


	
		×
		

	






    
        
            
                
                    
                
            

            
                
                    
                    
                        
                    
                

            

            
                                    Σύνδεση
                    Ας αρχίσουμε
                            

        

        

        
            	Travel
	Technology
	Sports
	Marketing
	Education
	Career
	Social Media


            + Εξερευνήστε όλες τις κατηγορίες
        


            






    

        
        
            Chapter 14 Partial Derivativespioneer.netserv.chula.ac.th/~myotsana/118BSAC_Lecture.pdf · 14.3...

        


        




    
        
            
                

                
                
            

            
                
                1

97
                
            

            
                
                100%
Actual Size
Fit Width
Fit Height
Fit Page
Automatic


                
            

			
        

        
            
                
                
                
            

            
                

                

                
                    
                     Match case
                     Limit results 1 per page
                    

                    
                    

                

            

        
        
            
                                    
    
        
        

        

        

        
        
            Chapter 14 Partial Derivatives 14.1 Functions of Several Variables A real-valued function of two variables, f , is a rule in terms of x and y, denoted by z = f (x, y) where x and y are real numbers. Ex 1. Let f be the function deﬁned by f (x, y)=4xy + 6 sin x − 2y. Compute f (0, 1) and f (π, 2). Ex 2. Let g be the function deﬁned by g(x, y)= e x − 1 x − y . Compute g(1, 0), g(1,e) and g(e, 1). 1 
        

        
    






                            

        

    









        
            	
					Upload

					others
				
	
                    Category

                        Documents

                
	
                    view

                    12
                
	
                    download

                    1
                


        

        


        

        
        
            
                SHARE

                
                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    

                    
                    
                        
                                
                            

                        

                    
                

            

            
                                    Download
                                Report this document
            

            

        


        
            Embed Size (px):

            344 x 292
429 x 357
514 x 422
599 x 487


        

        

        

        
                
            Transcript of Chapter 14 Partial Derivativespioneer.netserv.chula.ac.th/~myotsana/118BSAC_Lecture.pdf · 14.3...

            Page 1
                        

Chapter 14 Partial Derivatives
 14.1 Functions of Several Variables
 A real-valued function of two variables, f , is a rule in terms of x and y, denoted
 by
 z = f(x, y)
 where x and y are real numbers.
 Ex 1. Let f be the function defined by
 f(x, y) = 4xy + 6 sin x− 2y.
 Compute f(0, 1) and f(π, 2).
 Ex 2. Let g be the function defined by
 g(x, y) =ex − 1
 x− y.
 Compute g(1, 0), g(1, e) and g(e, 1).
 1
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The domain of a function f is the set of points (x, y) such that z = f(x, y) is a real
 number. Unless specified, the domain of a function f will be taken to be the largest
 possible set for which the rule defining f is meaningful.
 Ex 3. Find and sketch the domain of each of the following functions.
 1. f(x, y) = 4xy + 6 sin x− 2y
 2. f(x, y) =ex − 1
 x− y
 3. f(x, y) =√
 1− x2 − y2
 4. f(x, y) = ln(x2 − y)
 2
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14.2 Limits and Continuity
 Ex 4. [Plugging in] Evaluate
 1. lim(x,y)→(1,1)
 3x2+y2 cos(
 π
 2x+ y)
 2. lim(x,y)→(2,−1)
 ln
 (
 1 + x+ 2y
 3y2 − x
 )
 3. lim(x,y)→(−1,1)
 arctanxy
 2x2 + y2
 3
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Ex 5. [Factoring] Evaluate
 1. lim(x,y)→(2,1)
 x2 − 4y2
 x2 − 2xy
 2. lim(x,y)→(1,−1)
 x+ y
 x−√
 xy + 2y2
 4
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3. lim(x,y)→(−1,0)
 arctany2 − xy
 y√3 + xy
 4. lim(x,y)→(1,2)
 2x3 + 6xy − x2y − 3y2
 2x4 + 2xy2 − x3y − y3
 5

Page 6
                        

Limits along curves
 Ex 6. Compute the following limits.
 1. lim(x,y)→(0,0)on y = x
 x2
 x2 + y2
 2. lim(x,y)→(0,0)on x = y2
 2x2y
 x+ y2
 3. lim(x,y)→(0,0)on y = −x
 x2y3
 x6 + y6
 6
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Ex 7. Let f(x, y) =xy
 x2 + y2, (x, y) 6= (0, 0).
 Find the limit of f(x, y) when (x, y) → (0, 0) on the following curves.
 1. C1 : X-axis
 2. C2 : y = x
 3. C3 : y = 2x
 7
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Consider the point (x0, y0). If C1 and C2 are two curves passing through (x0, y0) and
 lim(x,y)→(x0,y0)
 on C1
 f(x, y) 6= lim(x,y)→(x0,y0)
 on C2
 f(x, y)
 then lim(x,y)→(x0,y0)
 f(x, y) does not exist.
 Ex 8. Show that the following limits do not exists.
 1. lim(x,y)→(0,0)
 x
 x2 + y2
 8
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2. lim(x,y)→(0,0)
 x4 + y2
 x4 − y2
 3. lim(x,y)→(0,0)
 xy
 x2 + y2
 9
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4. lim(x,y)→(0,0)
 x2y
 x4 + y2
 5. lim(x,y)→(0,0)
 sin(x2)
 x2 + y2
 10
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We say that z = f(x, y) is continuous at the points (x0, y0) if
 lim(x,y)→(x0,y0)
 f(x, y) = f(x0, y0).
 Ex 9. Determine the set of points at which the function is continuous.
 1. f(x, y) =y
 x2 + y2
 2. f(x, y) = ln(x2 − y + 4)
 Do Exercises. 14.1 9–10 (a) and (b), 11, 13–19 (odd)
 Do Exercises. 14.2 5–17, 29–33 (odd)
 11
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14.3 Partial Derivatives
 Let z = f(x, y).
 The partial derivative of f with respect to x is
 ∂f
 ∂x= lim
 h→0
 f(x+ h, y)− f(x, y)
 hif limit exists
 and the partial derivative of f with respect to y is
 ∂f
 ∂y= lim
 k→0
 f(x, y + k)− f(x, y)
 kif limit exists
 Note that ∂f
 ∂xis the derivative of f with respect to x when y is a constant. Similarly,
 ∂f
 ∂yis the derivative of f with respect to y when x is a constant.
 Thus we could apply the derivative formulas for one variable in CAL I for finding the
 partial derivatives of f .
 We write∂f
 ∂x= fx = f1 = D1f
 and∂f
 ∂y= fy = f2 = D2f.
 E.g. f(x, y) = y2 sin x f(x, y) =√x ln y
 12
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Ex 10. Find the partial derivatives of
 1. f(x, y) = x3√y + ey + arctan x
 2. f(x, y) = e(x sin y)
 13
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3. f(x, y) = ( 3√x+ y3)4
 4. f(x, y) = x2 tan(x+ 2y)
 14
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5. f(x, y) =x+ ln y√y
 6. f(x, y) = ysinx
 15
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7. f(x, y, z) = z(sec y2)(ln x) + (cos z)y
 16
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Higher-Order Partial Derivatives
 fxx =∂2z
 ∂x2
 fx =∂z
 ∂x
 ✉✉✉✉✉✉✉✉✉
 ■■■■
 ■■■■
 ■
 fxy =∂2z
 ∂y∂x
 z = f(x, y)
 ✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟
 ✻✻✻✻
 ✻✻✻✻
 ✻✻✻✻
 ✻✻✻✻
 ✻✻✻✻
 fyx =∂2z
 ∂x∂y
 fy =∂z
 ∂y
 ✈✈✈✈✈✈✈✈✈
 ❍❍❍❍
 ❍❍❍❍
 ❍
 fyy =∂2z
 ∂y2
 The last four vertices of the above diagrams are called the second order partial deriva-
 tives of f .
 Ex 11. Find the second order partial derivatives of f .
 1. f(x, y) = x2y3 +√x ln y
 17
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2. f(x, y) = x arctan y − y4e2x
 3. f(x, y) = ln(3x+ y2)
 18
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Ex 12. Let f(x, y) = (sin y)(tan x) + (x2 + 3)y. Find fxy and fyx.
 Do Exercises. 14.3 15–27 (odd), 31–37 (odd), 41, 43, 51–57 (odd), 63–69 (odd)
 19
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Interpretations of Partial Derivatives
 Partial derivatives can also be interpreted as rates of change. If z = f(x, y), then∂f
 ∂x= the rate of change of z with respect to x when y is fixed, and
 ∂f
 ∂y= the rate of change of z with respect to y when x is fixed.
 Ex 13. Let z = f(x, y) = 4− x2 − 2y2.
 At the point (1, 1, 1), we have
 ∂z
 ∂x= −2x and
 ∂z
 ∂x
 ∣
 ∣
 ∣
 ∣
 (1,1)
 = −2
 is the slope of the tangent line to the curve C1 which is the intersection of the plane
 y = 1 and z = f(x, y) as shown.
 Similarly,∂z
 ∂y= −4y
 ∂z
 ∂x
 ∣
 ∣
 ∣
 ∣
 (1,1)
 = −4
 is the slope of the tangent line to the curve C2 which is the intersection of the plane
 x = 1 and z = f(x, y) as shown.
 20
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In general, if we have a surface z = f(x, y), at the point (a, b) we have
 fx(a, b) = the slope of the tangent line to the curve which is the intersection of the
 plane y = b and z = f(x, y) and
 fy(a, b) = the slope of the tangent line to the curve which is the intersection of the
 plane x = a and z = f(x, y)
 Ex 14. Find the slope of the line tangent to the curve in which
 1. the Y Z plane intersects the surface z = arctan(ye2x) at the point (0, 1, π/4)
 2. the plane y = −1 intersects the surface 4x2− 3y2+ z = 5 at the point (1,−1, 4)
 21
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14.4 Tangent Planes and Linear Approximations
 Tangent Planes
 Suppose f has continuous partial derivatives. An equation of the tangent plane to
 the surface z = f(x, y) at the point P (x0, y0, z0) is
 z − z0 = fx(x0, y0)(x− x0) + fy(x0, y0)(y − y0).
 22
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Ex 15. Find an equation of a plane tangent to
 1. z = x2 + y2 at the point (2,−1, 5)
 2. z = x− y + arctan(xy) at the point (1, 1, π/4)
 Do Exercises. 14.4 1–6 (odd)
 23
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Linear Approximations
 From tangent plane to z = f(x, y) at (a, b, c)
 z − c = fx(a, b)(x− a) + fy(a, b)(y − b),
 we may write
 dz = fx dx+ fy dy,
 called the total differential of f . For ∆x and ∆y are small, we have
 ∆z = f(a+∆x, b+∆y)− f(a, b)
 ≈ fx(a, b)∆x+ fy(a, b)∆y.
 That is,
 f(a+∆x, b+∆y) ≈ f(a, b) + fx(a, b)∆x+ fy(a, b)∆y.
 24
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Ex 16. 1. If z = f(x, y) = x2 + 3xy − y2, find the differential dz.
 2. If x changes from 2 to 2.05 and y changes from 3 to 2.96, compare the values
 dz and ∆z.
 25
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Ex 17. Approximate√
 (3.05)2 − (1.97)3.
 26
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Ex 18. Find the linear approximation of the function
 f(x, y) =y2
 (1 + sin x)y
 at (0, 2) and use it to approximate f(0.03, 1.98).
 Do Exercises. 14.4 11–15 (odd), 25–31 (odd)
 27
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14.5 The Chain Rule
 In CAL I, for y = f(x) and x = g(t), we have
 dy
 dt=
 dy
 dx
 dx
 dt.
 ydydx
 xdxdt
 t
 z∂z∂x
 ⑧⑧⑧⑧⑧⑧⑧⑧
 ∂z∂y
 ❄❄❄❄
 ❄❄❄❄
 xdxdt
 ydydt
 t t
 The Chain Rule (Case 1) Suppose that z = f(x, y) is a differentiable function of x
 and y, where x = g(t) and y = h(t) are both differentiable functions of t. Then
 dz
 dt=
 ∂z
 ∂x
 dx
 dt+
 ∂z
 ∂y
 dy
 dt.
 Ex 19. 1. If z = x2 − 2xy + xy3, x = t3 + 1 and y = 1/t, computedz
 dtat t = 1.
 2. If z = x2 + wey + sin(xw), x = 2t, y = t2 and w = sec t, computedz
 dt.
 28
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The Chain Rule (Case 2) Suppose that z = f(x, y) is a differentiable function of x
 and y, where x = g(u, v) and y = h(u, v) are both differentiable functions of u and v.
 Then∂z
 ∂u=
 ∂z
 ∂x
 ∂x
 ∂u+
 ∂z
 ∂y
 ∂y
 ∂uand
 ∂z
 ∂v=
 ∂z
 ∂x
 ∂x
 ∂v+
 ∂z
 ∂y
 ∂y
 ∂v.
 z∂z∂x
 ♦♦♦♦♦♦♦♦♦♦♦♦♦♦ ∂z
 ∂y
 ❖❖❖❖
 ❖❖❖❖
 ❖❖❖❖
 ❖❖
 x∂x∂u
 ⑧⑧⑧⑧⑧⑧⑧⑧ ∂x
 ∂v
 ❄❄❄❄
 ❄❄❄❄
 y∂y∂u
 ⑧⑧⑧⑧⑧⑧⑧⑧
 ∂y∂v
 ❄❄❄❄
 ❄❄❄❄
 u v u v
 Ex 20. 1. If z = ey sin x where x = u3v2 and y =√v ln u, find
 ∂z
 ∂uand
 ∂z
 ∂v.
 29
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2. If w = x2 + sin(yz)− ex, x = uv, y = ln(v2 + 1) and z = u cos v,
 find∂w
 ∂uand
 ∂w
 ∂vwhen u = −1 and v = 0.
 30
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3. If z = arctan (u2v), u = 2x+ 3y and v = x2 + y2,
 find∂z
 ∂xand
 ∂z
 ∂ywhen x = −1 and y = 1.
 31
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Ex 21. Show that z = f(s2 − t2, t2 − s2) satisfies the partial differential equation
 t∂z
 ∂s+ s
 ∂z
 ∂t= 0.
 32
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Consider the function z = f(x, y) given implicitly as F (x, y, z) = 0,
 F∂F∂x
 qqqqqqqqqqqqq
 ∂F∂y
 ∂F∂z
 ❖❖❖❖
 ❖❖❖❖
 ❖❖❖❖
 ❖❖
 x y z∂z∂x
 ��������
 ∂z∂y
 ❃❃❃❃
 ❃❃❃❃
 x y
 by the chain rule, we have
 ∂F
 ∂x+
 ∂F
 ∂z
 ∂z
 ∂x= 0 and
 ∂F
 ∂y+
 ∂F
 ∂z
 ∂z
 ∂y= 0.
 Hence
 ∂z
 ∂x= −
 ∂F
 ∂x∂F
 ∂z
 and∂z
 ∂y= −
 ∂F
 ∂y∂F
 ∂z
 .
 33
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Ex 22. Compute∂z
 ∂xand
 ∂z
 ∂yfor
 1. y2 − e2y sin x = z2
 2.√x sec y = ln(z3 + x)
 34
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3. x5 + xy2 + yz = 5
 4. x4 + y4 + z4 = y cos z − 12
 Do Exercises. 14.3 47, 49
 Do Exercises. 14.5 1–11 (odd), 21–25 (odd), 31, 33
 35
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Chapter 15 Multiple Integrals
 15.1, 15.2 Double Integrals over Rectangles
 Let f be a continuous function on D = [a, b]×[c, d] and f(x, y) ≥ 0 for all (x, y) ∈ D.
 Then
 f(x∗
 ij , y∗
 ij)× area Rij = f(x∗
 ij, y∗
 ij)∆xi∆yj
 is the volume of a sub-rectangular bar with height f(x∗
 ij, y∗
 ij) over the sub-rectangle Rij .
 Thus,
 Smn =m∑
 i=1
 n∑
 j=1
 f(x∗
 ij, y∗
 ij)∆xi∆yj
 (called the Riemann sum of f on D) is the sum of all sub-rectangular bars over D.
 Hence, we have∫∫
 D
 f dA = limm→∞
 n→∞
 Smn
 is the volume of the solid under the surface z = f(x, y) over D = [a, b]× [c, d].
 Theorem. Let f : D → R, where D = [a, b]× [c, d]. If f is an integrable function
 on D, then
 ∫∫
 D
 f dA =
 ∫ d
 c
 ∫ b
 a
 f(x, y) dxdy =
 ∫ b
 a
 ∫ d
 c
 f(x, y) dydx.
 1
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Ex 1. Find the volume of the solid above the XY -plane under the surface
 z = 16− x2 − 2y2 over the rectangle D = [0, 2]× [0, 2].
 2
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Ex 2. Find
 ∫∫
 D
 xy2 dA, where D = [1, 2]× [−3, 0].
 3
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Ex 3. Find
 1.
 ∫∫
 D
 2y
 1 + x2dA, where [0, 1]× [1, 3].
 2.
 ∫∫
 D
 xey +y
 xdA, where [1, e]× [0, 2].
 4
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Ex 4. Find
 ∫∫
 D
 yex+y2 dA, where D = [0, 1]× [0, 1].
 5
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Ex 5. Find
 ∫ 1/2
 0
 ∫ π/2
 0
 x cos(xy) dydx.
 6
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Ex 6. Find the volume of the solid under the plane z = 6−x and above the rectangle
 [0, 3]× [0, 4] as shown below.
 Do Exercises. 15.2 #1–21 (odd), 25–31 (odd)
 7
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16.3 Double Integrals over General Regions
 Let f : S → R be a continuous function on
 S = {(x, y) | a ≤ x ≤ b g1(x) ≤ y ≤ g2(x)}.
 Then∫∫
 S
 f dA =
 ∫ b
 a
 ∫ g2(x)
 g1(x)
 f(x, y) dydx .
 Similarly, if we have
 S = {(x, y) | c ≤ y ≤ d h1(y) ≤ x ≤ h2(y)},
 then∫∫
 S
 f dA =
 ∫ d
 c
 ∫ h2(y)
 h1(y)
 f(x, y) dxdy .
 8
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Ex 7. Find
 ∫∫
 S
 y − x dA,
 where S is the region bounded by the line y = 2x and parabola y = x2.
 9
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Ex 8. Evaluate
 ∫∫
 D
 x2 dA,
 where D is the region bounded by parabolas y = 2x2 and y = 1 + x2.
 10
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Ex 9. Evaluate
 ∫∫
 S
 xey dA,
 where S is the region bounded by Y -axis, line y = 4 and parabola y = x2 with x ≥ 0.
 11
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Ex 10. Find
 ∫∫
 S
 ln |x|y2
 dA,
 where S is the region bounded by lines y = x and y = 2x when 1 ≤ x ≤ 3.
 12
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Ex 11. Sketch the region of integration and change the order of the following integrals.
 1.
 ∫ 1
 0
 ∫ 2x
 0
 f(x, y) dydx
 2.
 ∫ 2
 0
 ∫ y2
 0
 f(x, y) dxdy
 13
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Ex 12. Evaluate the following iterated integrals.
 1.
 ∫ π
 0
 ∫ π
 x
 sin y
 ydydx
 14
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2.
 ∫ 1
 0
 ∫ 1
 y
 1
 1 + x4dxdy
 15
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Ex 13. Sketch the region of integration and change the order of the integral
 ∫ 3
 0
 ∫
 √25−y2
 4y/3
 f(x, y) dxdy.
 16
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Ex 14. Let R be the triangle bounded by three lines:
 y = x, y = −x and 2x+ y = 3.
 1. Sketch and shade the region R.
 2. Set the double integral
 ∫∫
 R
 f(x, y) dA by using dA = dx dy AND by using
 dA = dy dx.
 17
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Ex 15. Find the volume of the solid above the XY -plane under the surface
 z = e−(x3+1) over
 S = {(x, y) | 0 ≤ y ≤ 4 and√y ≤ x ≤ 2}.
 Do Exercises. 15.3 #1–9 (odd), 17–31 (odd), 43–53 (odd)
 18
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16.4 Double Integrals in Polar Coordinates
 Polar Coordinate System
 We choose a point in the plane that is called the pole (or origin) and is labeled O.
 Then we draw a ray (half-line) starting at O called the polar axis.
 If P is any other point in the plane, let
 r = the distance from O to P and
 θ = the angle (measured in radians) between the polar axis and the line OP.
 Then the point P is represented by the ordered pairs (r, θ) and r, θ are called polar
 coordinates of P . We use the convention that an angle is positive if measured in the
 counter clockwise direction from the polar axis and negative in the clockwise direction.
 If P = O, then r = 0 and we agree that (0, θ) represents the pole for any θ.
 Ex 16. Plot the points whose polar coordinates are given.
 A(1, 3π4), B(−1, π
 4), C(5, π
 6), D(−1, 5π
 6), E(−3, 5π
 12)
 19
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The relationship between the polar coordinate (r, θ) and the Cartesian coordinate (x, y)
 of a point P 6= O
 is given below.
 x = r cos θ r2 = x2 + y2
 y = r sin θ tan θ =y
 x
 Ex 17. Convert the following points into Cartesian coordinate system.
 1. (2, π3)
 2. (−1, 3π4)
 3. (−√3, π
 2)
 Ex 18. Convert the following points into polar coordinate system, where r > 0 and
 0 ≤ θ < 2π.
 1. (−√3, 1)
 2. (0,−2)
 3. (−3, 3)
 20
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Ex 19. Find a polar equation for the curve represented by the given Cartesian equa-
 tion. (Answer in the form r = f(θ).)
 1. x2 + y2 = 4
 2. x2 + y2 = 2x
 3. y = x2 + x
 4. x = 4, y = −1
 5. x+ y = 3
 6. x2 − y2 = 1
 21
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Ex 20. Find a Cartesian equation for the following curve.
 1. r = 3
 2. r = −5 cos θ
 3. r =4
 3 sin θ + cos θ
 4. θ =π
 3
 5. r = tan θ sec θ, r = sin 2θ
 22
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Let f : D → R be an integrable function onD = {(r, θ) | a ≤ r ≤ b and α ≤ θ ≤ β}.
 If we divide D into small parts as shown,
 then
 the area of Rij = (r∗i∆θ)(∆r) = r∗i∆ri∆θj.
 Let x∗
 ij = r∗i cos θ∗
 j y∗ij = r∗i sin θ∗
 j . Then
 f(x∗
 ij, y∗
 ij)× Rij = f(r∗i cos θ∗
 j , r∗
 i sin θ∗
 j )r∗
 i∆ri∆θj
 is the volume of the prism with height f(r∗i cos θ∗
 j , r∗
 i sin θ∗
 j ) over the region Rij . Thus,
 Smn =m∑
 i=1
 n∑
 j=1
 f(r∗i cos θ∗
 j , r∗
 i sin θ∗
 j )r∗
 i∆ri∆θj
 (called the Riemann sum of f over D) is the sum of the volumes of the small prisms
 over D. Hence,
 ∫∫
 D
 f dA = limm→∞
 n→∞
 Smn =
 ∫ β
 α
 ∫ b
 a
 f(r cos θ, r sin θ) r drdθ
 called the iterated integral of f over D in polar coordinate system.
 23
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In the case, D = {(r, θ) | h1(θ) ≤ r ≤ h2(θ) α ≤ θ ≤ β} as shown,
 we have∫∫
 D
 f dA =
 ∫ β
 α
 ∫ h2(θ)
 h1(θ)
 f(r cos θ, r sin θ) r drdθ.
 Ex 21. Let D be the region as shown.
 Write the double integral
 ∫∫
 D
 f dA as an iterated integral by using polar coordinates.
 1.
 2.
 3.
 24
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Ex 22. Evaluate
 ∫∫
 D
 √
 x2 + y2 − 1 dA,
 where D is the region in the first quadrant bounded by the circles x2 + y2 = 1 and
 x2 + y2 = 5.
 25
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Ex 23. Evaluate
 ∫∫
 D
 y dA,
 where D is enclosed by the Y -axis, the lines y = x and y = 2 and outside the circle
 (x− 1)2 + y2 = 1.
 26
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Ex 24. Evaluate
 ∫∫
 D
 √
 x2 + y2 dA,
 where D is the region in the first quadrant inside the circle x2 + y2 = 9 and outside
 the circle (x− 1)2 + y2 = 1.
 27
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Ex 25. Convert the following iterated integrals to polar coordiantes.
 1.
 ∫ 3
 3/2
 ∫
 √
 9−x2
 0
 f(x, y) dydx
 2.
 ∫ 1
 0
 ∫
 √1−y2
 1−y
 f(x, y) dxdy
 28
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3.
 ∫ 1
 0
 ∫ 1
 y2f(x, y) dxdy
 29
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Ex 26. Find the volume of the solid above theXY -plane under the surface z = x2+y2
 and inside the cylinder x2 + y2 = 2x as shown.
 Do Exercises. 16.4 #1, 3, 4, 7–13 (odd), 17, 19–31 (odd)
 Additional Exercises
 Evaluate the iterated integrals by converting to polar coordinates.
 1.
 ∫ 1
 0
 ∫
 √y
 y
 √
 x2 + y2 dxdy 2.
 ∫ 2
 1
 ∫ x
 0
 1
 x2 + y2dydx
 3.
 ∫ 1
 0
 ∫
 √2y−y2
 0
 (x2 + y2)3/2 dxdy 4.
 ∫ 0.5
 0
 ∫
 √
 x−x2
 −
 √
 x−x2
 y dydx
 Answer: 1. 245(√2 + 1) 2. π
 4ln 2 3. 256
 75− 3
 40ln(
 √2− 1)− 1271
 √
 2600
 4. 0
 30
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First Ordered Differential Equations
 A differential equation is an equation that involves the derivative or differential of an
 unknown function. For example
 (1)dy
 dx= 2x− 4
 (2)d2y
 dx2+
 (
 dy
 dx
 )3
 = ex
 From (1), we have y = x2 − 4x + C. This gives all the solutions of (1), called
 the general solution of (1). Note that there are infinitely many solutions to the
 differential equation (1). If we specify the value of y at a certain point x, we can obtain
 a particular solution. For example, suppose we know that y(2) = −1. Then we have
 −1 = 22 − 4(2) + C
 so
 C = 3.
 Thus we have y = x2 − 4x+ 3 is the solution ofdy
 dx= 2x− 4 with an initial condition
 y(2) = −1.
 Ex 1. Find f(x) by solving the initial value problem
 f ′(x) = 3x2 + 4x− 1 and f(2) = 9.
 Do Exercises. 4.9 #31, 33, 35
 1
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1. Separable Equations
 Consider the first order equation of the form
 dy
 dx= f(x)g(y).
 Then1
 g(y)dy = f(x) dx.
 Such a differential equation is called a separable equation.
 Ex 2. Find the general solution for
 (1) y′ = e3x cos2 y
 (2) y′ =(x2 − 2)y2
 x(y2 + 3)
 2
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(3) (3 + y2) dx+ y√1− x2 dy = 0
 Ex 3. Find the particular solution fordy
 dx=
 y cos x
 1− 2y2and y(0) = 1.
 Do Exercises. 9.3 # 1–17(odd)
 3
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2. Homogeneous Equations
 2.1 Reduction to Separable Form
 Certain first-order differential equations are not separable but can be made separable
 by a simple change of variables. For example,
 Ex 4. Find the general solution for 2xy dy − (y2 − x2) dx = 0.
 4
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Ex 5. Find the particular solution for the initial value problem
 y′ =y
 x+
 2x3 cos(x2)
 yand y(
 √π) = 1.
 Note that we can substitute v =y
 xfor equation of the form
 y′ = g(y
 x
 )
 dy = g(y
 x
 )
 dx
 x dv + v dx = g(v) dx
 x dv = (g(v)− v) dx
 1
 g(v)− vdv =
 1
 xdx
 as in Example 4.
 5
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We call f(x, y) a homogeneous function of degree n if
 f(kx, ky) = knf(x, y), k > 0 (∗).
 1. y3 − 2xy2
 2. x2ey/x
 3.√x+ y
 4.1
 x− 2y
 5. F(y
 x
 )
 6
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From (∗) if x > 0 we let k =1
 xand if x < 0 we let k = −1
 x, then
 f(x, y) =
 xnf(1,y
 x), if x > 0
 (−x)nf(−1,−y
 x), if x < 0
 2.2 Homogeneous Equations
 A first order differential equation of the form
 M(x, y) dx+N(x, y) dy = 0 (∗∗)
 where M(x, y) and N(x, y) are homogeneous functions of the same degree, is called a
 homogeneous equation. The equation (∗∗) can be written in the form
 dy
 dx= −M(x, y)
 N(x, y)=
 −M(1, y/x)
 N(1, y/x), if x > 0
 −M(−1,−y/x)
 N(−1,−y/x), if x < 0
 = F(y
 x
 )
 Hence we can substitute v =y
 xand find its solution.
 Ex 6. Find the solution for
 1. (x2y + 2y3) dx− x3 dy = 0
 7

Page 73
                        

2.(
 y + y ln(y
 x
 ))
 dx− x dy = 0
 8
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3. xy′ cosec2(y
 x
 )
 = y cosec2(y
 x
 )
 − x and y(2) = π
 9
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Do Exercises.
 Homogeneous Equations
 Differential Equation Exercises may contain questions involving techniques of integration.*
 Find solution for the following equations.
 1. (y2 − xy) dx+ x2 dy = 0 [ln |x| − x/y = C]
 2. 2xy y′ = y2 + x2 [x3 − xy2 = Cx2]
 3.dy
 dx= −xy + 3y2
 x2[x2y = C(3y + 2x)]
 4. x3 − 2y3 + 3xy2 y′ = 0 [x3 + y3 = Cx2]
 5. 2yex/y dx = (2xex/y − y) dy [2ex/y + ln |y| = C]
 6. y′ =y
 x+ sec
 y
 xand y(2) = π
 [sin(y/x) = ln |x|+ 1− ln 2]
 7. y(x2 + y2) dx+ x(3x2 − 5y2) dy = 0 and y(2) = 1
 [x3y + x2y + y2 = 8]
 8. xy y′ = x2e−y/x + y2 and y(1) = 0
 [ln |x| − ey/x(1− y/x) = 1]
 10
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3. Exact Equations
 We call a first order differential equation
 M(x, y) dx+N(x, y) dy = 0 (♥)
 an exact equation if there exists a function u(x, y) such that
 d u(x, y) = M(x, y) dx+N(x, y) dy = 0.
 Then u(x, y) = C is a solution of (♥).
 From the total differential, we have
 du(x, y) = ux dx+ uy dy,
 so M = ux and N = uy
 Since uxy = uyx,∂M
 ∂y=
 ∂N
 ∂x
 That is,
 M(x, y) dx+N(x, y) dy = 0 is an exact equation
 if and only if∂M
 ∂y=
 ∂N
 ∂x.
 From ux = M and uy = N , we get
 u(x, y) =
 ∫
 M(x, y) dx+ k(y)
 or
 u(x, y) =
 ∫
 N(x, y) dy + ℓ(x).
 11
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Ex 7. Find the general solution for
 1. (3x2y + 2xy)dx+ (x3 + x2 + 2y)dy = 0
 12
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2. (ex − cos y + sin 2x) dx+ (√y + x sin y) dy = 0
 13
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3. 3y(x2 − 1)dx+ (x3 + sec2 y − 3x)dy = 0
 14
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Integrating Factors
 In the case that
 M(x, y) dx+N(x, y) dy = 0
 is NOT exact, it is sometimes possible to convert this equation by multiplying it by a
 suitable function µ(x, y), called an integrating factor.
 y dx− x dy = 0
 3y2 dx+ 2xy dy = 0
 15
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Finding Integrating Factors
 Suppose that µ(x, y) is an integrating factor so that the equation
 µM dx+ µN dy = 0
 is exact. Then
 ∂
 ∂yµM =
 ∂
 ∂xµN
 µ∂M
 ∂y+M
 ∂µ
 ∂y= µ
 ∂N
 ∂x+N
 ∂µ
 ∂x
 1
 µ
 [
 N∂µ
 ∂x−M
 ∂µ
 ∂y
 ]
 =∂M
 ∂y− ∂N
 ∂x
 If µ is only a function in x, then∂µ
 ∂y= 0, so
 1
 µ
 ∂µ
 ∂x=
 1
 N
 [
 ∂M
 ∂y− ∂N
 ∂x
 ]
 = f(x).
 Thus,∫
 1
 µdµ =
 ∫
 f(x) dx
 lnµ =
 ∫
 f(x) dx.
 Hence,
 µ = exp
 (∫
 f(x) dx
 )
 .
 Similarly, if µ is only a function in y, then
 1
 µ
 ∂µ
 ∂y=
 1
 M
 [
 ∂N
 ∂x− ∂M
 ∂y
 ]
 = g(y).
 Hence,
 µ = exp
 (∫
 g(y) dy
 )
 .
 16
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Ex 8. Find the general solution for
 1. (4xy + 3y2 − x)dx+ x(x+ 2y)dy = 0
 17
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2. y(x+ y)dx+ (x+ 2y − 1)dy = 0
 18

Page 84
                        

3. (xy − x2)y′ − xy + 1 = 0
 19
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4. ex dx+ (ex cot y + 2y cosec y) dy = 0
 20
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Do Exercises.
 Exact Equations
 Differential Equation Exercises may contain questions involving techniques of integration.*
 Find solution for the following equations.
 1. (3x2 − 2xy + 2) dx+ (6y2 − x2 + 3) dy = 0
 [x3 − x2y + 2x+ 2y3 + 3y = C]
 2. (ex sin y − 2y sinx) dx+ (ex cos y + 2 cosx) dy = 0
 [ex sin y + 2y cosx = C]
 3. (yexy cos 2x− 2exy sin 2x) dx+ (xexy cos 2x− 3) dy = 0
 [exy cos(2x)− 3y = C]
 4. (y/x+ 6x) dx− (2− lnx) [y lnx+ 3x2 − 2y = C]
 5.x dx
 (x2 + y2)3/2dx+
 y dy
 (x2 + y2)3/2= 0
 [√
 x2 + y2 = C]
 6. ln(1 + y2) =
 (
 1
 y− 2xy
 1 + y2
 )
 dy
 dxand y(2) =
 √e− 1
 [x ln(1 + y2)− ln |y|+ (0.5) ln(e− 1) = 2]
 7. y′ = e2x + y − 1 [y = Cex + 1 + e2x]
 8. dx+ (x/y − sin y) dy = 0 [xy + y cos y − sin y = C]
 9. y dx+ (2xy − e−2y) dy = 0 [xe2y − ln |y| = C]
 10. (1 + x sin y)dy
 dx+ cos y = 0 [x sec y + tan y = C]
 11. (x2 + y) dx− (x2 cos y − x) dy = 0 and y(2) = 0
 [x2 + y + x sin y = 2x]
 12. 2y(x2 − y + x) dx+ (x2 − 2y) dy = 0 and y(0) = −1
 [x2ye2x − y2e2x + 1 = 0]
 21
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4. Linear Equations
 An equation in the form
 dy
 dx+ P (x)y = Q(x) (∗)
 is called a linear equation. This equation can be written as
 (P (x)y −Q(x))dx+ dy = 0.
 Since∂
 ∂y(P (x)y −Q(x)) = P (x) and
 ∂ 1
 ∂x= 0,
 (∗) is not exact and its integrating factor is
 µ = exp
 (∫
 P (x) dx
 )
 .
 Note thatdµ
 dx= exp
 (∫
 P (x) dx
 )
 P (x) = µP (x).
 Then
 µdy
 dx+ µP (x)y = µQ(x)
 µ dy + yµP (x) dx = µQ(x) dx
 µ dy + y dµ = µQ(x) dx
 d(µy) = µQ(x) dx
 µy =
 ∫
 µQ(x) dx
 so
 y =1
 µ
 ∫
 µQ(x) dx, where µ = exp
 (∫
 P (x) dx
 )
 .
 22
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Ex 9. Find the general solution for
 1.dy
 dx+ 2xy = xe−x2
 2. y′ + y tan x = sin 2x
 23
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Ex 10. Find the particular solution for
 (x2 + 1)y′ = 2xy + x4 − 1 and y(1) = π.
 24

Page 90
                        

A Bernoulli equation is an equation of the form
 dy
 dx+ P (x)y = Q(x)yn.
 Divide by yn, we get
 y−n dy
 dx+ P (x)y1−n = Q(x),
 so1
 1− n
 d
 dxy1−n + P (x)y1−n = Q(x).
 Thus,d
 dxy1−n + (1− n)P (x)y1−n = (1− n)Q(x).
 If we let z = y1−n, then
 dz
 dx+ (1− n)P (x)z = (1− n)Q(x)
 which is a linear equation.
 Ex 11. Find a general solution for
 1.dy
 dx− y
 x= y2ex
 2
 25
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2. xdy
 dx+ 6y = −3x2y4/3
 26
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3. y4(xy′ + y)√1 + x6 = x
 27
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Ex 12. Find the particular solution for
 xy′ + y = (xy)2ex and y(1) = e.
 Do Exercises. 9.5 #1–19 (odd), 24, 25
 28
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Linear Equations
 1.dy
 dx+ y cot x = 2 cos x [y = sinx+ C cosecx]
 2. xy′ + (1 + x)y = e−x [y = e−x + Ce−x/x]
 3.dy
 dx+
 2y
 x= x2y4 [y = (x3 + Cx6)−1/3]
 4. y′ +y
 x= y2 ln x [1/y = x[(lnx)2/2 + C]]
 5.dy
 dx+
 y
 2x=
 x
 y3and y(1) = 2 [y4 = x2 + 15/x2]
 Miscellaneous Problems
 1. x2(y2 + 1) dx+ y√x3 + 1 dy = 0
 [(2/3)√x3 + 1 + (1/2) ln(y2 + 1) = C]
 2. (xey/x + y) dx− x dy = 0 [ln |x|+ e−y/x = C]
 3. x2ydy
 dx= (1 + x) cosec y
 [sin y − y cos y + 1/x− ln |x| = C]
 4. (2y − 3x2y − x3) dx+ x3 dy = 0
 [y = x3(1/2 + Ce1/x2
 )]
 5. 2y′ + y = (x− 1)y3 [y−2 = x+ Cex]
 6. y′ +y
 x ln x= x2 [y lnx =
 x3
 9(3 lnx− 1) + C]
 29
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Ex 13. (MIXTURE PROBLEM) A tank initially contains 20 gal of pure water. Brine
 containing 3 lb of salt per gallon flows into the tank at the rate of 2 gal/min, and
 well stirred mixture flows out of the tank at the same rate. How much salt is present
 in the tank at any time? How much salt is present at the end of a half-hour? How
 much salt is present in the long run?
 30
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Ex 14. A tank initially contains 12 gal of brine, in which 2 lb of salt is dissolved.
 Brine containing 2.5 lb of salt per gallon flows into the tank at the rate of 5 gal/min,
 and the well-stirred mixture flow out of the tank at the rate of 4 gal/min. How much
 salt is in the tank at any time t? How much salt is present at the end of one hour?
 How much salt is in the tank in the long run?
 31
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Applications
 1. A tank initially contains 10 gal of pure water. Brine containing 2 lb of salt per gallon
 flows into the tank at a rate of 5 gal/min, and the well-stirred mixture flows out of the
 tank at the same rate. How much salt is in the tank at any time t? How much salt is in
 the tank in the long run?
 2. A tank initially contains 30 gal of brine, in which 2 lb of salt is dissolved. Brine containing
 3 lb of salt per gallon flows into the tank at the rate of 4 gal/min, and the well-stirred
 mixture flow out of the tank at the rate of 5 gal/min. How much salt is in the tank at
 any time t? How much salt is present at the end of one hour?
 Review Practice Problems
 1.1
 1 + x2dy + (1 + y2) dx = 0
 2. dy +y − sin x
 xdx = 0
 3. (x+ ln(y/x)x)y′ − y = 0
 4. (cos(x2) + 2y3) dx+ 3xy2 dy = 0
 5. x2y′ + 2xy = x4y3
 32
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