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Chapter 6 – The Schrödinger Equation
 1
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Schrödinger’s equation
 •  Wave equation for a particle with mass m with a potential energy given by V(x,t); i indicates this function is complex ( )
 •  We postulate that the wave function will take on the following form:
 •  Show, for V(x,t) = 0 (i.e., free particle), that Schrödinger’s equation leads to the correct form of the energy.
 2
 €
 −2
 2m∂2Ψ(x,t)∂x2 +V(x,t)Ψ(x,t) = i ∂Ψ(x,t)
 ∂t
 €
 i = −1
 €
 Ψ(x,t) = Aei (kx−ωt) = A cos(kx −ωt) + i sin(kx −ωt)[ ]
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Interpreting Schrödinger’s equation (1) •  The solution to Schrödinger’s equation is a complex wave function.
 That implies that Ψ(x,t) is NOT a directly measureable quantity.
 •  Recall (Ch. 5), that it is the probability of finding an electron in a “volume” dx that is a measureable quantity: P(x)dx = |Ψ|2dx
 •  Historically, there were great debates over the interpretation of Ψ(x,t) as a function with the possibility of an imaginary term.
 •  Max Born showed that to correctly relate the complex Ψ(x,t) to the real P(x)dx with a slight modification:
 3
 €
 P(x,t)dx = Ψ* (x,t)Ψ(x,t)dx = Ψ(x,t)2dx
 with the normalization : Ψ*Ψdx−∞
 +∞
 ∫ = 1
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Interpreting Schrödinger’s equation (2) •  P(x,t) – probability density (probability per unit “volume”).
 •  Ψ(x,t) – probability density amplitude
 •  The probability density is a linear function: Probability of finding an electron in dx at x1 or in dx at x2 is – P(x1)dx + P(x2)dx
 •  Normalization is used to enforce the fact that the probability of finding the electron somewhere in space should be “1”.
 •  However, Ψ(x,t) must go to zero as x -> ±∞ to prevent P(x) from becoming unbounded. This restriction with the boundary conditions will lead to quantized results.
 4

Page 5
                        

Solving Schrödinger’s equation (1) •  Initial application of Schrödinger’s equation was to revisit the
 investigations of the hydrogen atom (Bohr) and oscillators (Planck).
 •  Recall, their solutions lead to the description of particles as “standing waves” (deBroglie).
 •  This means the solutions are so-called stationary states or eigenstates – which are constant in time.
 •  This allows us construct potential energy functions that are time independent; V -> V(x)
 •  That also means that Ψ(x,t) is separable!
 •  Ψ(x,t) = ψ(x)Φ(t) 5
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Solving Schrödinger’s equation (2) •  We take the result for Φ and combine with this into our remaining
 equation for ψ(x):
 •  Subject to the normalization condition:
 6
 €
 φ(t) = e−iEt /
 −2
 2md2ψ(x)
 dx2 +V(x)ψ(x) = Eψ(x)
 €
 Ψ(x,t) * Ψ(x,t) =ψ * (x)e+iEt / ψ(x)e−iEt / =ψ * (x)ψ(x)
 ⇒ ψ * (x)ψ(x)−∞
 +∞
 ∫ = 1
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Solving Schrödinger’s equation (3) •  Constraints on the wave function, ψ(x)
 –  ψ(x) must exist and satisfy Schrödinger’s equation –  ψ(x) and dψ/dx must be continuous –  ψ(x) and dψ/dx must be finite –  ψ(x) and dψ/dx must be single-valued –  ψ(x) -> 0 “fast enough” as x-> ±∞ so that the normalization integral is
 bounded
 •  Using these constraints, we will proceed to solve several specific examples of the potential V(x) to illustrate the interpretation of Schrödinger’s equation.
 7
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Infinite Square Well (1)
 •  Consider an electron that is in an electrostatic trap with two negative potentials on each end.
 •  If the electron kinetic energy is low enough, it will not be able to escape from the potential barrier set up by the two potentials.
 •  Let us imagine increasing the trapping voltage and shrinking the spacing between the electrodes.
 8
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Infinite Square Well (2)
 •  Problem setup: Potential of the form: Such that (0 < x < L): This is an idealization of a “trapped particle” problem with the wave solution
 being equivalent to that of a harmonic oscillator Constraints:
 –  Ψ(x) must exist inside the well –  Ψ(x) must be 0 outside of the well (boundary condition) –  Classical analogy, vibrating wave on a string
 9
 €
 V(x) = 0 0 < x < LV(x) = ∞ x ≤ 0 and x ≥ L
 % & '
 €
 −2
 2md2ψ
 dx2 = Eψ
 ⇒d2ψ
 dx2 +2mE2
 %
 & '
 (
 ) * ψ = 0
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Infinite Square Well (3)
 •  Solution:
 10
 €
 Ψ(x,t) =ψ(x)φ(t) =2L
 sin(knx)e−iEnt /
 Ψ(x,t) =12i
 2L
 ei k nx−ωnt( ) −e−i k nx +ωnt( )[ ]where : kn =
 nπL
 ; En =2kn
 2
 2m; ωn =
 En
 wavefunc)on                                                                           probability   density   
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Infinite Square Well (4)
 •  Consider some numerical results from the infinite square well:
 •  A system with a scale size of a few atomic diameters: ~1 nm (10-9 m)
 11
 €
 kn =nπL
 ; En =2kn
 2
 2m; ωn =
 En
 €
 E1 =2π 2
 2mL2= 6.02 x 10−20 J = 0.38 eV
 E = n2E1
 2 →1: ∆E21 = 1.13 eV ; λ21 =cf
 =hc∆E21
 = 1.10 µm
 3 →1: ∆E31 = 3.01 eV ; λ3 =cf
 =hc∆E31
 = 0.41 µm
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Infinite Square Well (5)
 •  With an expression for the wavefunction, it is now possible to express the probability density:
 12
 €
 Ψ(x,t) =ψ(x)φ(t) =2L
 sin(knx)e−iEnt /
 P(x,t) → P(x) = Ψ * Ψ =2L
 sin2 nπxL
 (
 ) *
 +
 , -
 P = P(x)dxx1
 x2∫
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Infinite Square Well (6)
 •  Probability functions for n = 1 and n = 2 states of infinite square well.
 13 n   =   1,   ground   state    n   =   2,   1st   excited   state   
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Finite Square Well (1)
 •  Let’s now consider the limit where we have reduced the confining potentials to a “finite” value, V0.
 •  The form of our potential is now given by:
 •  How does this change alter the solution of Schrödinger’s equation?
 14
 €
 V(x) = 0 0 < x < LV(x) = V0 x < 0 and x > L
 " # $

Page 15
                        

Finite Square Well (2)
 •  The solution approach to Schrödinger’s equation is now different. It must be solved in three regions:
 15
 €
 x < 0 : d2ψ
 dx2 −2m V0 −E( )2
 $
 %
 & &
 '
 (
 ) ) ψ = 0
 0 < x < L : d2ψ
 dx2 +2mE2
 $
 % &
 '
 ( ) ψ = 0
 x > L : d2ψ
 dx2 −2m V0 −E( )2
 $
 %
 & &
 '
 (
 ) ) ψ = 0
 For   E   <   V0,   we   expect   to   get   solu)ons   that   are   decaying   exponen)als.   For   E   >   V0,   we   expect   to   get   solu)ons   that   are   oscillatory!   
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Finite Square Well (3)
 First, we obtain new constraints on our solution: –  Ψ(x) must exist inside the well –  Ψ(x) must go to outside of the well, BUT, it’s value is no longer REQUIRED to
 be zero at x = 0 and x = L –  We have a new condition: Ψ(x) and dΨ/dx must BOTH be continuous at the
 boundaries x = 0 and x = L (i.e., smooth derivative).
 16
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Finite Square Well (4)
 First three energy level solutions to the finite square well:
 17
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Expectation values and operators (1)
 •  Using the wavefunction formalism, we need to develop a technique to make predictions for experimental measurements of quantum mechanical systems.
 •  Operators allow us to make such predictions.
 •  For some operator: f(x) [where, f(x) represents position, momentum, kinetic energy, Hamiltonian]
 •  The result of this operation yields an expectation value.
 •  The expectation value gives the average value of the operator function expected to be obtained from many measurements of a large number of particles with the wavefunction Ψ(x,t)
 18
 €
 f (x) = Ψ* (x,t)−∞
 +∞
 ∫ f (x) Ψ(x,t) dx
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Expectation values and operators (2)
 •  Listed in Table 6-1 (p. 245 in text) are some of the basic operators in quantum mechanics.
 •  Recall, that in 1-D, an operator is any function of x.
 •  Special note is given to the Hamiltonian operator, Hop or E. This is the energy operator for quantum mechanics.
 •  Often you will see Schrödinger’s equation in the form: HopΨ=EΨ
 19
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Harmonic Oscillator (1)
 •  The next case we wish to explore is that of the harmonic oscillator. This is a recurring physical system in all of physics and it gives a good approximation of the vibrations of atoms and molecules in gases and solids.
 •  Here, we consider particles of mass, m, that are oscillating at a frequency, ω, in a potential well defined as: V(x) = (1/2)mω2x2
 •  Classically, a particle will oscillate between ±A with an energy: E = (1/2)mω2A2
 •  We need to find the quantum mechanical energy using Schrödinger’s equation takes on the form:
 20
 €
 −2
 2m∂2Ψ(x,t)∂x2 +V(x,t)Ψ(x,t) = i ∂Ψ(x,t)
 ∂t
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Harmonic Oscillator (2)
 •  As with the finite square well at x = ±a, we must have a solution that is symmetric about the origin. |ψ(-x)|2 = |ψ(x)|2
 •  That mean that the wave function must take on either: symmetric form: ψ(-x) = ψ(x) anti-symmetric form: ψ(-x) = -ψ(x)
 •  Again, much like the finite square well, we need solutions that become damped outside ±A.
 •  A solution for the energy is: E = (n + ½)ħω
 •  NOTE: You can’t reduce energy completely to zero in this system
 21
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Harmonic Oscillator (3)
 •  The harmonic oscillator wave function is given by:
 •  So the first few wave functions are:
 •  Furthermore, it can be shown that a key property of these wave functions is that
 transitions are only allowed between adjacent levels: i = j ± 1
 22
 €
 ψn (x) = Cne−mωx 2 / 2Hn (x)
 €
 where : Hn (x) are the Hermite polynomials which are given by
 Hn (x) = (−1)n ex 2 dn
 dxne−x 2
 ; n = 0,1,2,...
 €
 ψ0(x) = C0e−mωx 2 / 2
 ψ1(x) = C1mω
 xe−mωx 2 / 2
 ψ2(x) = C2 1− 2mωx2
 %
 & '
 (
 ) * e−mωx 2 / 2
 €
 Ψi*xΨjdx
 −∞
 +∞
 ∫ = 0 unless, i = j ±1
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Harmonic Oscillator (4)
 •  Probability (left) and energy levels (below) from the quantum harmonic oscillators.
 •  Note the equal spacing between the energy levels.
 23
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Transmission and reflection of matter waves
 •  To this point, we have considered particles with energies below that of a potential barrier, V0. What happens to particles with energies above the potential barrier?
 •  Here, we have a single boundary condition at x = 0 and we must match the wavefunction on either side of the potential barrier.
 24
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Transmission and reflection of matter waves
 •  Results for this case:
 •  Note 1: R ≠ 0, depends on ∆k Note 2: R, T are sign independent (for E > V0)
 •  Implications –  Get reflection either going right to left OR left to right! –  Get an inherently non-classical result – i.e., roll a ball off the edge of a
 cliff and having it bounce back!
 •  When E < V0, the matter wave can penetrate into the barrier, but eventually will damp.
 25
 €
 R =| B |2
 | A |2=
 k1 − k2
 k1 + k2
 #
 $ %
 &
 ' (
 2
 and T = 1−R =k2
 k1
 | B |2
 | A |2=
 4k1k2
 k1 + k2( )2
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Transmission and reflection of matter waves
 26
 •  Comparison of wave function behavior for: E < V0 E > V0

Page 27
                        

Transmission and reflection of matter waves
 27
 •  Wave function behavior for a barrier of finite thickness: Can get TUNNELING of waves (i.e., ball goes through the wall!)
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