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            Chapter 6 6.1 Therefore, . ] [ ] [ ) ( 0 ∑ = ∑ = ∞ = − ∞ −∞ = − n n n n z n x z n x z X ∑ = ∞ = − ∞ → ∞ → 0 ] [ lim ) ( lim n n z z z n x z X ]. 0 [ ] [ lim ] 0 [ lim 1 x z n x x n n z z = ∑ + = ∞ = − ∞ → ∞ → 6.2 (a) Z which converges everywhere in the –plane. , 1 ] 0 [ ] [ ]} {[ = = ∑ = ∞ −∞ = − δ δ δ n n z n n z (b) From Table 6.1, Z ]. [ ] [ n n x n μ α = . , 1 1 ] [ ) ( ]} [ { 1 α α > − = ∑ = = − ∞ −∞ = − z z z n x z X n x n n Let ]. [ ] [ n nx n g = Then, Z Now, . ] [ ) ( ]} [ { n n z n nx z G n g − ∞ −∞ = ∑ = = . ] [ ) ( 1 ∑ − = ∞ −∞ = − − n n z n ng dz z dX Hence, ), ( ] [ ) ( z G z n nx dz z dX z n n − = ∑ − = ∞ −∞ = − or, . , ) 1 ( ) ( ) ( 2 1 1 α α α > − = − = − − z z z dz z dX z z G (c) ]. [ ) ( 2 ] [ ) sin( ] [ n e e j r n n r n x n j n j n o n o o μ μ ω ω ω − − = = Using the results of Example 6.1 and the linearity property of the –transform we get z Z ⎟ ⎟ ⎠ ⎞ ⎜ ⎜ ⎝ ⎛ − ⎟ ⎟ ⎠ ⎞ ⎜ ⎜ ⎝ ⎛ = − − − − − 1 1 1 1 2 1 1 1 2 1 ]} [ ) sin( { z j e r j z j e r j o n o o n n r ω ω μ ω 2 2 1 1 2 2 1 1 2 ) cos( 2 1 ) sin( ) ( 1 ) ( − − − − − − − − + − = + + − − = z r z r z r z r z e e r z e e o o j j j j j r o o o o ω ω ω ω ω ω , . r z > ∀ 6.3 (a) Note, is a right-sided sequence. Hence, the ROC of its –transform is exterior to a circle. Therefore, ]. 2 [ ] [ 1 − = n n x n μ α ] [ 1 n x z n n n n n n z z n z X − ∞ = − ∞ −∞ = ∑ = − ∑ = 2 1 ] 2 [ ) ( α μ α Simplifying we get 1 2 2 1 1 1 1 1 1 1 ) ( − − − − − = − − − = z z z z z X α α α α whose ROC is given by . α > z (b) Note, is a left-sided sequence. Hence, the ROC of ]. 3 [ ] [ 2 − − − = n n x n μ α ] [ 2 n x its –transform is interior to a circle. Therefore, z ∑ − = ∑ − = ∑ − = − − ∑ − = ∞ = ∞ = − − − −∞ = − ∞ −∞ = 3 3 3 2 ) / ( ] 3 [ ) ( m m m m m n n n n n n z z z z n z X α α α μ α Not for sale. 147 
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Chapter 6
 6.1 Therefore,
 .][][)(0
 ∑=∑=∞
 =
 −∞
 −∞=
 −
 n
 n
 n
 n znxznxzX ∑=∞
 =
 −
 ∞→∞→ 0][lim)(lim
 n
 n
 zzznxzX
 ].0[][lim]0[lim1
 xznxxn
 n
 zz=∑+=
 ∞
 =
 −
 ∞→∞→
 6.2 (a) Z which converges everywhere in the –plane. ,1]0[][]}{[ ==∑=∞
 −∞=
 − δδδn
 nznn z
 (b) From Table 6.1,
 Z
 ].[][ nnx nµα=
 .,1
 1][)(]}[{
 1α
 α>
 −=∑==
 −
 ∞
 −∞=
 − zz
 znxzXnxn
 n Let ].[][ nnxng = Then,
 Z Now, .][)(]}[{ n
 nznnxzGng −∞
 −∞=∑== .][
 )( 1∑−=∞
 −∞=
 −−
 n
 nznngdz
 zdX Hence,
 ),(][)(
 zGznnxdz
 zdXz
 n
 n −=∑−=∞
 −∞=
 − or, .,)1(
 )()(
 21
 1α
 αα
 >−
 =−=−
 −z
 z
 z
 dz
 zdXzzG
 (c) ].[)(2
 ][)sin(][ neej
 rnnrnx njnj
 n
 on oo µµω ωω −−== Using the results of Example
 6.1 and the linearity property of the –transform we get z
 Z ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛−⎟
 ⎟⎠
 ⎞⎜⎜⎝
 ⎛=
 −− −−− 11 1
 12
 1
 1
 12
 1]}[)sin({
 zjerjzjerjon
 oonnr
 ωωµω
 221
 1
 221
 12
 )cos(21
 )sin(
 )(1
 )(
 −−
 −
 −−−
 −−
 +−=
 ++−
 −=
 zrzr
 zr
 zrzeer
 zee
 o
 ojj
 jjj
 r
 oo
 oo
 ω
 ωωω
 ωω
 , .rz >∀
 6.3 (a) Note, is a right-sided sequence. Hence, the ROC of its
 –transform is exterior to a circle. Therefore,
 ].2[][1 −= nnx nµα ][1 nx
 z n
 n
 nn
 n
 n zznzX −∞
 =
 −∞
 −∞=∑=−∑=
 21 ]2[)( αµα
 Simplifying we get 1
 221
 111
 11
 1)(
 −
 −−
 − −=−−
 −=
 z
 zz
 zzX
 ααα
 αwhose ROC is given by
 .α>z
 (b) Note, is a left-sided sequence. Hence, the ROC of ].3[][2 −−−= nnx nµα ][2 nxits –transform is interior to a circle. Therefore, z
 ∑−=∑−=∑−=−−∑−=∞
 =
 ∞
 =
 −−−
 −∞=
 −∞
 −∞= 33
 32 )/(]3[)(
 m
 mm
 m
 mn
 n
 nn
 n
 n zzzznzX αααµα
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Simplifying we get )/(1
 )/()(3
 2 ααz
 zzX−
 = whose ROC is given by .α<z
 (c) Note, is a right-sided sequence. Hence, the ROC of its
 –transform is exterior to a circle. Therefore,
 ].4[][3 += nnx n µα ][3 nx
 z n
 n
 nn
 n
 n zznzX −∞
 −=
 −∞
 −∞=∑=+∑=
 43 ]4[)( αµα
 Simplifying we get )/(1
 )/()(4
 3 zzzXα
 α−
 =−
 whose ROC is given by .α>z
 (d) Note, is a left-sided sequence. Hence, the ROC of its
 –transform is interior to a circle. Therefore,
 ].[][4 nnx n −= µα ][4 nx
 z n
 n
 nn
 n
 n zznzX −
 −∞=
 −∞
 −∞=∑=−∑=0
 4 ][)( αµα
 .1/,)/(1
 1
 0<
 −=∑=
 ∞
 =
 − αα
 α zz
 zm
 m
 m Therefore the ROC of is given by )(4 zX .α<z
 6.4 Z ;4.0,4.01
 1]}[)4.0{(
 1>
 −=
 −z
 znn µ Z ;6.0,
 6.01
 1]}[)6.0{(
 1>
 +=−
 −z
 znn µ
 Z ;4.0,4.01
 1]}1[)4.0{(
 1<
 −−=−−
 −z
 znn µ
 Z ;6.0,6.01
 1]}1[)6.0{(
 1<
 +−=−−−
 −z
 znn µ
 (a) Z .6.0,)6.01)(4.01(
 2.01
 6.01
 1
 4.01
 1]}[{
 11
 1
 111 >+−
 +=
 ++
 −=
 −−
 −
 −−z
 zz
 z
 zznx
 (b) Z .6.04.0,)6.01)(4.01(
 2.01
 6.01
 1
 4.01
 1]}[{
 11
 1
 112 <<+−
 +=
 ++
 −=
 −−
 −
 −−z
 zz
 z
 zznx
 (c) Z .4.0,)6.01)(4.01(
 2.01
 6.01
 1
 4.01
 1]}[{
 11
 1
 113 <+−
 +=
 ++
 −=
 −−
 −
 −−z
 zz
 z
 zznx
 (d) Z .)6.01)(4.01(
 2.01
 6.01
 1
 4.01
 1]}[{
 11
 1
 114 −−
 −
 −− +−
 +=
 ++
 −=
 zz
 z
 zznx Since the ROC of
 the first term is 4.0<z and that of the second term is 6.0>z . Hence, the –transform of does not converge.
 z
 ][4 nx 6.5 (a) The ROC of Z is ]}[{ 1 nx ,3.0>z the ROC of Z is ]}[{ 2 nx ,7.0>z the ROC of
 Z is ]}[{ 3 nx ,4.0>z and the ROC of Z is ]}[{ 4 nx .4.0<z
 (b) (i) The ROC of Z is ]}[{ 1 ny ,7.0>z
 (ii) The ROC of Z is ]}[{ 2 ny ,4.0>z
 Not for sale. 148
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(iii) The ROC of Z is ]}[{ 3 ny ,4.03.0 << z
 (iv) The ROC of Z is ]}[{ 4 ny ,7.0>z
 (v) The ROC of Z is ]}[{ 2 nx ,7.0>z whereas, the ROC of Z is ]}[{ 4 nx .4.0<z Hence, the -transform of does not converge. z ][5 ny
 (vi) The ROC of Z is ]}[{ 3 nx ,4.0>z whereas, the ROC of Z is ]}[{ 4 nx .4.0<z Hence, the -transform of does not converge. z ][6 ny
 6.6 ].1[][][ −−+== − nnnv nnn µαµαα Now, Z .,1
 1]}[{
 1α
 αµα >
 −=
 −z
 znn (See Table
 6.1) and Z ∑ −−
 =−∑==∑=−−∞
 =
 ∞
 =
 −
 −∞=
 −−−
 1 0
 11
 1
 11]}1[{
 m m
 mmmm
 n
 nnn
 zzzzn
 ααααµα
 .1,1
 <−
 = zz
 z ααα Therefore,
 ))(1(
 )1(
 1
 1)(]}[{
 11
 12
 11 ααα
 αα
 α −−
 −=
 −+
 −==
 −−
 −
 −− zz
 z
 zzzVnv
 with its ROC given by ./1 αα << z 6.7 (a) with ]2[]2[][1 +++= nnnx nn µβµα .αβ > Note that is a right-sided
 sequence. Hence, the ROC of its –transform is exterior to a circle. Now, ][1 nx
 z
 Z ∑ ++=∑=+∞
 =
 −−−∞
 −=
 −
 0
 21
 2)/()/(]}2[{
 n
 nn
 n
 nnn zzzzn ααααµα
 )/(1
 )/()/()/(
 )/(1
 1 221
 z
 zzz
 z αααα
 α −=++
 −=
 −−− with its ROC given by .α>z Likewise,
 Z)/(1
 )/(]}2[{
 2
 z
 znn
 ββµβ−
 =+−
 with its ROC given by .β>z Hence,
 Z)/(1
 )/(
 )/(1
 )/()(]}[{
 22
 11 z
 z
 z
 zzXnx
 ββ
 αα
 −+
 −==
 −−
 )1)(1(
 )()(112
 12222
 −−−
 −−−−−
 −−
 +−+=
 zzz
 z
 βαβααββα with its ROC given by .β>z
 (b) with ]1[]2[][2 −+−−= nnnx nn µβµα .αβ > Note that is a two-sided sequence. Now,
 ][2 nx
 Z 2
 02
 2)/()/(1)/(]}2[{ αααααµα zzzzzn
 m
 m
 m
 mm
 n
 nnn −−−∑=∑=∑=−−∞
 =
 ∞
 =
 −−
 −∞=
 −
 )/(1
 )/( 3
 ααz
 z
 −= with its ROC given by .α<z Likewise,
 Not for sale. 149
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Z1
 1
 101 11
 1
 11]}1[{
 −
 −
 −
 ∞
 =
 −∞
 =
 −
 −=−
 −=−∑=∑=−
 z
 z
 zzzn
 n
 nn
 n
 nnn
 ββ
 βββµβ with its ROC
 given by .β>z Since the two ROCs do not intersect, Z does not converge. ]}[{ 2 nx
 (c) with ]2[]1[][3 −−++= nnnx nn µβµα .αβ > Note that is a two-sided sequence. Now,
 ][3 nx
 Z 2
 02
 2
 )/()/(1)/(]}2[{ βββββµβ zzzzznm
 m
 m
 mm
 n
 nnn −−−===−− ∑∑∑∞
 =
 ∞
 =
 −−
 −∞=
 −
 )/(1)/( 3
 ββz
 z−
 = with its ROC given by .β<z Likewise,
 Z 1
 1
 101 1
 11
 11]}1[{ −
 −
 −
 ∞
 =
 −∞
 =
 −
 −=−
 −=−==− ∑∑ z
 zz
 zznn
 nn
 n
 nnn
 αα
 αααµα with its ROC given by
 .α>z 6.8 The denominator factor has poles at )3.0)(6.0()18.03.0( 2 −+=−+ zzzz 6.0−=z and
 at and the factor has poles with a magnitude Hence, the four ROCs are defined by the regions: R
 ,3.0=z )42( 2 +− zz .2
 :1 ,3.00 << z R : 2 ,6.03.0 << z
 R ,26.03 <<= z and R :4 .2>z The inverse –transform associated with the ROC R 1 is a left-sided sequence, the inverse –transforms associated with the ROCs R and R 3 are two-sided sequences, and the inverse –transform associated with the ROC R is a right-sided sequence.
 z
 z
 2 z
 4 6.9 Z with an ROC given by R . Using the conjugation property of the –
 transform given in Table 6.2, we observe that Z=)(zX ]}[{ nx x
 *)(*]}[*{ zXnx = whose ROC is
 given by R . Now, x ]).[*][(]}[Re{2
 1nxnxnx += Hence, Z ]}[{Re nx
 ( )(*)(2
 1zXzX += ) whose ROC is also R . Likewise, x ]).[*][(]}[Im{
 2
 1nxnxnx
 j−=
 Thus, Z ]}[{Im nx ( )(*)(2
 1zXzX
 j−= ) whose ROC is again R . x
 6.10 .62},4,2,1,3,4,0,1,3,2{]}[{ ≤≤−−−= nnx Then,
 .)()()(][~
 6/26/23/
 k
 jezez
 eXzXzXkX kjkjπω
 ωππ
 === === Note that is a
 periodic sequence with a period Hence, from Eq. (5.49), the inverse of the discrete
 Fourier series is given by
 ][~
 kX
 .6
 ][~
 kX ]6[][]6[]6[][ +++−=∑ +=∞
 −∞=nxnxnxrnxnx
 r
 t for
 Let .50 ≤≤ n .62],6[][]6[][ ≤≤−+++−= nnxnxnxny Now,
 Not for sale. 150

Page 5
                        

}1,3,2,0,0,0,0,0,0{]}6[{ −=−nx and Therefore, }.0,0,0,0,0,0,4,2,1{]6[{ =+nx
 .62},3,5,3,3,4,0,3,5,3{]}[{ ≤≤−−= nny Hence, .50},5,3,3,4,0,3{]}[~{ ≤≤−= nnx
 6.11 .26},2,4,2,1,3,5,1,2,4{]}[{ ≤≤−−−−= nnx Then,
 .)()()(][~
 6/26/23/
 k
 jezez
 eXzXzXkX kjkjπω
 ωππ
 === === Note that is a
 periodic sequence with a period Hence, from Eq. (5.49), the inverse of the discrete
 Fourier series is given by
 ][~
 kX
 .6
 ][~
 kX ]6[][]6[]6[][ +++−=∑ +=∞
 −∞=nxnxnxrnxnx
 r
 t for
 Let .50 ≤≤ n .56],6[][]6[][ ≤≤−+++−= nnxnxnxny Now, ,56},1,3,5,1,2,4,0,0,0,0,0,0{]}6[{ ≤≤−−−=− nnx
 .56},0,0,0,0,0,0,0,0,0,2,4,2{]6[{ ≤≤−−=+ nnx Therefore, .56},1,3,5,6,2,1,3,5,1,6,2{]}[{ ≤≤−−−= nny Hence, .50},1,3,5,1,6,2{]}[~{ ≤≤−= nnx
 6.12 .80,][)(][.][)(11
 0
 9/20
 11
 09/2( ≤≤∑==∑=
 =
 −=
 =
 − kenxzXkXznxzXn
 knjez
 n
 nk
 ππ
 Therefore, 9/28
 0
 11
 0
 9/29
 18
 0
 9/209
 10 ][][][ knj
 k r
 krj
 k
 knj eerxekXnx πππ ∑ ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛∑=∑=
 = =
 −
 =
 .][][][11
 0
 9
 0
 )(99
 111
 0
 9
 0
 9/)(29
 18
 0
 11
 0
 9/)(29
 1∑ ∑=∑ ∑=∑ ∑== =
 −−
 = =
 −
 = =
 −
 r k
 knr
 r k
 rnkj
 k r
 rnkj Wrxerxerx ππ
 From Eq. (5.11), ⎩⎨⎧ =−
 =∑−
 −−otherwise.,0
 ,9for,18
 0
 )(99
 1 inrW
 k
 knr Hence,
 i.e., ⎩⎨⎧ =+
 =otherwise,],[
 0for],9[]0[][0 nx
 nxxnx
 .80},102181991545520{]}[{ 0 ≤≤−−−−−= nnx
 6.13 (a) Hence, Define
 a new sequence We can then express
 .][)( ∑=∞
 −∞=
 −
 n
 nznxzX .]3/[][)(
 3
 33 ∑=∑=∞
 −∞=
 −∞
 −∞=
 −
 = rmr
 m
 n
 n zmxznxzX
 ⎩⎨⎧ ±±=
 =otherwise.,0
 ,,6,3,0],3/[][
 Kmmxmg
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.][)( 3 ∑=∞
 −∞=
 −
 n
 nzngzX Thus, the inverse –transform of is given by
 For
 z )( 3zX ].[ng
 ],[)5.0(][ nnx n µ−=⎪⎩
 ⎪⎨⎧ =−=
 otherwise.,0
 ,,6,3,0,)5.0(][
 3/ Knng
 n
 (b) Therefore, ).()()()1()( 31331 zXzzXzXzzY −− +=+=
 =][ny Z Z Z where =− )}({1 zY +− )( 31 zX ],1[][)( 311 −+=−− ngngzXz =][ng
 Z . From Part (a), Hence,
 Therefore,
 )( 31 zX−
 ⎪⎩
 ⎪⎨⎧ =−=
 otherwise.,0
 ,,6,3,0,)5.0(][
 3/ Knng
 n
 ⎪⎩
 ⎪⎨⎧ =−=−
 −
 otherwise.,0
 ,,7,4,1,)5.0(]1[
 3/)1( Knng
 n
 ⎪⎪⎩
 ⎪⎪⎨
 ⎧
 =−=−
 = −
 otherwise.,0
 ,,7,4,1,)5.0(
 ,,6,3,0,)5.0(
 ][ 3/)1(
 3/
 K
 K
 n
 n
 ny n
 n
 6.14 (a) Z=)(zXa 1
 5
 1
 5
 1 1
 1
 11
 1]}5[][{
 −
 −
 −
 −
 − −
 −=
 −−
 −=−−
 z
 z
 z
 z
 znn µµ
 . Since has all poles at the origin, the ROC is the entire –plane except the point
 43211 −−−− ++++= zzzzz 0=z , and hence includes the unit circle. On the unit circle,
 )()( ωω
 jaeza eXzX j == .
 1
 11
 5432
 ω
 ωωωωω
 j
 jjjjj
 e
 eeeee
 −
 −−−−−
 −
 −=++++=
 (b) .1],8[][][ <−−= αµαµα nnnx nnb From Table 6.1,
 .1
 1
 11
 1)(
 1
 8
 1
 8
 1 −
 −
 −
 −
 − −
 −=
 −−
 −=
 z
 z
 z
 z
 zzXb
 ααα The ROC is exterior to the circle at
 .1<= αz Hence, the ROC includes the unit circle. On the unit circle,
 .1
 1)()(
 8
 ω
 ωω
 αω j
 jj
 bezbe
 eeXzX j
 −
 −===
 (c) .1],[][][)1(][ <+=+= αµαµαµα nnnnnnx nnnc From Table 6.1,
 .1
 1
 1
 1
 1)(
 1
 1
 11
 1
 −
 −
 −−
 −
 −
 +=
 −+
 −=
 z
 z
 zz
 zzXc
 αα
 ααα The ROC is exterior to the circle at
 .1<= αz Hence, the ROC includes the unit circle. On the unit circle,
 .1
 1)(
 ω
 ωω α
 j
 jj
 ce
 eeX
 −
 +=
 Not for sale. 152
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6.15 (a) .)1(
 1)(
 1
 )12(2
 01 −−
 +−
 =
 −
 −=
 −
 −
 −=⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑=∑=
 zz
 zzzzzY
 N
 NN
 n
 nNN
 Nn
 n has poles at
 and poles at
 )(1 zY N
 0=z N .∞=z Hence, the ROC is the entire –plane excluding the points and
 z0=z ,∞=z and includes the unit circle. On the unit circle,
 .)2/sin(
 )(sin
 )1(
 1)()(
 2
 1)12(
 11 ω
 ω
 ωω
 ωω
 ω⎟⎠⎞⎜
 ⎝⎛ +
 =−
 −==
 −−
 +
 =
 N
 ee
 eeYzY
 jjN
 Njj
 ez j
 (b) .1
 1)(
 1
 )1(
 02 −
 +−
 =
 −
 −
 −=∑=
 z
 zzzY
 NN
 n
 n has )(2 zY N poles at .0=z Hence, the ROC
 is the entire z –plane excluding the point .0=z On the unit circle,
 .)2/sin(
 sin
 1
 1)()(
 2
 1
 2/)1(
 22 ω
 ωω
 ω
 ωω
 ω⎟⎠⎞⎜
 ⎝⎛
 =−
 −==
 +
 −−
 +
 =
 N
 Nj
 Njj
 eze
 e
 eeYzY j
 (c) ⎪⎩
 ⎪⎨⎧ ≤≤−−=
 otherwise.,0
 ,,1][3NnNny N
 n Now, where ][][][ 0*03 O nynyny =
 ⎪⎩
 ⎪⎨⎧ ≤≤−=
 otherwise.,0
 ,,1][ 220
 NNnny Therefore, .
 )1(
 )1()()(
 21
 2)1(203 −−
 +−
 −
 −==
 zz
 zzYzY
 N
 N
 )(3 zY has 2
 N poles at and 0=z
 2
 N poles at .∞=z Hence, the ROC is the entire –
 plane excluding the points
 z
 0=z and ,∞=z and includes the unit circle. On the unit
 circle, .)2/(sin
 sin)()(
 22
 12
 203
 ω
 ωωω
 ⎟⎠⎞⎜
 ⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛
 ==
 +N
 jj eYeY
 (d) ],[][otherwise,,0
 ,,1][ 314 nyNny
 NnNnNny ⋅+=
 ⎩⎨⎧ ≤≤−−+
 = where is the
 sequence of Part (a) and is the sequence of Part (c). Therefore,
 ][1 ny
 ][3 ny
 Nzz
 zzYNzYzY
 N
 N+
 −
 −=⋅+=
 −−
 +−
 )1(
 1)()()(
 1
 )12(
 314 21
 2)1(
 )1(
 )1(−−
 +−
 −
 −
 zz
 zN
 N. Since the ROCs of
 both and include the unit circle, the ROC of also includes the unit )(1 zY )(3 zY )(4 zY
 circle. On the unit circle, .)2/(sin
 sin
 )2/sin(
 )(sin)(
 22
 122
 1
 4ω
 ω
 ω
 ωω
 ⎟⎠⎞⎜
 ⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛
 +⎟⎠⎞⎜
 ⎝⎛ +
 =
 +N
 jN
 eY
 (e) Therefore, ⎩⎨⎧ ≤≤−
 =otherwise.,0
 ,),2/cos(][
 NnNNnny f
 π
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nN
 Nn
 NnjnN
 Nn
 Nnjf zezezY −
 −=
 −
 −=
 − ∑+∑= )2/()2/(
 2
 1
 2
 1)( ππ
 ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −
 −=
 −−
 +−+−
 1)2/(
 )12()2/)(12()2/(
 1
 1
 2 ze
 zezeNj
 NNNjNj
 π
 ππ
 ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −
 −+
 −
 +−+−
 1)2/(
 )12()2/)(12()2/(
 1
 1
 2 ze
 zezeNj
 NNNjNj
 π
 ππ.
 )(zY f has poles at N 0=z and poles at N .∞=z Hence, the ROC is the entire –plane excluding the points
 z
 0=z and ,∞=z and includes the unit circle. On the unit
 circle, .2/sin
 sin
 2
 1
 2/sin
 sin
 2
 1)(
 2
 2
 1
 2
 2
 2
 1
 2
 ⎟⎠⎞
 ⎜⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛ +
 ⎟⎠⎞
 ⎜⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛ +⎟⎠⎞⎜
 ⎝⎛ +
 +⎟⎠⎞
 ⎜⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛ −
 ⎟⎠⎞
 ⎜⎝⎛ ⎟
 ⎠⎞⎜
 ⎝⎛ +⎟⎠⎞⎜
 ⎝⎛ −
 =
 N
 N
 N
 Njf
 NNeY
 π
 π
 π
 π
 ω
 ω
 ω
 ω
 ω
 6.16 ,27836)(,23254)( 54313123 −−−−−− −++−−=+−−++−= zzzzzzYzzzzzzX
 .52223)( 875432 −−−−−− +−−++= zzzzzzzW(a) )()()( zYzXzU =
 )27836)(23254( 54313123 −−−−−− −++−−+−−++−= zzzzzzzzzz 54321234 1742256623452054224 −−−−− −−−++−−−+−= zzzzzzzzz
 .41422 876 −−− −++ zzz Hence, .84},4,14,22,17,42,25,66,23,45,20,5,42,24{]}[{ ≤≤−−−−−−−−−= nnu
 (b) )()()( zWzXzV =
 )52223)(23254( 8754323123 −−−−−−−− +−−+++−−++−= zzzzzzzzzzz 87654321 6133028316105712 −−−−−−−− −++−−−+++−= zzzzzzzzz
 .10415 11104 −−− +−− zzz Hence, .111},10,4,15,6,13,30,28,3,16,10,5,7,12{]}[{ ≤≤−−−−−−−−= nnv
 (c) )()()( zYzWzG =
 )27836)(52223( 5431875432 −−−−−−−−−− −++−−+−−++= zzzzzzzzzzz
 10987654321 141611602625143318 −−−−−−−−−− −−−+++−++= zzzzzzzzzz
 Hence, .103926 131211 −−− −++ zzz .131},10,39,26,14,16,11,60,26,25,14,3,3,18{]}[{ ≤≤−−−−−= nng
 6.17 and nN
 n
 N
 mL zmnhmxzY −−
 =
 −
 =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −=
 12
 0
 1
 0][][)( .][][)(
 1
 0
 1
 0
 nN
 n
 N
 mNC zmnhmxzY −−
 =
 −
 =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ ⟩−⟨=
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Now, )(zYL can be rewritten as
 nN
 Nn
 N
 m
 nN
 n
 N
 mL zmnhmxzmnhmxzY −−
 =
 −
 =
 −−
 =
 −
 =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −+∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −=
 12 1
 0
 1
 0
 1
 0][][][][)(
 .][][][][ )(1
 0
 1
 0
 1
 0
 1
 0
 NkN
 k
 N
 m
 nN
 n
 N
 mzNmkhmxzmnhmx −−−
 =
 −
 =
 −−
 =
 −
 =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −−+∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −= Therefore,
 =⟩⟨−− )1(
 )( NzL zY kN
 k
 N
 mN
 nN
 n
 N
 mzmkhmxzmnhmx −−
 =
 −
 =
 −−
 =
 −
 =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ ⟩−⟨+∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ −
 1
 0
 1
 0
 1
 0
 1
 0][][][][
 ).(][][1
 0
 1
 0zYzmnhmx C
 nN
 n
 N
 mN =∑ ⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑ ⟩−⟨= −−
 =
 −
 =
 6.18 Now, .242)(,32)( 32121 −−−−− −++−=+−= zzzzHzzzG
 )242)(32()()()( 32121 −−−−− −++−+−== zzzzzzHzGzY L
 .3786104 54321 −−−−− −++−+−= zzzzz Therefore, .50},3512264{][ ≤≤−−= nnyL
 Using the MATLAB statement y = conv([2 -1 3], [-2 4 2 -1]); we obtain y = -4 10 -6 8 7 -3 which is seen to be the same result as given above.
 )1(54321
 )1( 44 3786104)()(−
 −−−−−− −− ⟩−++−+⟨−=⟩⟨=
 zzCC zzzzzzYzY
 .86733786104 3211321 −−−−−−− +−+=−++−+−= zzzzzzz Therefore, .30},12231{][ ≤≤= nnyC
 Using the MATLAB statement y = circonv([2 -1 3 0],[-2 4 2 -1]); we obtain y = 3 7 -6 8 which is seen to be the same result as given above.
 6.19 .)()1(
 )(
 )(
 )()(
 1 zRz
 zP
 zD
 zPzG
 −−==
 lλ The residue of at the pole is given by lρ )(zG
 .)(
 )(
 l
 lλ
 ρ=
 =zzR
 zP Now,
 1
 1
 1
 )]()1[()()('
 −
 −
 −−
 ==dz
 zRzd
 dz
 zdDzD lλ .
 )()1()(
 11
 −−−+−=
 dz
 zdRzzR ll λλ Hence,
 .)()('ll l λλ λ == −=
 zz zRzD Therefore, .)('
 )(
 l
 llλ
 λρ=
 −=zzD
 zP
 Not for sale. 155
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6.20 (a) ,3.016.01)3.01)(6.01(
 3
 )3.0)(6.0(
 3)(
 12
 11
 11
 1
 −−−−
 −
 −+
 +=
 −+=
 −+=
 zzzz
 z
 zz
 zzXa
 ρρ
 where ,3
 10
 9.0
 3
 3.0
 3
 6.01 −=
 −=
 −=
 −=zzρ .
 3
 10
 9.0
 3
 6.0
 3
 3.02 ==
 +=
 =zzρ
 Therefore, .3.01
 3/10
 6.01
 3/10)(
 11 −− −+
 +−=
 zzzXa
 There are three ROCs - R ,3.0:1 <z R ,6.03.0:2 << z R .6.0:3 >z The inverse –transform associated with the ROC is a left-sided sequence: z 1R
 ].1[)3.0()6.0(][)}({3
 101 −−µ−−== ⎟⎠⎞⎜
 ⎝⎛− nnxzX nn
 aaZ
 The inverse –transform associated with the ROC is a two-sided sequence: z 2R
 ].[)3.0(]1[)6.0(][)}({3
 10
 3
 101 nnnxzX nnaa µ+−−µ−−==−Z
 The inverse –transform associated with the ROC is a right-sided sequence: z 3R
 ( ) ].[)3.0()6.0(][)}({3
 101 nnxzX nnaa µ+−−==−Z
 (b) .)3.01(3.016.01)3.01)(6.01(
 87.01.03)(
 212
 11
 11
 211
 321
 −−−−−
 −−−
 −
 γ+
 −
 γ+
 +
 ρ+=
 −+
 ++=
 zzzK
 zz
 zzzzXb
 ,0)0( == bXK 2.7279,)3.01(
 87.01.03
 6.021
 321
 1 =−
 ++=ρ
 −=−
 −−−
 zz
 zzz
 0.6190,6.01
 87.01.03
 3.01
 321
 2 =+
 ++=γ
 =−
 −−−
 zz
 zzz
 3.01
 321
 116.01
 87.01.03
 3.0
 1
 =−
 −−−
 − ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 +
 ++⋅
 −=γ
 zz
 zzz
 dz
 d0.3469.−= Hence,
 .)3.01(
 61900
 3.01
 34690
 6.01
 72792)(
 2111 −−− −+
 −−
 +=
 z
 .
 z
 .
 z
 .zXb
 There are three ROCs - R ,3.0:1 <z R ,6.03.0:2 << z R .6.0:3 >z The inverse –transform associated with the ROC is a left-sided sequence: z 1R
 Z ][).(.][)}({ 160727921 −−µ−==− nnxzX nbb
 ( ) ].1[)3.0()1(6190.03469.0 −−µ++−+ nn n
 The inverse –transform associated with the ROC is a two-sided sequence: z 2R
 Z ][).(.][)}({ 160727921 −−µ−==− nnxzX nbb
 ( ) ].[)3.0()1(6190.03469.0 nn nµ++−+The inverse –transform associated with the ROC is a right-sided sequence: z 3R
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( ) ].[)3.0()1(6190.03469.0][)6.0(7279.2][)}({1 nnnnxzX nnbb µ++−+µ−==−Z
 6.21 .1)(
 )()(
 11
 110
 NN
 MM
 zdzd
 zpzpp
 zD
 zPzG
 −−
 −−
 +++
 +++==
 L
 L Thus, .
 )(
 )()(
 ∞∞
 =∞D
 PG Now, a partial-
 fraction expansion of in is given by )(zG 1−z ,1
 )(1 1
 ∑−
 == −
 N
 zzG
 l l
 l
 λ
 ρ from which we obtain
 .)(0
 0
 1 d
 pG
 N=∑=∞
 =llρ
 6.22 .0,cos21
 1)(
 221>>
 +−=
 −−rz
 zrzrzH
 θ By using partial-fraction expansion we write
 .11sin2
 1
 11)(
 1)(
 1111 ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −−
 −=⎟
 ⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −−
 −−−=
 −−
 −
 −−−
 −
 − zre
 e
 zre
 e
 zre
 e
 zre
 e
 jeezH
 j
 j
 j
 j
 j
 j
 j
 j
 jj θ
 θ
 θ
 θ
 θ
 θ
 θ
 θ
 θθ θ
 Thus, ( ) ][2sin
 ][][sin2
 1][
 )1()1(n
 j
 eerneerneer
 jnh
 njnjnjnjnjnjn µ
 θµµ
 θ
 θθθθθθ
 ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛ −=−=
 +−+−−
 ( )].[
 sin
 )1(sinn
 nr nµ
 θθ+
 =
 6.23 (a) 1)/()/(]1[)(011
 1−∑ α=∑ α=∑α=∑α=−−µ∑α=
 ∞
 =
 ∞
 =
 ∞
 =
 −−−
 −∞=
 −∞
 −∞= m
 m
 m
 mm
 m
 mn
 n
 nn
 n
 n zzzzznzX
 .,1
 1
 )/(1
 /1
 α<α−
 =α−
 α=
 −z
 zz
 z
 (b) Using the differentiation property, we obtain from Part (a),
 .,)1(
 )(]}[{
 21
 1α<
 α−
 α=−=
 −
 −z
 z
 z
 dz
 zdXznnxZ Therefore, ]}[][{Z]}[{ nxnnxnyZ +=
 .,)1(
 1
 1
 1
 )1( 21121
 1α<
 α−=
 α−+
 α−
 α=
 −−−
 −z
 zzz
 z
 6.24 (a) Expanding in a power series we get )(1 zX .1,)(0
 31 >∑=
 ∞
 =
 − zzzXn
 n Thus,
 Alternately, using partial-fraction expansion we get ⎩⎨⎧ ≥=
 =otherwise.,0
 ,0and3if,1][1
 nknnx
 .)(1)(111
 1)(
 11131
 2
 3
 2
 13
 1
 2
 3
 2
 13
 1
 3
 1
 −−−−−+
 +++
 +−
 =−
 =zjzjzz
 zX Therefore,
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][][][][2
 3
 2
 1
 3
 1
 2
 3
 2
 1
 3
 1
 3
 11 njnjnnx µµµ ⎟
 ⎠⎞⎜
 ⎝⎛−+⎟
 ⎠⎞⎜
 ⎝⎛ −−+= +
 ].[)3/2cos(][][][][3
 2
 3
 1
 3
 1
 3
 1
 3
 1 3/23/2 nnnnenen njnj µπµµµµ ππ +=++= − Thus,
 ⎩⎨⎧ ≥=
 =otherwise.,0
 ,0and3if,1][1
 nknnx
 (b) Expanding in a power series we get )(2 zX .1,)(0
 42 >∑=
 ∞
 =
 − zzzXn
 n Thus,
 ⎩⎨⎧ ≥=
 =otherwise.,0
 ,0and4if,1][2
 nknnx Alternately, using partial-fraction expansion we get
 .)(1)(111
 )(11112
 2
 3
 2
 14
 1
 2
 3
 2
 14
 1
 4
 1
 4
 1
 −−−−−+
 +++
 ++
 +−
 =zjzjzz
 zX Thus,
 ][][][)1(][][2
 3
 2
 1
 4
 1
 2
 3
 2
 1
 4
 1
 4
 1
 4
 12 njnjnnnx n µµµµ ⎟
 ⎠⎞⎜
 ⎝⎛−+⎟
 ⎠⎞⎜
 ⎝⎛ −−+−+= +
 ][][][)1(][ 3/23/24
 1
 4
 1
 4
 1
 4
 1 nenenn njnjn µµµµ ππ ++−+= −
 ].[)3/2cos(][)1(][21
 41
 41 nnnn n µπµµ +−+= Thus,
 ⎩⎨⎧ ≥=
 =otherwise.,0
 ,0and4if,1][2
 nknnx
 6.25 (a) .),1log()( 1
 1 αα >−= − zzzX Expanding in a power series we get )(1 zX
 .32
 )(1
 33221
 1n
 n
 nz
 n
 zzzzX −∞
 =
 −−− ∑−=−−−−=
 αααα K Therefore,
 ].1[][1 −−= nn
 nxnµα
 (b) ( ) .,)(1loglog)( 11
 2 ααα
 α<−=⎟
 ⎟⎠
 ⎞⎜⎜⎝
 ⎛ −= −
 −zz
 zzX Expanding in a power series
 we get
 )(2 zX
 .)(
 3
 )(
 2
 )()()(
 1
 321
 2 ∑−=−−−−=∞
 =
 −−−−
 n
 n
 n
 zzzzzX
 αααα K Therefore,
 ].1[][2 −−=−
 nn
 nxnµα
 (c) .,1
 1log)(
 13 αα
 >⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −=
 −z
 zzX Expanding in a power series we get )(3 zX
 .32
 )(1
 33221
 3n
 n
 nz
 n
 zzzzX −∞
 =
 −−− ∑=++=
 αααα K Therefore, ].1[][3 −= nn
 nxnµα
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(d) ( ) .,)(1loglog)( 114 αα
 αα
 <−−=⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛
 −= −
 −zz
 zzX Expanding in a power
 series we get
 )(4 zX
 .)(
 3
 )(
 2
 )()()(
 1
 321
 4 ∑=−++=∞
 =
 −−−−
 n
 n
 n
 zzzzzX
 αααα K Therefore,
 ].1[][4 −=−
 nn
 nxnµα
 6.26 ,5.013.01)5.01)(3.01(
 7.1)(
 12
 11
 11
 21
 −−−−
 −−
 ++
 −+=
 +−
 +=
 zzk
 zz
 zzzH
 ρρ where ,3
 34)0( −== Hk
 .33.01
 7.1,
 3
 25
 5.01
 7.1
 5.01
 21
 2
 3.01
 21
 1 =−
 +==
 +
 +=
 −=−
 −−
 =−
 −−
 zz z
 zz
 z
 zz ρρ
 The statement [r,p,k]=residuez([0 1 1.7],conv([1 -0.3],[1 0.6]); yields
 r = 3.0000 8.3333
 p = -0.5000 0.3000
 k = -11.3333
 Thus, .5.01
 3
 3.01
 3/25
 3
 34)(
 11 −− ++
 −+−=
 zzzH Hence, its inverse –transform is given by z
 ].[)5.0(3][)3.0(3
 25][
 3
 34][ nnnnh nn µµδ −++−=
 6.27 with a ROC given by and
 with a ROC given by
 ∑==∞
 −∞=
 −
 n
 nzngngzG ][][{)( Z gR ∑==∞
 −∞=
 −
 n
 nznhnhzH ][][{)( Z
 .hR
 (a) and Therefore, ∑=∞
 −∞=
 −
 n
 nzngzG *)]([*)(* .][**)(* ∑=∞
 −∞=
 −
 n
 nzngzG
 *)(*]}[*{ zGng =Z with a ROC given by .gR (b) Replace n by in the sum defining Then m− ).(zG
 )./1()/1]([][ zGzmgzmgm
 m
 m
 m =∑ −=∑ −∞
 −∞=
 −∞
 −∞= Thus, )./1(]}[{ zGng =−Z Since has
 been replaced by the ROC of is given by
 z
 ,/1 z ./1 gR
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(c) Let Then ].[][][ nhngny βα +=][{][{][][{)( nhngnhngzY ZZZ βαβα +=+= ).()( zHzG βα += In this case will
 converge wherever both and converge. Hence the ROC of is )(zY
 )(zG )(zH )(zY
 .hg RR ∩
 (d) Hence,
 ].[][ onngny −=
 ∑=∑ −=∑=∞
 −∞=
 +−∞
 −∞=
 −∞
 −∞=
 −
 m
 nm
 n
 n
 n
 n ozmyznngznyzY )(0 ][][][)(
 ).(][ zGzzngz oo n
 m
 mn −∞
 −∞=
 −− =∑= In this case, the ROC of is same as that of
 except for the possible addition or elimination of the point
 )(zY )(zG
 0=z or (due to the factor of ).
 ∞=zonz−
 (e) Hence, ].[][ ngny nα= ∑=∑=∑=∞
 −∞=
 −∞
 −∞=
 −∞
 −∞=
 −
 n
 n
 n
 n
 n
 n zngzngznyzY )/]([][][)( αα
 )./( αzG= The ROC of is )(zY .gRα
 (f) Hence, Now, ].[][ ngnny = .][][)( ∑=∑=∞
 −∞=
 −∞
 −∞=
 −
 n
 n
 n
 n znngznyzY
 .][)( ∑=∞
 −∞=
 −
 n
 nzngzG Thus, .][)( 1−−∞
 −∞=∑−= n
 nznng
 dz
 zdG Hence,
 .][)( 1−−∞
 −∞=∑=− n
 nznng
 dz
 zdGz Thus, .
 )(]}[{
 dz
 zdGnngY(z) −== Z In this case, the ROC of
 is same as that of except possibly the point )(zY )(zG 0=z or . ∞=z 6.28 From Eq. (6.111), for we get ,3=N
 The determinant of is given by .
 1
 1
 1
 22
 12
 21
 11
 20
 10
 3
 ⎥⎥⎥⎥
 ⎦
 ⎤
 ⎢⎢⎢⎢
 ⎣
 ⎡
 =−−
 −−
 −−
 zz
 zz
 zz
 D 3D
 2
 02
 21
 01
 2
 20
 21
 10
 11
 20
 22
 10
 12
 20
 21
 10
 11
 20
 10
 22
 12
 21
 11
 20
 10
 3
 0
 0
 1
 1
 1
 1
 )det( −−−−
 −−−−
 −−−−
 −−−−
 −−
 −−
 −−
 −−
 −−−−=
 −−−−==
 zzzz
 zzzz
 zzzz
 zzzz
 zz
 zz
 zz
 zz
 D
 ))()((1
 1))(( 1
 11
 21
 01
 21
 01
 110
 12
 10
 111
 01
 21
 01
 1−−−−−−
 −−
 −−−−−− −−−=
 ++−−= zzzzzz
 zz
 zzzzzz
 .)(02
 11∏ −=≥≥≥
 −−
 ll
 kk zz
 From Eq. (6.111), for we get ,4=N
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.
 1
 1
 1
 1
 33
 23
 13
 32
 22
 12
 31
 21
 11
 30
 20
 10
 4
 −−−
 −−−
 −−−
 −−−
 =
 zzz
 zzz
 zzz
 zzz
 D The determinant of is given by 4D
 30
 33
 20
 23
 10
 13
 30
 32
 20
 22
 10
 12
 30
 31
 20
 21
 10
 11
 30
 20
 10
 33
 23
 13
 32
 22
 12
 31
 21
 11
 30
 20
 10
 4
 0
 0
 0
 1
 1
 1
 1
 1
 )det(
 −−−−−−
 −−−−−−
 −−−−−−
 −−−
 −−−
 −−−
 −−−
 −−−
 −−−−−−−−−==
 zzzzzz
 zzzzzz
 zzzzzz
 zzz
 zzz
 zzz
 zzz
 zzz
 D
 2
 03
 32
 02
 31
 01
 3
 20
 32
 20
 22
 10
 12
 20
 31
 20
 21
 10
 11
 −−−−−−
 −−−−−−
 −−−−−−
 −−−−−−−−−
 =zzzzzz
 zzzzzz
 zzzzzz
 20
 10
 13
 23
 10
 13
 20
 10
 12
 22
 10
 12
 20
 10
 11
 21
 10
 11
 10
 13
 10
 12
 10
 11
 1
 1
 1
 ))()((−−−−−−
 −−−−−−
 −−−−−−
 −−−−−−
 +++++++++
 −−−=zzzzzz
 zzzzzz
 zzzzzz
 zzzzzz
 ))((0
 ))((0
 1
 ))()((1
 01
 11
 31
 01
 31
 01
 3
 10
 11
 12
 10
 12
 10
 12
 20
 10
 11
 21
 10
 11
 10
 13
 10
 12
 10
 11
 −−−−−−−
 −−−−−−−
 −−−−−−
 −−−−−−
 ++−−++−−
 +++−−−=
 zzzzzzz
 zzzzzzz
 zzzzzz
 zzzzzz
 ))((
 ))(())()((
 10
 11
 13
 11
 13
 11
 13
 10
 11
 12
 11
 12
 11
 121
 01
 31
 01
 21
 01
 1 −−−−−−−
 −−−−−−−−−−−−−
 ++−−++−−−−−=
 zzzzzzz
 zzzzzzzzzzzzz
 ))()()()()(( 12
 13
 11
 13
 11
 12
 10
 13
 10
 12
 10
 11
 −−−−−−−−−−−− −−−−−−= zzzzzzzzzzzz
 ∏ −=≥≥≥
 −−
 03
 11 )(l
 lk
 k zz . Hence, in the general case, It follows
 from this expression that the determinant is non-zero, i.e., is non-singular, if the sampling points are distinct.
 .)()det(01
 11∏ −=≥≥≥−
 −−
 ll
 kNkN zzD
 )det( ND ND
 kz
 6.29 Thus, .4321)( 321 −−− −+−= zzzzX
 ,498443414321)(]0[3
 2
 12
 2
 11
 2
 10NDFT =⋅+⋅++=⎟
 ⎠⎞⎜
 ⎝⎛ −−⎟
 ⎠⎞⎜
 ⎝⎛−+⎟
 ⎠⎞⎜
 ⎝⎛−−==
 −−−zXX
 ,24321)(]1[ 1NDFT −=−+−== zXX
 =⎟⎠⎞⎜
 ⎝⎛−⎟
 ⎠⎞⎜
 ⎝⎛+⎟
 ⎠⎞⎜
 ⎝⎛−==
 −−− 3
 2
 12
 2
 11
 2
 12NDFT 4321)(]2[ zXX ,23844341 −=⋅−⋅+−
 .86274933214321)(]3[3
 3
 12
 3
 11
 3
 13NDFT −=⋅−⋅+⋅−=⎟
 ⎠⎞⎜
 ⎝⎛−⎟
 ⎠⎞⎜
 ⎝⎛+⎟
 ⎠⎞⎜
 ⎝⎛−==
 −−−zXX
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,10)(1)1)(1)(1()(2
 10
 36
 1216
 1113
 112
 110 =−⇒−+−=−−−= −−−−−− IzzzzzzzI
 ,2
 1)1(1)1)(1)(1()( 1
 312
 124
 113
 113
 112
 112
 11 =⇒+−−=−−+= −−−−−− IzzzzzzzI
 ,3
 2)(1)1)(1)(1()(
 2
 12
 36
 123
 116
 513
 1112
 12 −=⇒+−−=−−+= −−−−−− IzzzzzzzI
 .2
 5)(1)1)(1)(1()(
 3
 13
 34
 124
 1112
 1112
 13 =⇒+−−=−−+= −−−−−− IzzzzzzzI
 Therefore, )(2/5
 86)(
 3/2
 23)(
 2/1
 2)(
 10
 49)( 3210 zIzIzIzIzX
 −+
 −−
 +−
 +=
 .4321)(4.34)(5.34)(4)(9.4 3213210
 −−− −+−=−+−= zzzzIzIzIzI
 6.30 (a) Let Thus, .][)( ∑=∞
 −∞=
 −
 n
 nznxzX .)())(log()(ˆ )(ˆ zXezXzXzX =⇒=
 .)( )(ˆ ωω jeXj eeX =
 (b) ( ) .)(log2
 1][ˆ ω
 πωπ
 π
 ω deeXnx njj∫=−
 If ][nx is real, then ).(*)( ωω jj eXeX −=
 Therefore, ( ) ( ).)(*log)(log ωω jj jeXeX −= .
 ( ) ( ) ωπ
 ωπ
 ωπ
 π
 ωωπ
 π
 ω deeXdeeXnx njjnjj −
 −
 −−
 −∫=∫= )(log
 2
 1)(*log
 2
 1][*ˆ
 ( ) ].[ˆ)(log2
 1nxdeeX njj =∫=
 −ω
 πωπ
 π
 ω
 (c) ( ) ωπ
 ωωπ
 π
 ω dee
 eXnxnx
 nxnjnj
 jev ⎟
 ⎟⎠
 ⎞⎜⎜⎝
 ⎛ +∫=
 −+=
 −
 − 2)(log
 2
 1
 2
 ][ˆ][ˆ][ˆ
 ( ) .)cos()(log2
 1 ωωπ
 π
 π
 ω dneX j∫=−
 Similarly, ( ) ωπ
 ωωπ
 π
 ω dee
 eXnxnx
 nxnjnj
 jev ⎟
 ⎟⎠
 ⎞⎜⎜⎝
 ⎛ −∫=
 −−=
 −
 − 2)(log
 2
 1
 2
 ][ˆ][ˆ][ˆ
 ( ) .)sin()(log2
 ωωπ
 π
 π
 ω dneXj j∫=−
 6.31 Thus, Also, ].1[][][ −+= nbnanx δδ .]}[{)( 1−+== bzanxzX Z
 .)/(
 )1()log()/1log()log()log()(ˆ 111 nn
 n
 n zn
 abaazbabzazX −∞
 −∞=
 −−− ∑ −+=++=+=
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Therefore,
 ⎪⎪⎩
 ⎪⎪⎨
 ⎧
 >−
 =
 = −
 otherwise.,0
 ,0for,)/(
 )1(
 ,0if),log(
 ][ˆ 1 nn
 ab
 na
 nxn
 n
 6.32 (a) )1log()1log()log()(ˆ1
 1
 1zzKzX
 N
 kk
 N
 kk ∑ −+∑ −+=
 =
 −
 =
 γαγα )1log( 1
 1
 −
 =∑ −− z
 N
 kk
 ββ )1log(
 1z
 N
 kk∑ −−
 =
 δδ
 .)log(1 11 11 11 1
 nN
 k n
 nkn
 N
 k n
 nkn
 N
 k n
 nkn
 N
 k n
 nk z
 nz
 nz
 nz
 nK ∑ ∑−∑ ∑−∑ ∑−∑ ∑−=
 =
 ∞
 =
 −
 =
 ∞
 ==
 ∞
 =
 −
 =
 ∞
 =
 δβλα δβγα
 Thus,
 ⎪⎪⎪⎪
 ⎩
 ⎪⎪⎪⎪
 ⎨
 ⎧
 <∑ ∑ ∑ ∑−
 >∑ ∑ ∑ ∑−
 =
 =
 =
 ∞
 = =
 ∞
 =
 −−=
 ∞
 = =
 ∞
 =
 .0,
 ,0,
 ,0),log(
 ][ˆ
 1 1 1 1
 1 1 1 1
 nnn
 nnn
 nK
 nx
 N
 k n
 N
 k n
 nk
 nk
 N
 k n
 N
 k n
 nk
 nk
 γ δ
 β α
 δγ
 αβ
 (b) n
 rNnx
 n
 <][ˆ as where r is the maximum value of and for all
 values of and is a constant. Thus, is a decaying bounded sequence as
 ,∞→n ,,, kkk γβα kδ
 ,k N ][ˆ nx .∞→n (c) From Part (a) if ,0== kk βα then 0][ˆ =nx for all and is thus anti-causal. ,0>n
 (d) If then ,0== kk δγ 0][ˆ =nx for all ,0<n and is thus causal.
 6.33 If has no poles and zeros on the unit circle, then from Part (b) of Problem 6.32,
 then for all )(zX
 ,0== kk δγ 0][ˆ =nx .0<n
 Therefore, ( .)(log)(ˆ zXzX = ) .)(
 )(
 1)(ˆ
 dz
 zdX
 zXdz
 zXd= Thus, .
 )(ˆ)(
 )(
 dz
 zXdzzX
 dz
 zdXz =
 Taking the inverse –transform we get Or, .0,][][ˆ][0
 ≠∑ −==
 nknxkxknnxn
 k
 ].0[][ˆ][][ˆ][1
 0xnxknxkx
 n
 knx
 n
 k+∑ −=
 −
 = Hence, .0,
 ]0[
 ][][ˆ
 ]0[
 ][][ˆ
 1
 0≠
 −∑ ⎟
 ⎠⎞
 ⎜⎝⎛−=
 −
 =n
 x
 knxkx
 n
 k
 x
 nxnx
 n
 k
 For ]).0[log()()(ˆ]0[ˆ,0 xzXzXxn zz ==== ∞=∞= Thus,
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⎪⎪
 ⎩
 ⎪⎪
 ⎨
 ⎧
 >∑−
 ⎟⎠⎞
 ⎜⎝⎛−
 =<
 =−
 =.0,
 ]0[
 ][][ˆ
 ]0[
 ][,0]),0[log(
 ,0,0
 ][ˆ1
 0n
 x
 knxkx
 n
 k
 x
 nxnx
 n
 nxn
 n
 6.34
 H(e )j5ω| |
 ωππ
 5_0
 53π__
 0.02π 0.06π
 6.35 Given the real part of a real, stable transfer function
 ,)(
 )(
 )cos(
 )cos()(
 0
 0ω
 ωω
 ωω
 j
 j
 Ni i
 Ni ij
 reeB
 eA
 ib
 iaeH =
 ∑
 ∑=
 =
 = (6-1)
 the problem is to determine the transfer function .)(
 )()(
 0
 0
 ∑
 ∑==
 =−
 =−
 Ni
 ii
 Ni
 ii
 zp
 zp
 zD
 zPzH
 (a) )]()([)](*)([)(2
 1
 2
 1re
 ωωωωω jjjjj eHeHeHeHeH −+=+=
 .)]()([ 12
 1ωjez
 zHzH=
 −+=
 Substituting in the above we get )(/)()( zDzPzH =
 ,)()(
 )()()()(
 2
 1)(
 1
 11
 reω
 ω
 jez
 j
 zDzD
 zDzPzDzPeH
 =−
 −− += (6-2)
 which is Eq. (6.117). (b) Comparing Eqs. (6-1) and (6-2) we get ,)()()( 1
 ωω
 jez
 j zDzDeB=
 −= (6-3)
 .)]()()()([)( 112
 1ω
 ωjez
 j zDzPzDzPeA=
 −− += (6-4)
 Now, is of the form (6-5) )(zD ∏ −==
 − N
 ii
 N zzKzzD1
 ),()(
 where the s are the roots of 'izze
 jj
 eBzB=
 = ωω )()( inside the unit circle and K is a scalar
 constant. Putting in Eq. (6-3) we get or 0=ω ,)]1([)1( 2DB = ).1()1( 1∏ −= =Ni izKB
 Hence, ).1(/)1( 1∏ −= =
 Ni izBK (6-6)
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(c) By analytic continuation, Eq. (6-4) yields )].()()()([)( 112
 1zDzPzDzPzA −− += (6-7)
 Substituting )(2
 1)(
 0
 iiN
 ii zzazA −
 =+∑= and the polynomial forms of and we get )(zP ),(zD
 ⎟⎟⎠
 ⎞⎜⎜⎝
 ⎛∑⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑+⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑⎟⎟
 ⎠
 ⎞⎜⎜⎝
 ⎛∑=+∑ −
 ===
 −
 =
 −
 =
 iN
 ii
 iN
 ii
 iN
 ii
 iN
 ii
 iiN
 ii zdzpzdzpzza
 00000)( and equating the coefficients
 of on both sides, we arrive at a set of equations which can be solved for the numerator coefficients of
 )( ii zz −+ N
 ip ).(zH
 For the given example, i.e., ,)2cos(817
 )2cos()cos(1)(
 ω+−ω+ω+
 =eHre we observe
 ).()(1)( 222
 112
 1 −− ++++= zzzzzA (6-8)
 Also, which has roots at ),(417)( 22 −+−= zzzB2
 1±=z and .2±=z Hence,
 .)())(()( 24
 122
 1
 2
 12 −− −=+−= zzKzzKzzD (6-9)
 Also, from Eq. (6-6) we have ,4)1/(8174
 1 =−−=K so that .4)( 2−−= zzD
 Substituting Eqs. (6-8), (6-9) and in Eq. (6-7) we get 22
 110)( −− ++= zpzppzP
 [ ].)4)(()4)(()()(1 22210
 222
 110
 222
 112
 1 −−−−− −+++−++=++++ zzpzppzzpzppzzzz
 Equating the coefficients of on both sides we get
 ,20,2/)( ≤≤+ − izz ii
 ,14 20 =− pp .14,13 021 =−= ppp Solving these equations we then arrive at
 Therefore, .3/1210 === ppp .)4(3
 1)(
 2
 21
 −
 −−
 −
 ++=
 z
 zzzH
 6.36 1)1(1
 )(1
 11
 1
 11
 11 =⇒
 ++++
 ++++=
 −+−−
 −
 −+−−− A
 zdzdzd
 zzdzddzA
 MM
 MM
 MMMM
 L
 L and if 1)1( −=−A M is odd.
 In which case, and )1()1( HG = ).1()1( −=− HG If is even, then and .
 )1()1( HG =).1()1( HG =−
 6.37 )9.05.21.4)(7.03.32.1()()()()( 2121
 321−−−− +−−++=+= zzzzzHzHzHzH
 .63.022.124.923.1262.28.03.43.2 432121 −−−−−− ++−−−=+++ zzzzzz 6.38 (a) ⇒−++=++− −−−−−− )()244.15.95()()49.014.01.01( 321321 zXzzzzYzzz
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.49.014.01.01
 244.15.95
 )(
 )()(
 321
 321
 −−−
 −−−
 ++−
 −++==
 zzz
 zzz
 zX
 zYzH Using Program 6_1.m we factorize
 and develop is pole-zero plot shown below:
 )(zH
 Numerator factors 1.00000000000000 3.10000000000000 4.00000000000000 1.00000000000000 -1.20000000000000 0
 Denominator factors 1.00000000000000 -0.80000000000000 0.70000000000000 1.00000000000000 0.70000000000000 0
 Gain constant 5
 The factored form of is thus )(zH)7.01)(7.081.01(
 )2.11)(41.31(5)(
 121
 121
 −−−
 −−−
 ++−
 −++=
 zzz
 zzzzH
 -1 0 1
 -1
 -0.5
 0
 0.5
 1
 Real Part
 Imag
 inar
 y P
 art
 As all poles are inside the unit circle, is BIBO stable. )(zH
 (b)
 )()0936.03.01.05.01( 4321 zYzzzz −−−− −++−
 ⇒−−++= −−−− )()6.334.227.145.165( 4321 zXzzzz
 .0936.03.01.05.01
 6.334.227.145.165
 )(
 )()(
 4321
 4321
 −−−−
 −−−−
 −++−
 −−++==
 zzzz
 zzzz
 zX
 zYzH Using Program 6_1.m we
 factorize and develop is pole-zero plot shown below: )(zH Numerator factors 1.00000000000000 -1.20000000000000 0 1.00000000000000 3.10000000000001 4.00000000000001 1.00000000000000 1.39999999999999 0 Denominator factors 1.00000000000000 0.59950918226500 0 1.00000000000000 -0.80131282790906 0.52021728677142 1.00000000000000 -0.29819635435594 0
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Gain constant 5 The factored form of is thus )(zH
 )2982.01)(520217.0801313.01)(5995.01(
 )4.11)(41.31)(2.11(5)(
 1211
 1211
 −−−−
 −−−−
 −+−+
 +++−=
 zzzz
 zzzzzH
 As all poles are inside the unit circle, is BIBO stable. )(zH
 -2 -1 0 1
 -1
 -0.5
 0
 0.5
 1
 Real Part
 Imag
 inar
 y P
 art
 6.39 A partial-fraction expansion of in using the M-file residuez yields )(zH 1−z
 .3.05.01
 )0.817811(212122
 401
 212121)(
 21
 1
 1 −−
 −
 − ++
 −+
 −−=
 zz
 z.
 z.
 .zH Comparing the denominator of the
 quadratic factor with we get 221)cos(21 −− +ω− zrzr o 0.547723.0 ==r and
 ,3.02
 5.0)cos( −=ωo or 2.04478.=ωo Hence, from Table 6.1 we have
 ].[)2.04478cos()3.0(][)4.0(21212.1][ nnnnh nn µ+µ−= 6.40 (a) A partial-fraction expansion of in using the M-file residuez yields )(zH 1−z
 .3.01
 2
 6.01
 52)(
 11 −− −−
 ++−=
 zzzH Hence, from Table 6.1 we have
 ].[)3.0(2][)6.0(5][2][ nnnnh nn µ−µ−+δ−= (b) Its –transform is thus given by ].[)3.0(3.0][)4.0(1.2][ nnnx nn µ−+µ= z
 .4.0,)3.01)(4.01(
 51.04.2
 3.01
 3.0
 4.01
 1.2)(
 11
 1
 11>
 +−
 +=
 ++
 −=
 −−
 −
 −−z
 zz
 z
 zzzX The –transform of
 the output is then given by
 z
 .18.03.01
 36.03.31
 )3.01)(4.01(
 51.04.2)(
 21
 21
 11
 1
 ⎥⎥⎦
 ⎤
 ⎢⎢⎣
 ⎡
 −+
 +−⋅
 ⎥⎥⎦
 ⎤
 ⎢⎢⎣
 ⎡
 +−
 +=
 −−
 −−
 −−
 −
 zz
 zz
 zz
 zzY
 A partial-fraction expansion of in using the M-file residuez yields )(zY 1−z
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.6.0,0.3z1
 2.4
 0.3z1
 12.3
 z4.01
 16.8
 0.6z1
 9.3)(
 1111>
 +−
 −+
 −−
 +=
 −−−−zzY Hence, from Table 6.1
 we have ( ) ].[)3.0(4.2)3.0(3.12)4.0(8.16)6.0(3.9][ nny nnnn µ−−+−−=
 6.41 (a) .4.0,2.01
 1]}[{)(,4.0,
 4.01
 1]}[{)(
 11>
 −==>
 +==
 −−z
 znxzXz
 znhzH ZZ Thus,
 .4.0,)2.01)(4.01(
 1)()()(
 11>
 −+==
 −−z
 zzzXzHzY A partial-fraction expansion of
 using the M-file residuez yields .2.01
 3/1
 4.01
 3/2)(
 11 −− −+
 +=
 zzzY Hence, from Table 6.1
 ].[)2.0(][)4.0(][3
 1
 3
 2nnny nn µµ +−=
 (b) .4.0,2.01
 1]}[{)(,2.0,
 2.01
 1]}[{)(
 11>
 +==>
 +==
 −−z
 znxzXz
 znhzH ZZ Thus,
 .2.0,)2.01(
 1)()()(
 21>
 +==
 −z
 zzXzHzY Hence, from Table 6.1,
 ].[)2.0)(1(][ nnny n µ−+=
 6.42 .2.0,6.01
 4]}[{)(,3.0,
 3.01
 2]}[{)(
 11>
 −==>
 +==
 −−z
 znxZzXz
 znyzY Z Thus,
 .3.0,3.01
 )6.01(5.0
 )(
 )()(
 1
 1>
 +
 −==
 −
 −z
 z
 z
 zX
 zYzH A partial-fraction expansion of using the M-file
 residuez yields .3.01
 5.11)(
 1−++−=
 zzH Hence, from Table 6.1,
 ].[)3.0(5.1][][ nnnh n µδ −+−= 6.43 (a) Taking the –transform of both sides of the difference equation we get
 Hence, ).(2)(08.0)(2.0)( 21 zXzYzzYzzY ++= −− .08.02.01
 2
 )(
 )()(
 21 −− −−==
 zzzX
 zYzH
 (b) A partial-fraction expansion of using the M-file residuez yields
 .2.01
 3/2
 4.01
 3/4)(
 11 −− ++
 −=
 zzzH Hence, from Table 6.1,
 ].[)2.0(][)4.0(][3
 2
 3
 4nnnh nn µµ −+=
 (c) Now .)1)(08.02.01(
 2]}[{)(]}[{)(
 121 −−− −−−=⋅==
 zzznzHnszS µZZ
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A partial-fraction expansion of using the M-file residuez yields
 .2.01
 11110
 4.01
 88890
 1
 77782)(
 111 −−− ++
 −−
 −=
 z
 .
 z
 .
 z
 .zS Hence, from Table 6.1,
 ].[)2.0(1111.0][)4.0(8889.0][7778.2][ nnnns nn µµµ −+−=
 6.44 .)cos()1(1
 1)(
 21
 2
 −−
 −
 α+ωα+−
 −=
 zz
 zzH
 c
 Thus,
 .)cos()1(1
 1)(
 2
 2
 ω−ω−
 ωω
 α+ωα+−
 −=
 jjc
 jj
 ee
 eeH
 ωα+ω−ωα+α+α+ω+
 ω−=ω
 cos)1(cos22cos2)1()(cos1
 )2cos1(2)(
 22222
 cc
 jeH
 .sin)1()cos(cos)1(
 sin4222
 2
 ωα−+ω−ωα+
 ω=
 c
 Note that 2)( ωjeH is maximum when
 i.e, Then ,coscos cω=ω .cω=ω ,)1(
 4
 sin)1(
 sin4)(
 222
 22
 α−=
 ωα−
 ω=ω
 c
 cj ceH and hence,
 ).1/(2)( α−=ωcjeH
 6.45 Then, ⇒α−= −RzzH 1)( .1)( Rjj eeH ωω α −−= .)cos(21( 2 ReH j ωα−α+=ω
 ωjeH( is maximum when 1)cos( −=ωR and is minimum when The
 maximum value of
 .1)cos( =ωR
 )( ωjeH is ,1 α+ and the minimum value is .1 α− ωjeH( has R
 peaks and R dips in the range .20 π<ω≤
 The peaks are located at R
 kk
 π=ω=ω
 2 and the dips are located at ,)12(
 R
 kk
 π+=ω=ω
 .10 −≤≤ Rk
 0 0.5 1 1.5 20
 0.5
 1
 1.5
 2
 ω/π
 Am
 plitu
 de
 Magnitude Response
 0 0.5 1 1.5 2
 -1
 -0.5
 0
 0.5
 1
 ω/π
 Pha
 se,
 radi
 ans
 Phase Response
 6.46 ( ) .)1()()( 33 Rjjj eeHeG ωωω α−==
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6.47 .1
 1)(
 1
 0 ω
 ωωω
 ααα
 j
 MjMnjM
 n
 nj
 e
 eeeG
 −
 −−−
 = −
 −=∑= Note that for )()( ωω jj eHeG =
 .10,1 −≤≤= MnM
 nα Now, .1
 1)( 0
 αα−−
 =M
 jeG Hence, to make the dc value of the
 magnitude response equal to unity, the impulse response should be multiplied by a constant .)1/()1( MK αα −−=
 6.48 Hence, ).()()( ωωωω α jRjjj eYeeXeY −+= .1
 1
 )(
 )()(
 Rjj
 jj
 eeX
 eYeH
 ω−ω
 ωω
 α−== Maximum
 value of )( ωjeH is α−1
 1 and the minimum value is .1
 1
 α+ There are R peaks and dips
 in the range The locations of the peaks and dips are given by .20 πω ≤≤
 αα ω ±=− − 11 Rje or, .ααω ±=− Rje The locations of the peaks are given by
 R
 kk
 πωω 2== and the locations of the dips are given by ,
 )12(
 R
 kk
 +==
 πωω
 Plots of the magnitude and phase responses of for and are shown below:
 .10 −≤≤ Rk )( ωjeH 8.0=α6=R
 0 0.5 1 1.5 20
 1
 2
 3
 4
 5
 ω/π
 Am
 plitu
 de
 Magnitude Response
 0 0.5 1 1.5 2
 -1
 -0.5
 0
 0.5
 1
 ω/π
 Pha
 se,
 radi
 ans
 Phase Response
 6.49 12
 1202
 21
 2210
 )(
 )(
 1)(
 aeae
 bebeb
 eaea
 ebebbeA
 jj
 jj
 jj
 jjj
 ++
 ++=
 ++
 ++=
 −
 −
 −−
 −−
 ωω
 ωω
 ωω
 ωωω
 .sin)1(cos)1(
 sin)(cos)(
 221
 20201
 ωωωω
 ajaa
 bbjbbb
 −+++−+++
 = Therefore,
 [ ][ ]
 .1sin)1(cos)1(
 sin)(cos)()(
 222
 2221
 2220
 222012
 =−+++
 −+++=
 ωω
 ωωω
 aaa
 bbbbbeA j Hence, at we have ,0=ω
 and at )],1([)( 21201 aabbb ++±=++ ,2/πω = we have ).1( 220 abb −±=− Solution #1: Consider .1 220 abb −=− Choose ,1,1 220 abb −=−= and .22 ab = Substituting these values in )],1([)( 21201 aabbb ++±=++ we get In this case, .11 ab =
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,11
 1)(
 221
 221 =
 ++
 ++=
 −−
 −−
 ωω
 ωωω
 jj
 jjj
 eaea
 eaeaeA a trivial solution.
 Solution #2: Consider .1220 −=− abb Choose 20 ab = and Substituting these values in
 .12 =b
 we get .11 ab = In this case, )],1([)( 21201 aabbb ++±=++
 .1
 )(2
 21
 212
 ωω
 ωωω
 jj
 jjj
 eaea
 eeaaeA
 −−
 −−
 ++
 ++=
 6.50 From Eq. (2.20), the input-output relation of a factor-of-2 up-sampler is given by
 ⎩⎨⎧ ±±=
 =otherwise.,0
 ,4,2,0],2/[][
 Knnxnxu
 The DTFT of is therefore given by ][nxu
 where
 is the DTFT of
 )(][]2/[][)( 22
 even
 ωωωωω jmj
 m
 nj
 nn
 nj
 n
 j eXemxenxenyeY =∑=∑=∑= −∞
 −∞=
 −∞
 −∞=
 −∞
 −∞=)( ωjeX
 ].[nx
 6.51 .sin5.0cos5.01
 1
 5.01
 1)(
 ωωωω
 jeeH
 jj
 +−=
 −=
 − Thus,
 .1.19070.65120.35360.6464
 1
 )4/sin(5.0)4/cos(5.01
 1)( 4/ j
 jjeH j m=
 ±=
 ±+±−=±
 πππ
 Therefore, 1.3572)( 4/ =± πjeH and 1.0703.)4/()}(arg{ 4/ m=±=± πθπ jeH j
 Now, for an input the steady-state output is given by ],[)sin(][ nnnx o µω=
 ( ))(sin)(][ ooj neHny o ωθωω += which for 4/πω =o reduces to
 .0703.1sin3572.1)4/(sin)(][44
 4/ ⎟⎠⎞⎜
 ⎝⎛ −=⎟
 ⎠⎞⎜
 ⎝⎛ += nneHny j πππ πθ
 6.52 To guarantee the stability of the transformation should be such that the
 unit circle remains inside the ROC after the mapping. If the points inside the unit circle after the mapping remains inside the unit circle, will be causal and stable. On the other hand, if the points inside the unit circle after the mapping move outside the unit circle, will be stable but anti-causal. For example, the mapping will ensure
 that will be causal and stable, whereas, the mapping will result in a that is stable, but anti-causal.
 ),(zG )(zFz →
 )(zG
 )(zG zz −→
 )(zG 1−→ zz )(zG
 6.53
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6.54 .][95.0][0
 2
 0
 2∑=∑∞
 == n
 K
 nnhnh Since Thus, ].[)(][),1/(1)( 1 nnhzzH n µββ =−= −
 .1
 95.0
 1
 122
 2
 ββ
 β
 −=
 −
 − K
 Solving this equation for we get .)log(
 )05.0log(5.0
 α=K
 6.55 Let the output of the predictor of Figure P6.3(a) be denoted by Then analysis of this
 structure yields ).(zE
 [ ])()()()( zEzUzPzE += and ).()()( zEzXzU −= From the first equation
 we have )()(1
 )()( zU
 zP
 zPzE
 −= which when substituted in the second equation yields
 ).(1)(
 )()( zP
 zX
 zUzH −==
 Analyzing Figure P6.3(b) we get )()()()( zYzPzVzY += which leads to
 ,)(1
 1
 )(
 )()(
 zPzV
 zYzG
 −== which is seen to be the inverse of ).(zH
 For and 11
 11 1)(,)( −− −== zhzHzhzP .
 1
 1)(
 11
 −−=
 zhzG Similarly, for
 and 22
 11
 22
 11 1)(,)( −−−− −−=+= zhzhzHzhzhzP .
 1
 1)(
 22
 11
 −− −−=
 zhzhzG
 6.56 [ ).()()()()()( 0000 zXzFzHzFzHzY ]−−−= Since the output is a delayed replica of the
 input, we must have But, Hence, .)()()()( 0000rzzFzHzFzH −=−−− .1)( 1
 0−+= zzH α
 Let This implies, .)()1()()1( 01
 01 rzzFzzFz −−− =−−−+ αα .)( 1
 100−+= zaazF
 .)(2 110
 rzzaa −− =+α The solution is therefore, 1=r and .1)(2 10 =+ aa α One possible solution is thus
 and Hence, 2/10 =a .4/11=a ).1(25.0)( 10
 −+= zzF
 6.57 =−
 −+
 +==−− 1111
 2.01
 6.0
 5.01
 5.02.1]}[{)(
 zznhzH Z .
 1.03.01
 12.004.01.121
 21
 −−
 −−
 −+
 −−
 zz
 zz The transfer
 function of the inverse transform is thus
 21
 21
 12
 12.004.01.1
 1.03.01
 )(
 1)(
 −−
 −−
 −−
 −+==
 zz
 zz
 zHzH .
 )312601)(34901(1.1
 )2.01)(5.01(11
 11
 −−
 −−
 +−
 −+=
 z.z.
 zz As both
 poles are inside the unit circle, is stable and causal with an ROC )(2 zH .349.0>z A partial-fraction expansion in obtained using the M-file residuez is
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.31261.01
 42224464.0
 34897.01
 498.0)(
 112.1
 12 −− +
 −−
 +=zz
 zH Hence,
 ].[)31261.0(42224464.0][)34897.0(498.0][][2.1
 12 nnnnh nn µµδ −−+=
 6.58 Now, .)()()( )(ωθωω= ==ω
 jjjez
 eeHeHzH j Denote .)(
 )('dz
 zdHzH =
 From the above we get ).()(ln)(ln ωθ+= ω= ω jeHzH j
 ez j Therefore,
 ).()(
 /)()(
 )(
 /)(
 )(
 )('ωτ−
 ω=
 ωωθ
 +ω
 =ω
 ⋅ω
 ω
 ω
 ω
 = ωgj
 j
 j
 j
 ez
 jeH
 deHd
 d
 dj
 eH
 deHd
 d
 dz
 zH
 zH
 j (6-A)
 Hence, )(
 /)(
 )(
 )(')(
 ω
 ω
 =
 ω−−=ωτ
 ω j
 j
 ezg
 eH
 deHdj
 zH
 zHz
 j. (6-B)
 Replacing by in Eq, (6-A) we arrive at
 .)(
 /)(
 )(
 )(')( 1
 ω
 ω
 =
 −ω
 +−=ωτω j
 j
 ezg
 eH
 deHdj
 zH
 zHz
 j (6-C)
 Adding Eqs. (6-B) and (6-C), and making use of the notation )(
 )(')(
 zH
 zHzzT = we finally get
 .2
 )()()(
 1
 ω=
 −+−=ωτ
 jez
 gzTzT
 M6.1 (a) The output data generated by Program 6_1 is as follows: Numerator factors 1.00000000000000 -2.10000000000000 5.00000000000000 1.00000000000000 -0.40000000000000 0.90000000000000
 Denominator factors 1.00000000000000 2.00000000000000 4.99999999999999 1.00000000000000 -0.20000000000000 0.40000000000001
 Gain constant 0.50000000000000
 Hence, .)4.02.01)(521(
 )9.021)(51.21(5.0)(
 2121
 2121
 1 −−−−
 −−−−
 +−++
 +++−=
 zzzz
 zzzzzG
 The pole-zero plot of is given below: )(1 zG
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-3 -2 -1 0 1 2 3
 -2
 -1
 0
 1
 2
 Real Part
 Imag
 inar
 y P
 art
 There are 3 ROCs associated with : )(1 zG ,4.0:1 <zR ,54.0:2 << zR
 and .5:3 >zR The inverse –transform corresponding to the ROC is a left-sided sequence, the inverse –transform corresponding to the ROC is a two-sided sequence, and the inverse –transform corresponding to the ROC is a right-sided sequence.
 z 1Rz 2R
 z 3R
 (b) The output data generated by Program 6_1 is as follows: Numerator factors 1.00000000000000 1.20000000000000 3.99999999999999 1.00000000000000 -0.50000000000000 0.90000000000001 Denominator factors 1.00000000000000 2.10000000000000 4.00000000000001 1.00000000000000 0.60000000000003 0 1.00000000000000 0.39999999999997 0 Gain constant 1
 Hence, )4.01)(6.01)(41.21(
 )9.05.01)(42.11()(
 1121
 2121
 2 −−−−
 −−−−
 ++++
 +−++=
 zzzz
 zzzzzG
 The pole-zero plot of is given below: )(2 zG
 -2 -1 0 1 2-2
 -1
 0
 1
 2
 Real Part
 Imag
 inar
 y P
 art
 There are 4 ROCs associated with : )(2 zG ,4.0:1 <zR ,6.04.0:2 << zR
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,26.0:3 << zR and .2:4 >zR The inverse –transform corresponding to the ROC is a left-sided sequence, the inverse z –transform corresponding to the ROC is a
 two-sided sequence, the inverse –transform corresponding to the ROC is a two-sided sequence, and the inverse –transform corresponding to the ROC is a right-sided sequence.
 z
 1R 2Rz 3Rz 4R
 M6.2 (a) The output data generated by Program 6_3 is as follows: Residues -3.33333333333333 3.33333333333333
 Poles -0.60000000000000 0.30000000000000
 Constants 0 Hence, the partial-fraction expansion of is given by )(zXa
 .3.01
 3/10
 6.01
 3/10)(
 11 −− −+
 +−=
 zzzXa The –transform has poles at and at
 Thus, it is associated with ROCs as given in the solution of Problem 6.20 which also shows their corresponding inverse –transform.
 z 6.0−=z
 .3.0=zz
 (b) The output data generated by Program 6_3 is as follows: Residues Columns 1 through 2 2.33333333333333 -3.66666666666667 + 0.00000008829151i Column 3 4.33333333333333 - 0.00000008829151i
 Poles Columns 1 through 2 -0.60000000000000 0.30000000000000 - 0.00000000722385i Column 3 0.30000000000000 + 0.00000000722385i
 Constants Hence, the partial-fraction expansion of is given by )(zXb
 .)3.01(
 4.33333
 3.01
 3.66666
 6.01
 3333.2)(
 2111 −−− −+
 −−
 +=
 zzzzXb The –transform has two poles
 at and one at
 z
 6.0−=z .3.0=z Thus, it is associated with ROCs as given in the solution of Problem 6.20 which also shows their corresponding inverse –transform. z
 M6.3 (a) .)6/1(1
 6/7
 )5/1(1
 5/43
 6
 7
 5
 43)(
 11111 −−−− +−
 +−=
 +−
 +−=
 zzzzzX
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The output data generated by Program 6_4 is as follows: Numerator polynomial coefficients 1.03333333333333 0.73333333333333 0.1000000000000
 Denominator polynomial coefficients 1.00000000000000 0.36666666666667 0.03333333333333
 Hence, .1130
 32231)(
 21
 21
 1 −−
 −−
 ++
 ++=
 zz
 zzzX
 (b) 2
 1
 126.01
 4.1
 4.01
 35.2)(
 −
 −
 − +
 +−
 ++−=
 z
 z
 zzX
 111 90.774596661
 67964549722437.0
 90.774596661
 67964549722437.0
 4.01
 35.2
 −−− +
 +−
 −
 −−
 ++−=
 zj
 j
 zj
 j
 z.
 The output data generated by Program 6_4 is as follows: Numerator polynomial coefficients -0.9000 -2.5600 -0.1000 -0.6000 Denominator polynomial coefficients 1.0000 0.4000 0.6000 0.2400
 Hence, .24.06.04.00.1
 6.01.056.29.0)(
 321
 321
 −−−
 −−−
 +++
 +++−=
 zzz
 zzzzXb
 (c) 21113
 )24(
 4
 24
 6
 64.01
 5)(
 −−− +
 −+
 ++
 +=
 zzzzX
 .)5.01(
 25.0
 5.01
 5.1
 64.01
 52111 −−− +
 −+
 ++
 +=
 zzz
 The output data generated by Program 6_4 is as follows: Numerator polynomial coefficients 6.2500 6.5500 1.7300 0 Denominator polynomial coefficients 1.0000 1.6400 0.8900 0.1600
 Hence, .16.089.064.11
 73.155.625.6)(
 321
 21
 3 −−−
 −−
 +++
 ++=
 zzz
 zzzX
 (d) 21
 1
 149.03434
 25)(
 −−
 −
 − +++
 ++−=
 zz
 z
 zzX
 .j0.2905) 0.3750(1
 0.4303
 j0.2905) - 0.3750(1
 0.4303
 75.01
 5.05
 111 −−− +++
 +−
 ++−=
 z
 j
 z
 j
 z
 The output data generated by Program 6_4 is as follows: Numerator polynomial coefficients
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-4.5000 -6.8750 -3.6375 -0.8438 Denominator polynomial coefficients 1.0000 1.5000 0.7875 0.1688
 Hence, .16875.07875.05.11
 84375.06375.3875.65.4)(
 321
 321
 4 −−−
 −−−
 +++
 +++−=
 zzz
 zzzzX
 M6.4 (a) The inverse –transform of from it partial-fraction expansion form is thus z )(zXa
 ].[)6/1(][)5/1(][3][6
 7
 5
 4nnnnx nn
 a µµδ −−−−= The first 10 samples of obtained
 by evaluating this expression in MATAB are given by
 ][nxa
 Columns 1 through 4 1.0333333333 0.3544444444 -0.0644074074 0.0118012345 Columns 5 through 8 -0.0021802057 0.0004060343 -0.0000762057 0.0000144076 Columns 9 through 10 -0.0000027426 0.0000005254 The first 10 samples of the inverse z–transform of the rational form of obtaining
 using the M-file impz are identical to the samples given above. )(zXa
 (b) The inverse z–transform of from it partial-fraction expansion form is thus )(zXb
 ][)4177459666920)(6796454972243.07.0(][)4.0(3][5.2][ n.jjnnnx nnb µµδ −−−+−=
 . ][)4177459666920)(6796454972243.07.0( n.jj n µ−+− The first 10 samples of obtained by evaluating this expression in MATAB are
 given by ][nxb
 Columns 1 through 4 -0.900000000 -2.200000000 1.320000000 0.408000000 Columns 5 through 8 -0.427200000 -0.390720000 0.314688000 0.211084800 Columns 9 through 10 -0.179473920 -0.130386432 The first 10 samples of the inverse z–transform of the rational form of obtaining
 using the M-file impz are identical to the samples given above. )(zXb
 (c) The inverse –transform of from it partial-fraction expansion form is thus z )(zXc
 ].[)5.0)(1(25.0][)5.0(5.1][)64.0(5][ nnnnnx nnnc µ−+−µ−+µ−=
 The first 10 samples of obtained by evaluating this expression in MATAB are given by
 ][nxc
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Columns 1 through 5 6.250000000 -3.700000000 2.235500000 -1.373220000
 0.854485800 Columns 6 through 10 -0.536870912 0.3396911337 -0.215996076 0.137807801
 -0.0881188675 The first 10 samples of the inverse z–transform of the rational form of obtaining
 using the M-file impz are identical to the samples given above. )(zXc
 (d) The inverse z–transform of from it partial-fraction expansion form is thus )(zXd
 ][)290473750375.0(4303314830][)75.0(5.05][4 n.j.jnnx nn µµ +−−−+−=
 ].[)290473750375.0(4303314830 n.j.j n µ−−+ The first 10 samples of obtained by evaluating this expression in MATAB are
 given by ][nxd
 Columns 1 through 5 4.50000000000000 -0.12499999991919 0.09374999993940 -
 0.12656249997773 0.13710937500069 Columns 6 through 10 -0.12181640625721 0.09610839844318 -0.07136938476820
 0.05192523193410 -0.03790274963350 The first 10 samples of the inverse z–transform of the rational form of obtaining
 using the M-file impz are identical to the samples given above. )(zXd
 M6.5 To verify using MATLAB that 21
 21
 212.004.01.1
 1.03.01)(
 −−
 −−
 −−
 −+=
 zz
 zzzH is the inverse of
 ,1.03.01
 12.004.01.1)(
 21
 21
 1 −−
 −−
 −+
 −−=
 zz
 zzzH we determine the first 20 samples of and ,
 and then form the convolution of these two sequences using the M-file conv. The first samples of the convolution result are as follows:
 ][1 nh ][2 nh
 Columns 1 through 9 1.0000 0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 -0.0000 Columns 10 through 18 0.0000 -0.0000 -0.0000 -0.0000 -0.0000 0.0000 -0.0000 0.0000 0.0000 Columns 19 through 21 -0.0000 -0.0000 -0.0000 M6.6 % As an example try a sequence x = 0:24; % calculate the actual uniform dft
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% and then use these uniform samples % with this ndft program to get the % original sequence back
 % [X,w] = freqz(x,1,25,’whole’); % use freq = X and points = exp(j*w) freq = input(‘The sample values = ‘); points = input(‘Frequencies at which samples are taken = ‘); L = 1; len = length(points); val = zeros(size(1,len)); L = poly(points); for k = 1:len if (freq(k) ~= 0) xx = [1 –points(k)]; [yy, rr] = deconv(L,xx); F(k,:) = yy; Down = polyval(yy,points(k))*(points(k))*(points(k)^(-len+1)); F(k,:) = freq(k)/down*yy; val = val+F(k,:); end end coeff = val;
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