebesgue. Here we willrestrict ourselves to measures µ on Rn ∼= M1,n and study diophantineproperties of µ-almost all y ∈ Rn interpreted as row vectors (linearforms); that is, we put m = 1 and k = n + 1. Note that the dual caseof simultaneous approximation (n = 1, which was the set-up of [KLW]and [KW2]) can be treated along the same lines.
 All measures on Euclidean spaces will be assumed to be Radon (lo-cally finite regular Borel). Generalizing the set-up of Theorem 1.2, wewill consider measures on Rn of the form f∗ν, where ν is a measure onRd and f a map from Rd to Rn. Our assumptions on f and ν rely ondefinitions of:
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DIRICHLET’S THEOREM AND HOMOGENEOUS FLOWS 5
 • measures ν which are D-Federer on open subsets U of Rd, and• functions f : U → R which are (C, α)-good on U w.r.t. ν
 (here D,C, α are positive constants). We postpone the precise defini-tions, introduced in [KM2, KLW], until §3.2.
 Now given a measure ν on Rd, an open U ⊂ Rd with ν(U) > 0 anda map f : Rd → Rn, say that a pair (f , ν) is
 • (C, α)-good on U if any linear combination of 1, f1, . . . , fn is(C, α)-good on U with respect to ν;• nonplanar on U if for any ball B ⊂ U centered in supp ν, the
 restrictions of 1, f1, . . . , fn to B ∩ supp ν are linearly indepen-dent over R; in other words, if f(B ∩ supp ν) is not containedin any proper affine subspace of Rn;• (C, α)-good (resp., nonplanar) if for ν-a.e. x there exists a
 neighborhood U of x such that ν is (C, α)-good (resp., non-planar) on U .
 Similarly, we will say that ν is D-Federer if for ν-a.e. x ∈ Rd thereexists a neighborhood U of x such that ν is D-Federer on U .
 In §3 we prove
 Theorem 1.5. For any d, n ∈ N and C, α,D > 0 there exists ε0 =ε0(d, n, C, α,D) with the following property. Let ν be a measure on Rd
 and f a continuous map from open U ⊂ Rd with ν(U) > 0 to Rn.Assume that ν is D-Federer, and (f , ν) is (C, α)-good and nonplanar.Then for any ε < ε0
 f∗ν(DIε(T )
 )= 0 ∀ T ⊂ a+ drifting away from walls. (1.10)
 One can easily check, see §4.1, that (f , λ) as in (1.3) satisfies theassumptions of the above theorem. Moreover, Theorem 1.5 generalizesall known results on improvement of DT on manifolds, and is applica-ble to many other examples of interesting measures, see §4.3 for moreexamples. The proof is based on so-called ‘quantitative nondivergence’technique, a generalization of non-divergence of unipotent flows on ho-mogeneous spaces first established by Margulis in early 1970s.
 Note that ε0 in the above theorem can be explicitly computed interms of d, n, C, α,D, although the value that can be obtained seemsto be far from optimal. In particular they are not as good as the valuesof ε0 obtained in [DS1, DRV, Bu]. On the other hand the set-up ofTheorem 1.5 is much more general than that of the aforementionedpapers, as illustrated by examples considered in §4.
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6 DMITRY KLEINBOCK AND BARAK WEISS
 Acknowledgements: This research was supported by BSF grant2004149, ISF grant 584/04 and NSF grant DMS-0239463. Thanks aredue to Roger Baker, Yann Bugeaud and Gregory Margulis for usefuldiscussions. Specifically we are indebted to Margulis for his ideas lead-ing to the second proof of Theorem 2.2.
 2. Theorem 1.4 and equidistribution
 2.1. The correspondence. Let G and Γ be as in (1.9), and denoteby π : G→ G/Γ the quotient map. G acts on G/Γ by left translationsvia the rule gπ(h) = π(gh), g, h ∈ G. Define
 τ(Y )def=
 (Im Y0 In
 ), τ
 def= π◦τ ,
 where I` stands for the `× ` identity matrix. Since Γ is the stabilizerof Zk under the action of G on the set of lattices in Rk, G/Γ can beidentified with GZk, that is, with the set of all unimodular latticesin Rk. To highlight the relevance of the objects defined above to thediophantine problems considered in the introduction, note that
 τ(Y ) =
 {(Y q− p
 q
 ): p ∈ Zm, q ∈ Zn
 }. (2.1)
 Now for ε > 0 let
 Kεdef= π
 ({g ∈ G : ‖gv‖ ≥ ε ∀v ∈ Zk r {0}
 }), (2.2)
 i.e., Kε is the collection of all unimodular lattices in Rk which containno nonzero vector of norm smaller than ε. By Mahler’s compactnesscriterion (see e.g. [Ra, Chapter 10]), each Kε is compact, and for eachcompact K ⊂ G/Γ there is ε > 0 such that K ⊂ Kε. Note also that Kε
 is empty if ε > 1 by Minkowski’s Lemma, and has nonempty interiorif ε < 1.
 Now to any t ∈ a+ let us associate the diagonal matrix
 gtdef= diag(et1 , . . . , etk) ∈ G .
 Then, using (2.1), it is straightforward to see that the system (1.6) hasa nonzero integer solution if and only if gtτ(Y ) /∈ Kε. We thereforearrive at
 Proposition 2.1. For Y ∈ Mm,n, 0 < ε < 1 and unbounded T ⊂ a+,one has Y ∈ DIε(T ) if and only if gtτ(Y ) is outside of Kε for all t ∈ Twith large enough norm. Equivalently,
 DIε(T ) =⋃t0>0
 ⋂t∈T , ‖t‖>t0
 {Y : gtτ(Y ) /∈ Kε} . (2.3)
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 In particular, Y is singular along T if and only if the trajectory{gtτ(Y ) : t ∈ T } is divergent (i.e. eventually leaves Kε for any ε > 0).The latter observation was first made in [Da, Proposition 2.12] forT = R, and then in [Kl1, Theorem 7.4] for an arbitrary ray in a+.
 2.2. Lebesgue measure and uniform distribution. We recall thatone of the goals of this paper is to show that Lebesgue-a.e. Y ∈ Mm,n
 does not belong to DIε(T ) whenever ε < 1 and T ∈ a+ drifts awayfrom walls (Theorem 1.4). It follows from the above proposition thatany Y for which
 the set {t ∈ T : gtτ(Y ) ∈ Kε} is unbounded (2.4)
 does not belong to DIε(T ). Thus to prove Theorem 1.4 it would sufficeto show that (2.4) holds for Lebesgue–a.e. Y ∈ Mm,n whenever Tdrifts away from walls. We will prove a stronger statement. Here andhereafter ‘vol’ stands for the G-invariant probability measure on G/Γ.
 Theorem 2.2. Let a continuous compactly supported function ϕ onG/Γ and bounded B ⊂ Mm,n with positive Lebesgue measure be given.Then for any compact subset L of G/Γ and any ε > 0 there existsT > 0 such that∣∣∣∣ 1
 λ(B)
 ∫B
 ϕ(gtτ(Y )z
 )dλ(Y )−
 ∫G/Γ
 ϕdvol
 ∣∣∣∣ < ε (2.5)
 for all z ∈ L and t ∈ a+, btc ≥ T .
 Let us denote by λz,B the pushforward of 1λ(B)
 λ|B to G/Γ by the map
 Y 7→ τ(Y )z. That is, for a Borel subset A of G/Γ, let
 λz,B(A)def=λ({Y ∈ B : τ(Y )z ∈ A}
 )λ(B)
 .
 The above theorem asserts that gt-translates of λz,B weak-∗ converge tovol as btc → ∞, and the convergence is uniform in z when the latter isrestricted to a compact subset of G/Γ. By taking z to be the standardlattice Zk ∈ G/Γ and approximating Kε (which has nonempty interiorand boundary of measure zero for any ε < 1) by continuous functionson G/Γ, from Theorem 2.2 one obtains that
 λ({Y ∈ B : gtτ(Y ) ∈ Kε}
 )→ λ(B)vol(Kε) as btc → ∞ .
 This immediately rules out the existence of T ⊂ a+ drifting away fromwalls and B ⊂Mm,n of positive Lebesgue measure such that (2.4) doesnot hold for Y ∈ B. Thus Theorem 1.4 follows from Theorem 2.2.
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8 DMITRY KLEINBOCK AND BARAK WEISS
 Note that the conclusion of Theorem 2.2 is not new for T being asubset of the ‘central ray’ R, see (1.7). Indeed, one can immediatelysee that the group
 Hdef= τ(Mm,n) (2.6)
 is expanding horospherical (see e.g. [KSS, Chapter 1] for the definition)with respect to gt for any t ∈ R. In this case Theorem 2.2 coincideswith [KM1, Proposition 2.2.1], where it was deduced from mixing of theG-action on G/Γ, using an argument dating back to the Ph.D. Thesisof Margulis [Mar]. On the other hand, H is strictly contained in theexpanding horospherical subgroup relative to gt for any t ∈ a+rR, thusthe aforementioned argument does not apply directly. In the remainingpart of this section we show how to bypass this difficulty.
 2.3. Expanding vectors along cones. In this section we will discussan important representation-theoretic property of the pair (a+, H).
 Lemma 2.3. Let ρ : G → GL(V ) be a representation (of algebraicgroups) on a finite-dimensional normed vector space V without nonzerofixed vectors, and let
 V H = {v ∈ V : ρ(h)v = v ∀h ∈ H}.Then there are positive c, c0 such that for any v ∈ V H and t ∈ a+ onehas
 ‖ρ(gt)v‖ ≥ c0ecbtc‖v‖ .
 Proof. Let us denote by A the group of positive diagonal matrices inG, let a be its Lie algebra, and let h be the Lie algebra of H. Since Anormalizes H, V H is a ρ(A)-invariant subspace, and we may write
 V H =⊕χ∈Ψ
 Vχ,
 where Ψ is a finite set of weights (linear functionals on a), such that
 Vχ = {v ∈ V : ρ(expY )v = eχ(Y )v ∀Y ∈ a}is nonzero for any χ ∈ Ψ. There is no loss of generality in assumingthat ‖ · ‖ is the sup-norm with respect to a basis of ρ(A)-eigenvectors;thus it suffices to show that for any χ ∈ Ψ, inft∈a+ χ(t)/btc is positive.
 LetI = {1, . . . ,m} × {m+ 1, . . . , k},
 and for each (i, j) ∈ I let G0 = G0(i, j) be the Lie subgroup of Gwhose Lie algebra g0 is generated by Eij, Eji, Fij (here Ers stands forthe k × k matrix with 1 in position (r, s) and 0 elsewhere, and Frsstands for Err − Ess). Then G0 is a copy of SL2(R) contained in G,
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 such that h ∩ g0 = spanEij and a ∩ g0 = spanFij. Since all vectors inVχ are fixed by ρ
 (τ(Eij)
 ), by the representation theory of sl2 (see e.g.
 [Se]) we have χ(Fij) ≥ 0, and
 χ(Fij) = 0 ⇐⇒ ρ(g)v = v ∀ g ∈ G0, v ∈ Vχ .
 Since V contains no nonzero vectors fixed by ρ(G), and since the groupgenerated by {G0(i, j) : (i, j) ∈ I} is equal to G, there is at least one(i0, j0) for which χ(Fi0j0) > 0. Since any Y ∈ a+ can be written as alinear combination of {Fij : (i, j) ∈ I} with non-negative coefficients,
 and since t0 = t− btc(Fi0j0) ∈ a+, we have:
 χ(t) = χ(t0) + χ(btcFi0j0) ≥ btcχ(Fi0j0) ,
 finishing the proof. �
 To put this result in context, recall that a subgroup L1 of an alge-braic group L2 is said to be epimorphic in L2 if for any representationρ : L2 → GL(V ), any vector fixed by ρ(L1) is also fixed by ρ(L2). Forexample, in our present notation, AH is epimorphic in G. The ‘conelemma’ ([We, Lemma 1]) shows that if TU is epimorphic in L, whereU is unipotent, T is diagonalizable and normalizes U , and L is gen-erated by unipotents, then for any ρ : L → GL(V ) without nonzerofixed vectors there is a nonempty open cone T+ in T such that for anynonzero v ∈ V U , ρ(a)v → ∞ as a → ∞ in T+. The proof in [We] isnon-constructive. The true meaning of Lemma 2.3 is a precise determi-nation of the cone A+ = exp(a+) which is good for all representationsρ in the case T = A, U = H.
 The next proposition is a consequence of Lemma 2.3.
 Proposition 2.4. Let V , ρ, c be as in Lemma 2.3, and let B be aneighborhood of 0 in Mm,n. Then there exists b > 0 such that for anyv ∈ V and t ∈ a+ one has
 supY ∈B
 ∥∥ρ(gtτ(Y ))v∥∥ ≥ becbtc‖v‖ . (2.7)
 Proof. Denote by p the ρ(A)-equivariant projection V → V H . By [Sh1,Lemma 5.1] there exists c1 > 0 (dependent on ρ, B and the choice ofthe norm) such that for any v ∈ V ,
 supY ∈B
 ∥∥p ◦ ρ(τ(Y ))v∥∥ ≥ c1‖v‖ . (2.8)
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10 DMITRY KLEINBOCK AND BARAK WEISS
 Also choose c2 > 0 such that ‖v‖ ≥ c2‖p(v)‖ for all v ∈ V . Then forany Y ∈ B, v ∈ V and t ∈ a+ one can write∥∥ρ(gtτ(Y )
 )v∥∥ ≥ c2
 ∥∥p ◦ ρ(gtτ(Y ))v∥∥ = c2
 ∥∥ρ(gt) ◦ p ◦ ρ(τ(Y )
 )v∥∥
 ≥by Lemma 2.3
 c0c2ecbtc∥∥p ◦ ρ(τ(Y )
 )v∥∥ ,
 hence
 supY ∈B‖ρ(gtτ(Y )
 )v‖ ≥ c0c2e
 cbtc supY ∈B
 ∥∥p ◦ ρ(τ(Y ))v∥∥ ≥
 by (2.8)c0c1c2e
 cbtc‖v‖ .
 �
 2.4. Recurrence to compact sets. In order to establish the equidis-tribution of gt-translates of λz,B as btc → ∞, one needs to at leastshow the existence of at least one limit point (which is not guaranteedapriori since G/Γ is not compact). In other words, there must ex-ist a compact subset K of G/Γ such that λz,B
 (g−1t (K)
 )is big enough
 whenever btc is large. We show in this section how to construct such acompact set using Proposition 2.4 and a theorem of Dani and Margulis.
 Denote by g the Lie algebra of G, let Vdef=⊕dim(G)−1
 j=1
 ∧jg, and let
 ρ : G → GL(V ) be the representation obtained by acting on V viathe adjoint representation and its exterior powers. Note that V has nononzero G-fixed vectors since G is simple. For any proper connectedLie subgroup W of G we will denote by pW an associated vector in V .
 We have the following result of Dani and Margulis, see [Sh1, Thm.2.2] for a more general statement:
 Proposition 2.5. Let G, Γ and π : G→ G/Γ be as above. Then thereexist finitely many closed subgroups W1, . . . ,W` of G such that π(Wi)is compact and ρ(Γ)pWi
 is discrete for each i ∈ {1, . . . , `}, and thefollowing holds: for any positive α, ε there is a compact K ⊂ G/Γ suchthat for any g ∈ G, t ∈ a and bounded convex open B ⊂ Mm,n, one ofthe following is satisfied:
 (1) There is γ ∈ Γ and i ∈ {1, . . . , `} such that
 supY ∈B‖ρ(gtτ(Y )gγ
 )pWi‖ < α .
 (2) (gt)∗λπ(g),B(K) ≥ 1− ε.
 Corollary 2.6. For any compact subset L of G/Γ and any ε > 0 thereexists a compact K ⊂ G/Γ with the following property: for any boundedconvex open neighborhood B of 0 in Mm,n there exists T > 0 such that(gt)∗λz,B(K) ≥ 1− ε whenever z ∈ L and btc ≥ T .
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 Proof. Let W1, . . . ,W` be as in Proposition 2.5, and for any compactL ⊂ G/Γ consider
 δ(L)def= inf
 π(g)∈L, γ∈Γ, i=1,...,`‖ρ(gγ)pWi
 ‖ .
 It is positive since L is compact and ρ(Γ)pWiis discrete. Proposition
 2.4 then implies that for any neighborhood B of 0 in Mm,n there existconstants b, c such that for any g ∈ π−1(L), γ ∈ Γ, i = 1, . . . , ` andt ∈ a+, one has
 supY ∈B‖ρ(gtτ(Y )
 )ρ(gγ)pWi
 ‖ ≥ becbtcδ(L) . (2.9)
 Now take an arbitrary ε > 0 and α = 1, and choose K according toProposition 2.5. Then it follows from (2.9) that for any B there existsT such that whenever btc ≥ T and π(g) ∈ L, the second alternative ofProposition 2.5 must hold. �
 2.5. The linearization method. Our first proof of Theorem 2.2 relieson Ratner’s classification of measures invariant under unipotents, andsubsequent results of Dani, Margulis, Mozes and Shah for utilizingRatner’s classification. These results, sometimes referred to as the‘linearization method’, are described in [KSS]. We will review themhere. Since our argument will be very close to arguments in [Sh1, SW]we will rely on the notation and results as stated in [SW].
 Let H be the set of all closed connected subgroups W of G suchthat W ∩ Γ is a lattice in W , and the subgroup of W generated byits one-parameter unipotent subgroups acts ergodically on W/(W ∩Γ).This is a countable collection. For any W ∈ H, we define
 N(W,H) = {g ∈ G : Hg ⊂ gW}
 S(W,H) =⋃{
 N(W ′, H) : W ′ ∈ H,W ′ ⊂ W, dimW ′ < dimW}
 N∗(W,H) = N(W,H) r S(W,H).
 The following is a consequence of Ratner’s theorem and ergodic de-composition:
 Proposition 2.7. Let µ be a finite H-invariant measure on G/Γ whichis not equal to vol. Then µ
 (π(N(W,H))
 )> 0 for some W ∈ H which
 is a proper subgroup of G.
 For W ∈ H let VW be the span of ρ(N(W,H))pW in V and letN1G(W ) = {g ∈ G : ρ(g)pW = pW}. Then the orbit ρ(Γ)pW is discrete
 in V . We have:
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 Proposition 2.8. Given W ∈ H and ε > 0, for any compact C ⊂π(N∗(W,H)) there exists a compact D ⊂ VW with the following prop-erty: for any neighborhood D′ of D in VW there exists a neighborhoodC ′ of C in G/Γ such that for any g ∈ G, any t ∈ a+ and any boundedconvex open B ⊂Mm,n, one of the following holds:
 (1) There is γ ∈ Γ such that ρ(gtτ(B)gγ)pW ⊂ D′.(2) (gt)∗λπ(g),B(C ′) < ε.
 2.6. Proof of Theorem 2.2 by linearization. Take a sequence ofpoints zn ∈ L and a sequence tn ∈ a+ drifting away from walls. Itfollows from Corollary 2.6 that the sequence of translated measures(gtn)∗λzn,B is weak-∗ precompact, that is, along a subsequence we havegtnλzn,B to µ, where µ is a Borel measure on G/Γ. Our goal is thus toshow that µ = vol.
 The hypothesis about drifting away from walls implies that for anyh ∈ H we have g−1
 tnhgtn → e, where e is the identity element in H. A
 simple computation (see [SW, Claim 3.2]) shows that µ is H-invariant.By Proposition 2.7, if µ 6= vol, there is a proper subgroup W ∈ Hsuch that µ
 (π(N(W,H))
 )> 0. Making W smaller if necessary we can
 assume that µ(π(N∗(W,H))
 )> 0. Let C ⊂ π
 (N∗(W,H)
 )be compact
 with µ(C) > 0, and put εdef= µ(C)/2. Let L ⊂ G be a compact subset
 such that π(L) = L, and let gn ∈ π−1(zn) ∩ L. Applying Proposition2.8, we find that there is a compact D ⊂ VW such that the followingholds. For each n, let Dn+1 ⊂ Dn be a compact neighborhood of D inVW such that
 ⋂nDn = D. Then there is an open neighborhood Cn of
 C in G/Γ such that one of the following holds:
 (1) There is vn ∈ ρ(gnΓ)pW such that ρ(gtnτ(B))vn ⊂ Dn.(2) (gtn)∗λzn,B(Cn) < ε.
 Since gtnλzn,B → µ, and the sets Cn are neighborhoods of C, we findthat λzn,B(g−1
 tnCn) > µ(C)/2 = ε for all sufficiently large n, so condition
 (2) above does not hold. Therefore
 ρ(gtnτ(B)
 )vn ⊂ Dn ⊂ D1 ,
 a bounded subset of VW . On the other hand, since L is compact andρ(Γ)pW is discrete, we have
 infn‖vn‖ > 0,
 hence, by (2.7), ‖ρ(gtnτ(B)
 )vn‖ → ∞, a contradiction. �
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 2.7. Another proof of Theorem 2.2, d’apres Margulis. Clearlyit suffices to prove the theorem for B being a cube centered at 0 ofarbitrary sidelength r < 1 and also for ϕ with supz |ϕ(z)| ≤ 1. Givent ∈ a+, consider
 u′ = u′(t)def= diag
 ( btc2m, . . . , btc
 2m,− btc
 2n, . . . ,− btc
 2n
 ),
 and let u = u(t)def= t−u′; note that u′ ∈ R, u ∈ a+, buc ≥ btc/2, and
 bu′c ≥ btc/2 max(m,n).Writing gt = gu′gu, we organize the proof in two steps. First we
 translate τ(B)z by gu and use Corollary 2.6 to conclude that most ofthe translate guτ(B)z is contained in some fixed compact set. Thenwe divide guτ(B)z into numerous pieces isometric to τ(B), and usethe equidistribution of their gu′-translates, that is, [KM1, Proposition2.2.1] (the ‘horospherical case’ of Theorem 2.2).
 Recall that we are given a compact subset L of G/Γ and positive ε.Using Corollary 2.6, one can choose a compact K ′ ⊂ G/Γ and T1 > 0with
 (gu)∗λz,B(K ′) > 1− ε/5 whenever z ∈ L and buc ≥ T1 .
 For t ∈ a+ denote by Φt the expanding homothety induced on Y ∈Mm,n via conjugation of τ(Y ) by gt, that is, put
 Φt(Y )def= τ−1
 (gtτ(Y )g−1
 t
 ); (2.10)
 note that one has Φt(Ei,j) = eti−tm+jEi,j for all i, j. It follows that onecan choose T2 > 0 such that whenever buc ≥ T2, the preimage by Φu
 of the 1-neighborhood of the boundary of Φu(B) has measure less thanε5· λ(B).Now let us fix a tessellation of Mm,n by cubes of sidelength r, that
 is, disjoint translates Z + B of B whose closures cover Mm,n; here Zruns through a certain countable subset of Mm,n which we denote by∆. Given z ∈ G/Γ and u ∈ a+, denote by ∆z,u the set of Z ∈ ∆ suchthat Z +B ⊂ Φu(B) and τ(Z +B)guz ∩K ′ 6= ∅, and let
 Bz,udef=
 ⋃Z∈∆z,u
 Φ−1u (Z +B) ,
 a subset of B. It follows that whenever z ∈ L and buc ≥ max(T1, T2),one has
 λ (Bz,u) > (1− 2ε/5)λ(B) , (2.11)
 and hence
 1
 λ(B)
 ∣∣∣∣∣∫B
 ϕ(gtτ(Y )z
 )dλ(Y )−
 ∫Bz,u
 ϕ(gtτ(Y )z
 )dλ(Y )
 ∣∣∣∣∣ < 2ε
 5. (2.12)
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 We now claim that there exists T3 ≥ max(T1, T2) such that for anyz ∈ L, btc ≥ 2T3 and Z ∈ ∆z,u one has∣∣∣∣∣ 1
 λ(Φ−1
 u (B)) ∫
 Φ−1u (Z+B)
 ϕ(gtτ(Y )z
 )dλ(Y )−
 ∫G/Γ
 ϕdvol
 ∣∣∣∣∣ < ε
 5. (2.13)
 First assume the validity of the claim. From (2.13) it follows that∣∣∣∣∣ 1
 λ(Bz,u)
 ∫Bz,u
 ϕ(gtτ(Y )z
 )dλ(Y )−
 ∫G/Γ
 ϕdvol
 ∣∣∣∣∣ < ε
 5. (2.14)
 Also, clearly one has∣∣∣∣∣(
 1
 λ(Bz,u)− 1
 λ(B)
 )∫Bz,u
 ϕ(gtτ(Y )z
 )dλ(Y )
 ∣∣∣∣∣ ≤(
 1
 λ(Bz,u)− 1
 λ(B)
 )λ(Bz,u)
 = 1− λ(Bz,u)
 λ(B)<
 (2.11)
 2ε
 5.
 The above inequality, together with (2.12) and (2.14), implies (2.5).It remains to prove the claim. Making a change of variables Y =
 Φ−1u (Z +X) and using (2.10) we have∫Φ−1
 u (Z+B)
 ϕ(gtτ(Y )z
 )dλ(Y ) =
 λ(Φ−1
 u (B))
 λ(B)
 ∫B
 ϕ(gtτ(Φ−1
 u (Z +X))z)dλ(X)
 =λ(Φ−1
 u (B))
 λ(B)
 ∫B
 ϕ(gu′τ(X)τ(Z)guz
 )dλ(X) .
 Denote by K the 1-neighborhood of K ′. Since Z ∈ ∆z,u, it followsthat τ(Z)guz ∈ K. Now an application of the ‘horospherical case’ ofTheorem 2.2 with t = u′ ∈ R, L = K and z replaced with τ(Z)guzproduces a T3 such that (2.13) holds. �
 Remark. An advantage of the above proof is that it can be employedto yield an error bound, that is an effective bound on the size of Tnecessary for (2.5) to hold, in terms of the regularity of ϕ and the sizeof L. This requires an explicit estimate on the rate of mixing of the G-action on G/Γ, as in [KM1, §2.4], and an effective version of Corollary2.6, which can be extracted from Theorem 3.2 below.
 3. Theorem 1.5 and quantitative nondivergence
 3.1. A sufficient condition. The second goal of this paper is to showthat sets DIε(T ) are null with respect to certain measures µ on Mm,n
 other than Lebesgue. We will use Proposition 2.1 to formulate a condi-tion sufficient for having µ
 (DIε(T )
 )= 0 for fixed ε > 0 and all T ∈ a+
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 drifting away from walls. Similarly to the set-up of Theorem 1.5, wewill consider measures µ of the form F∗ν, where ν is a measure on Rd
 and F a map from Rd to Mm,n.
 Proposition 3.1. Let a measure ν on Rd, an open subset U of Rd, amap F : U →Mm,n, and 0 < ε, c < 1 be given.
 (a) Fix T0 ⊂ a+ and assume that for any ball B ⊂ U there existst > 0 with
 ν({
 x ∈ B : gtτ(F (x)
 )/∈ Kε
 })≤ cν(B) (3.1)
 whenever t ∈ T0, |t‖ > t. Then F∗ν(DIε(T )
 )= 0 for any
 unbounded T ⊂ T0.(b) Suppose that for any ball B ⊂ U there exists s > 0 with (3.1)
 satisfied for any t ∈ a+ with btc ≥ s. Then F∗ν(DIε(T )
 )= 0
 for any T ⊂ a+ drifting away from walls.
 Proof. Taking an unbounded T ⊂ T0, we infer from the assumption ofpart (a) that for any ball B ⊂ U and any positive t one has
 ν( ⋂
 t∈T , ‖t‖>t
 {x ∈ B : gtτ(Y ) /∈ Kε})≤ cν(B) .
 Therefore, by (2.3), ν({x ∈ B : F (x) ∈ DIε(T )}
 )≤ cν(B). In view
 of a density theorem for Radon measures on Euclidean spaces [Mat,Corollary 2.14], this forces F−1
 (DIε(T )
 )to have ν-measure zero. This
 establishes (a). The second part is immediate from (a) and the defini-tion (1.8) of drifting away from walls. �
 3.2. A quantitative nondivergence estimate. Both proofs of The-orem 2.2 given in §2 relied on Corollary 2.6, which is a quantitativenondivergence estimate for translates of unipotent trajectories. Thiskind of estimate had its origins in the proof by Margulis [Mar] thatorbits of unipotent flows do not diverge, see [KSS] for a historical ac-count. During the last decade, starting from the paper [KM2], thesetechniques were transformed into a powerful method yielding measureestimates as in (3.1) for a certain broad class of measures ν and maps F .To introduce these we need to elaborate on the definitions mentionedin the introduction.
 If B = B(x, r) is a ball in Rd and c > 0, cB will denote the ballB(x, cr). A measure ν on Rd is said to be D-Federer on an openU ⊂ Rd if for all balls B centered at supp ν with 3B ⊂ U one hasν(3B)/ν(B) ≤ D.
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 If ν is a measure on Rd, B a subset of Rd with ν(B) > 0, and f areal-valued function on B, we let
 ‖f‖ν,Bdef= sup
 x∈B∩supp ν|f(x)| .
 Given C, α > 0, open U ⊂ Rd and a measure ν on Rd, say that f :U → R is (C, α)-good on U with respect to ν if for any ball B ⊂ Ucentered in supp ν and any ε > 0 one has
 ν({y ∈ B : |f(y)| < ε}
 )≤ C
 (ε
 ‖f‖ν,B
 )αν(B) . (3.2)
 We need to introduce some more notation in order to state a theoremfrom [KLW]. Let
 W def= the set of proper nonzero rational subspaces of Rk .
 From here until the end of this section, we let ‖ · ‖ stand for the Eu-clidean norm on Rk, induced by the standard inner product 〈·, ·〉, whichwe extend from Rk to its exterior algebra. For V ∈ W and g ∈ G, let
 `V (g)def= ‖g(v1 ∧ · · · ∧ vj)‖ ,
 where {v1, . . . ,vj} is a generating set for Zk ∩ V ; note that `V (g) doesnot depend on the choice of {vi}.
 Theorem 3.2 ([KLW], Theorem 4.3). Given d, k ∈ N and positiveconstants C,D, α, there exists C1 = C1(d, k, C, α,D) > 0 with thefollowing property. Suppose a measure ν on Rd is D-Federer on a ball
 B centered at supp ν, 0 < ρ ≤ 1, and h is a continuous map B → Gsuch that for each V ∈ W,
 (i) the function `V ◦h is (C, α)-good on B with respect to ν,
 and
 (ii) ‖`V ◦h‖µ,B ≥ ρ, where B = 3−(k−1)B.
 Then for any 0 < ε ≤ ρ,
 ν({
 x ∈ B : π(h(x)
 )/∈ Kε
 })≤ C1(ε/ρ)αν(B) .
 3.3. Checking (i) and (ii). At this point we restrict ourselves to theset-up of Theorem 1.5, that is consider measures on Rn ∼= M1,n of theform f∗ν, where ν is a measure on Rd and f = (f1, . . . , fn) is a map froman open U ⊂ Rd with ν(U) > 0 to Rn. In order to combine Proposition3.1 with Theorem 3.2, one need to work with functions `V ◦ht for eachV ∈ W , where
 htdef= gt ◦ τ ◦ f , (3.3)
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 and find conditions sufficient for the validity of (i) and (ii) of Theorem3.2 for large enough t ∈ T .
 The explicit computation that is reproduced below first appeared in[KM2]. Let e0, e1, . . . , en be the standard basis of Rn+1, and for
 I = {i1, . . . , ij} ⊂ {0, . . . , n}, i1 < i2 < · · · < ij , (3.4)
 let eIdef= ei1 ∧ · · · ∧ eij ; then {eI | #I = j} is an orthonormal basis of∧j(Rn+1). Similarly, it will be convenient to put t = (t0, t1, . . . , tn) ∈
 a+ where
 a+ =
 {(t0, t1, . . . , tn) ∈ Rn+1 : t1, . . . , tn < 0, t0 = −
 n∑i=1
 ti
 }. (3.5)
 Then one immediately sees that for any I as in (3.4),
 eI is an eigenvector for gt with eigenvalue etI , (3.6)
 where tIdef=∑
 i∈I ti. We remark that in view of (3.5), etI is not lessthan 1 whenever for any t ∈ a+ and 0 ∈ I, and, moreover,
 etI ≥ ebtc ∀ t ∈ a+ and ∀ I ( {0, . . . , n} containing 0 . (3.7)
 Since the action of τ(y), where y ∈ Rn is a row vector, leaves e0
 invariant and sends ei, i > 0, to ei + yie0, one can write2
 τ(y)eI =
 {eI if 0 ∈ IeI +
 ∑i∈I ±yi eI∪{0}r{i} otherwise.
 (3.8)
 Now take V ∈ W , choose a generating set {v1, . . . ,vj} for Zk ∩V , and
 expand wdef= v1 ∧ · · · ∧ vj with respect to the above basis by writing
 w =∑
 I⊂{0,...,n},#I=j wIeI . Then one has
 τ(y)w =∑0/∈I
 wIeI +∑0∈I
 (wI +
 ∑i/∈I
 ±wI∪{i}r{0}yi
 )eI . (3.9)
 In the next lemma we summarize two implications of the above for-mula:
 Lemma 3.3. (a) For any w ∈∧
 (Rn+1) and t ∈ Rn+1, the mapy 7→ gtτ(y)w is affine; in other words, for any I ⊂ {0, . . . , n}
 2The choice of + or − in (3.8) depends on the parity of the number of elementsof I less than i and is not important for our purposes. See however [Kl2] for a moreprecise computation.
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 the projection of gtτ(y)w onto eI has the form
 〈gtτ(y)w, eI〉 = c0 +n∑i=1
 ciyi (3.10)
 for some c0, c1, . . . , cn ∈ R.(b) If w ∈
 ∧j(Zn+1) r {0}, with 1 ≤ j ≤ n (in particular, if wrepresents a nontrivial rational subspace of Rn+1) and t ∈ a+,then there exists I such that the absolute value of one of thecoefficients ci in (3.10) is at least ebtc.
 Proof. Part (a) is immediate from (3.9). For (b), since the coordi-nates wI of w are integers and at least one of them is nonzero, onecan conclude that there exists I 3 0 such that either |wI | ≥ 1 or|wI∪{i}r{0}| ≥ 1 for some i /∈ I. Therefore, in view of (3.9), (3.6) and(3.7), the conculsion of (b) follows for this choice of I. �
 3.4. Proof of Theorem 1.5. The next theorem generalizes [KM2,Theorem 5.4]:
 Theorem 3.4. For any d, n ∈ N and any C, α,D > 0 there existsC2 = C2(d, n, C, α,D) with the following property. Suppose a measure
 ν on Rd is D-Federer on a ball B centered at supp ν and f : B → Rn
 is continuous. Assume that:
 (1) any linear combination of 1, f1, . . . , fn is (C, α)-good on B withrespect to ν;
 (2) the restrictions of 1, f1, . . . , fn to B ∩ supp ν, where B = 3−nB,are linearly independent over R.
 Then there exists s > 0 such that for any t ∈ a+ with btc ≥ s and anyε < 1, one has
 ν({
 x ∈ B : gtτ(f(x)
 )/∈ Kε
 })≤ C2ε
 αν(B) .
 Proof. We would like to apply Theorem 3.2 with h = ht as in (3.3).Take V ∈ W and, as before, represent it by w = v1 ∧ · · · ∧ vj, where{v1, . . . ,vj} is a generating set for Zk ∩ V . From Lemma 3.3(a) andassumption (1) above it follows that for any t, each coordinate of ht(·)wis (C, α)-good on B with respect to ν. Hence the same, with C replaced
 by(n+1j
 )α/2C, can be said about ‖ht(·)w‖ = `V ◦ht, see [KLW, Lemma
 4.1]. This verifies condition (i) of Theorem 3.2.Now observe that assumption (2) implies the existence of δ > 0
 (depending on B) such that ‖c0+∑n
 i=1 cifi‖ν,B ≥ δ for any c0, c1, . . . , cnwith max |ci| ≥ 1. Using Lemma 3.3(b), we conclude that
 ‖`V ◦ ht‖ν,B ≥ δebtc .
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 So condition (ii) of Theorem 3.2 holds with ρ = 1 whenever btc is at
 least sdef= − log δ. �
 We can now proceed with the
 Proof of Theorem 1.5. It suffices to show that for ν-a.e. x there existsa ball B centered at x such that
 ν({x ∈ B : f(x) ∈ DIε(T )}
 )= 0 . (3.11)
 Since (f , ν) is (C, α)-good and nonplanar, for ν-a.e. x one can chooseB centered at x such that (f , ν) is nonplanar on B and (C, α)-good on3nB ⊂ U . Then, combining Theorem 3.4 with Proposition 3.1(b), oneconcludes that (3.11) holds whenever C2ε
 α < 1. �
 We remark that the constant C1 from Theorem 3.2, and hence C2
 from Theorem 3.4 and ε0 from Theorem 1.5, can be explicitly extimatedin terms of the input data of those theorems, see [KM2, BKM, KT, Kl2].However we chose not to bother the reader with explicit computations,the reason being that in the special cases previously considered in theliterature our method produces much weaker estimates. More on thatin the next section.
 4. Examples and applications
 4.1. Polynomial maps. A model example of functions which are (C, α)-good with respect to Lebesgue measure is given by polynomials: it isshown in [KM2, Lemma 3.2] that any polynomial of degree ` is (C, α)-good on R with respect to λ, where α = 1
 `and C depends only on
 `. The same can be said about polynomials in d ≥ 1 variables, withα = 1
 d`and C depending on ` and d. Obviously λ is 3d-Federer on
 Rd. Thus, as a corollary of Theorem 1.5, we obtain the existence ofε1 = ε1(n, d, `) such that whenever ε < ε1, (1.10) holds for ν = λ andany polynomial map f = (f1, . . . , fn) of degree ` in d variables suchthat 1, f1, . . . , fn are linearly independent over R. This in particularapplies to f(x) = (x, . . . , xn), a generalization of the set-up of Theorem1.2 considered by Baker in [Ba1] for n = 3 and then by Bugeaud foran arbitrary n. Note that it is proved in [Bu] that (x, . . . , xn) is almostsurely not in DIε for ε < 1/8. Our method, in comparison, shows that(x, . . . , xn) is almost surely not in DIε(T ) for any T drifting away from
 walls and ε < 1/nn(n+ 1)22n2+n.
 Improving these results to any ε < 1 is a natural and challengingproblem. Recently [Sh2] the following was obtained:
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 Theorem 4.1 (N.A. Shah). Let f : R → M1,2∼= R2 be a nonplanar
 polynomial map. For an interval B ⊂ R and for z ∈ SL3(R)/ SL3(Z),let νz,B be the natural probability measure on τ
 (f(B)
 )z, that is the push-
 forward of 1λ(B)
 λ|B via the map x 7→ τ ◦ f(x)z. Then for any unbounded
 sequence tn ∈ R, the sequence of translated measures (gtn)∗νz,B weak-∗converges to vol.
 The proof follows a similar strategy as that of Theorem 2.2, butis considerably more difficult. Repeating the argument of §2.2, oneobtains:
 Corollary 4.2. For any ε < 1 and any nonplanar polynomial curvef : R→M1,2, f(x) does not belong to DIε for a.e. x ∈ R.
 4.2. Nondegenerate maps. Here is another situation in which (C, α)-good functions arise. The following lemma is a strengthening of [KM2,Lemma 3.3], which can be proved by a verbatim repetition of thatpaper’s argument:
 Lemma 4.3. For any d, ` ∈ N there exists positive C ′d,` with the follow-
 ing property. Let B be a cube in Rd (product of intervals of the samelength), and let f ∈ C`(B) be such that for some positive constantsa1, . . . , ad and A1, . . . , Ad one has
 ai ≤ |∂`if(x)| ≤ Ai ∀x ∈ B, i = 1, . . . , d .
 Then
 λ({x ∈ B : |f(x)| < ε}
 )≤ C ′d,` max
 i
 (Aiai
 )1/`(ε
 ‖f‖λ,B
 )1/d`
 λ(B) .
 Recall that a map f from U ⊂ Rd to Rn is called `-nondegenerateat x ∈ U if partial derivatives of f at x up to order ` span Rn, and`-nondegenerate if it is `-nondegenerate at λ-a.e. x ∈ U . Arguing as inthe proof of [KM2, Proposition 3.4], from the above lemma one deduces
 Proposition 4.4. For any d, ` ∈ N there exists positive Cd,` with thefollowing property. Let n ∈ N and let f = (f1, . . . , fn) : U → Rn be`-nondegenerate at x ∈ U . Then for any C > Cd,` there exists a neigh-borhood V ⊂ U of x such that any linear combination of 1, f1, . . . , fnis (C, 1/d`)-good on V .
 This implies that if f : U → Rn is `-nondegenerate, then the pair(f , λ) is (C, 1/d`)-good for any C > Cd,`. Also, nonplanarity is clearlyan immediate consequence of nondegeneracy. Thus, by Theorem 1.5,there exists ε2 = ε2(n, d, `) such that whenever ε < ε2, (1.10) holdsfor ν = λ and any `-nondegenerate f : U → Rn, U ⊂ Rd. This was
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 previously established in the case d = 1, l = n = 2 in [Ba2], with anadditional assumption that f be C3 rather than C2. Also, M. Dodson,B. Rynne, and J. Vickers considered C3 submanifolds of Rn with ‘two-dimensional definite curvature almost everywhere’, a condition whichimplies 2-nondegeneracy (and requires the dimension of the manifoldto be at least 2). It is proved in [DRV] that almost every point on such
 a manifold is not in DIε for ε < 2−n
 n+1 . We also remark that the resultof [Sh2] extends to nondegenerate curves in R2.
 4.3. Friendly measures. The class of friendly measures was intro-duced in [KLW], the word ‘friendly’ being an approximate abbrevia-tion of ‘Federer, nonplanar and decaying’. Using the terminology ofthe present paper, we can define this class as follows: a measure µ onRn is friendly if for µ-a.e. x ∈ Rn there exist a neighborhood U of xand D,C, α > 0 such that µ is D-Federer on U , and (Id, µ) is both(C, α)-good and nonplanar on U . In order to apply Theorem 1.5 wewould like to use somewhat more uniform version: given C, α,D > 0,define µ to be (D,C, α)-friendly if for µ-a.e. x ∈ Rn there exists aneighborhood U of x such that µ is D-Federer on U and (Id, µ) is both(C, α)-good and nonplanar on U .
 As discussed in the previous subsections, smooth measures on nonde-generate submanifolds of Rn satisfy the above properties. Furthermore,the class of friendly measures is rather large, many examples are de-scribed in [KLW, KW1, Ur1, Ur2, SU]. A notable class of examplesis given by limit measures of finite irreducible systems of contractingsimilarities [KLW, §8] (or, more generally, self-conformal contractions,[Ur1]) of Rn satisfying the open set condition, as well as their push-forwards by smooth nondegenerate maps [KLW, §7]. We remark thatall the friendly measures considered in the literature, can be shown tobe (D,C, α)-friendly for some D,C, α. Thus, in view of Theorem 1.5,almost all points with respect to those measures are not in DIε(T ) forany T drifting away from walls and small enough ε.
 4.4. Weighted badly approximable systems. We conclude the pa-per with another application of Theorem 2.2. Let gt be a one-parametersubgroup of G. Suppose a subgroup H of G normalized by gt is suchthat (a) the conjugation by gt, t > 0, restricted to H is an expandingautomorphism of H, and (b) gt-translates of the leaves Hx, x ∈ G/Γ,become equidistributed as t → ∞, with the convergence uniform as xranges over compact subsets of G/Γ. These conditions were shown in[KM1] to imply that for any x ∈ G/Γ, the set{
 h ∈ H : the trajectory {gthx : t > 0} is bounded}
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 is thick (that is, has full Hausdorff dimension at every point). Both(a) and (b) are satisfied when H is as in (2.6) and {gt : t > 0} is anyone-parameter subsemigroup of G contained in exp(a+). Note that thevalidity of (b) is a special case of Theorem 2.2.
 Let us now write gt in the form
 gt = diag(er1t, . . . , ermt, e−s1t, . . . , e−snt) ,
 where
 ri, sj > 0 andm∑i=1
 ri = 1 =n∑j=1
 sj . (4.1)
 Then it is known [Kl1] that the trajectory {gtτ(Y ) : t > 0} is boundedin G/Γ if and only if Y is (r, s)-badly approximable. The latter bydefinition means
 infp∈Zm,q∈Znr{0}
 maxi|Yiq− pi|1/ri ·max
 j|qj|1/sj > 0 .
 The components of vectors r, s should be thought of as weights assignedto linear forms Yi and integers qj. Thus the scheme of proof in [KM1]produces a weighted generalization of W.M. Schmidt’s theorem [Sc1]on the thickness of the set of badly approximable systems of linearforms:
 Corollary 4.5. For any choice of r, s as in (4.1), the set of (r, s)-badlyapproximable Y ∈Mm,n is thick.
 This was previously established by A. Pollington and S. Velani [PV]in the case n = 1.
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