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Ch.7. Group Work Units
 Continuum Mechanics Course (MMC) - ETSECCPB - UPC
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Unit 1
 ( )0
 , , 00 0 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 x xy
 xy yx y tεε εε ε
 The strain state defined by
 a c b d
 ( ) ( ) ( ), , 0 ; , , 0 ; , , , 0≠ ≠ =x y zu x y t u x y t u x y z t A generic plane strain state.
 A generic plane stress state. A plane stress state with 0=ν
 can correspond to:
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Unit 1 – Solution
 a c b d
 ( ) ( ) ( ), , 0 ; , , 0 ; , , , 0≠ ≠ =x y zu x y t u x y t u x y z t A generic plane strain state.
 A generic plane stress state. A plane stress state with 0=ν
 ( )0
 , , 00 0 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 x xy
 xy yx y tεε εε ε
 The strain state defined by
 can correspond to:
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Unit 2
 ( )0
 , , 00 0 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 x xy
 xy yx y tσσ ττ σ
 a c b d
 A generic plane strain state. A generic plane stress state.
 A plane stress state with 0=ν A plane strain state with 0=ν
 The stress state defined by
 can correspond to:
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Unit 2 – Solution
 a c b d
 A generic plane strain state. A generic plane stress state.
 A plane stress state with 0=ν A plane strain state with 0=ν
 ( )0
 , , 00 0 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 x xy
 xy yx y tσσ ττ σ
 The stress state defined by
 can correspond to:
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Unit 3
 A plane stress state verifies:
 a c b d
 ( )0
 , , 0 0 0 0
 if 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 =
 x xy
 xy yx y tεε εε ε
 ν
 A smooth boundary with no applied tractions coincides with an isostatic line.
 All the actions are contained in the plane of analysis.
 ( ) ( )( )
 ; , , , , , , ,
 , , , ,
 = =
 =x x y y
 xy xy
 x y z t x y z t
 x y z t
 σσ σ σ
 τ τ
 and the rest of the Cauchy’s stress tensor components are null.
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Unit 3 – Solution
 A plane stress state verifies:
 a c b d
 ( )0
 , , 0 0 0 0
 if 0
 ⎡ ⎤⎢ ⎥≡ ⎢ ⎥⎢ ⎥⎣ ⎦
 =
 x xy
 xy yx y tεε εε ε
 ν
 A smooth boundary with no applied tractions coincides with an isostatic line.
 All the actions are contained in the plane of analysis.
 ( ) ( )( )
 ; , , , , , , ,
 , , , ,
 = =
 =x x y y
 xy xy
 x y z t x y z t
 x y z t
 σσ σ σ
 τ τ
 and the rest components of the Cauchy’s stress tensor are null.
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Unit 4
 Indicate which of the following statement/s is/are true for a plane stress state:
 a c b d
 The maximum shear stress lines a re the enve lopes o f the directions which coincide at each point with the maximum shear stress (in modulus).
 Isoclines correspond to the locus of those points in which the principal stresses form a certain angles with the x-axis.
 Isostatic lines are the locus of those points in which the principal stresses coincide, i.e. . 1 2σ σ=
 All isoclines intersect at a singular point.
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Unit 4 – Solution
 Indicate which of the following statement/s is/are true for a plane stress state:
 a c b d
 The maximum shear stress lines a re the enve lopes o f the directions which coincide at each point with the maximum shear stress (in modulus).
 Isoclines correspond to the locus of those points in which the principal stresses form a certain angles with the x-axis.
 All isoclines intersect at a singular point.
 Isostatic lines are the locus of those points in which the principal stresses coincide, i.e. . 1 2σ σ=
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Unit 5
 Indicate which of the following statement/s is/are true for a plane stress state:
 a c b d
 All isostatics intersect at a singular point.
 At a neutral point any direction is a principal direction.
 In a cylindrical shell subjected to pressure at the external radius, i s o c l i n e s a r e r a d i a l a n d circumferential lines.
 All isoclines intersect at a neutral point.
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Unit 5 – Solution
 Indicate which of the following statement/s is/are true for a plane stress state:
 a c b d
 All isostatics intersect at a singular point.
 At a neutral point any direction is a principal direction.
 In a cylindrical shell subjected to pressure at the external radius, i s o c l i n e s a r e r a d i a l a n d circumferential lines.
 All isoclines intersect at a neutral point.
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Unit 6
 Indicate which of the following equations correspond to maximum (in modulus) shear stress lines for the rectangular plate shown below subjected to the following plane stress state:
 ( )0 0 0 0
 , 0 0 0 0 0 0 0 0 0
 where 0
 x xy
 xy yx y my
 m
 σ ττ σ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦>
 σ
 y
 x
 a a
 a b c d =y mx = −y x = −y mx = −y x a
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Unit 6 – Solution
 Indicate which of the following equations correspond to maximum (in modulus) shear stress lines for the rectangular plate shown below subjected to the following plane stress state:
 ( )0 0 0 0
 , 0 0 0 0 0 0 0 0 0
 where 0
 x xy
 xy yx y my
 m
 σ ττ σ⎡ ⎤ ⎡ ⎤⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦>
 σ
 y
 x
 a a
 a b c d =y mx = −y x = −y mx = −y x a
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Unit 7
 Justify whether the following statements are true or false: a) If a plane state of stress has a singular point, all the isoclines cross said point. b) If a plane state of stress is uniform, all the slip lines are parallel to each other.
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Unit 7 – Solution
 a) If a plane state of stress has a singular point, all the isoclines cross said point.
 A singular point is characterized by the stress state:
 1 2
 0==
 σ στ
 In the Mohr space this 2D stress state is represented by a point located at the axis.−σ
 τ
 σ
 The stress state is represented by a point
 Therefore, all directions are principle stress directions and, given an angle__ which can take any value, the principal stress direction will form an angle with the x-axis. Then, all isoclines of angle will cross said point and, since this holds true for any value of .
 STATEMENT A IS TRUE
 θθ
 θθ
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Unit 7 – Solution
 b) If a plane state of stress is uniform, all the slip lines are parallel to each other.
 A uniform state of stress implies that the Mohr’s circle is equal in all points of the medium. Therefore, the planes of maximum shear stress will be the same in all points.
 τ
 σ
 Then, the maximum shear stress lines, or slip lines, will be parallel to each other.
 STATEMENT B IS TRUE
 maxτ
 max−τ
 Pole
 maxτDirections of
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Unit 8
 Plot the isostatics in the transversal section of the cylindrical shell sown below.
 where 0 ; 0rBu Ar A Br
 = + > >0uθ =
 0zu =
 Assume a displacement field of the form:
 θ
 r
 p
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Unit 8 – Solution
 The following notation is going to be considered: ( ) ( )rf f r u r= =
 Therefore, a displacement field with the following expression is obtained:
 [ ] [ ]T Tr zu , u , u f , 0, 0θ= =u
 The strain tensor has then the following expression in cylindrical coordinates:
 ( )12
 = ∇ + ∇ε u urr r rz
 r z
 rz z zz
 f 0 0f0 0r
 0 0 0
 θ
 θ θθ θ
 θ
 ′⎡ ⎤ε ε ε⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎢ ⎥= ε ε ε =⎢ ⎥ ⎢ ⎥⎢ε ε ε ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦
 ε
 This expression can be related to the stress tensor through the equation:
 ( )Tr 2= λ + µσ ε 1 ε ( ) fwhere in this case Tr fr
 ′ε = +
 ( )rBu r Arr
 = +
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Unit 8 – Solution
 ( )rr 2
 f Bf 2 f 2 A 2 r r
 ⎛ ⎞′ ′σ = λ + + µ = λ +µ − µ →⎜ ⎟⎝ ⎠
 ( ) 2
 f f Bf 2 2 A 2 r r rθθ
 ⎛ ⎞′σ = λ + + µ = λ +µ + µ →⎜ ⎟⎝ ⎠
 zzff 2 A r
 ⎛ ⎞′σ = λ + = λ →⎜ ⎟⎝ ⎠
 r rz z 0θ θσ = σ = σ =
 Since in this expressions, all the parameters and B are positive, isostatics will be:
 , , A λ µ
 rrθθσ > σ 1 θθσ = σ 2 rrσ = σ1Isostatics σ2Isostatics σ
 f BArr
 = + 2f BAr
 ′ = −
 ( )rr 2
 B2 A 2r
 σ = λ +µ − µ
 σθθ = 2 λ + µ( )A + 2µ B
 r2
 zz 2 Aσ = λ
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Unit 9
 The inner and outer radius of a pipe are and respectively. The pipe is long enough to consider a plane strain state, under an inner pressure of 1 MPa. For a normal section of the tube, the following is asked: a)  Calculate and draw the variation of principal stresses along the radius.
 b)  Plot the isostatics differentiating between the two families.
 1 100 r mm= 2 250 r mm=
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Unit 9 – Solution
 Cylindrical coordinates are used. Concerning the displacement vector, due to symmetry, the form below can be assumed feasible:
 [ ] ( ), , , 0, 0TT
 r z ru u u u rθ ⎡ ⎤= = ⎣ ⎦u
 Applying Navier Equations in cylindrical coordinates and considering the symmetry stated above, the remaining expression is:
 ( )1 0rrur r r∂ ∂⎛ ⎞ =⎜ ⎟∂ ∂⎝ ⎠
 , 0, 0TBAr
 r⎡ ⎤= +⎢ ⎥⎣ ⎦
 u
 The strain tensor will then have the following expression:
 ( )12
 = ∇ + ∇ε u urr r rz
 r z
 rz z zz
 θ
 θ θθ θ
 θ
 ε ε ε⎡ ⎤⎢ ⎥= ε ε ε =⎢ ⎥⎢ε ε ε ⎥⎣ ⎦
 ε
 2
 2
 BA 0 0r
 B0 A 0r
 0 0 0
 ⎡ ⎤−⎢ ⎥⎢ ⎥⎢ ⎥+⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
 Navier Equations in cylindrical coordinates can be found at the end of the problem.
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Unit 9 – Solution
 The obtained results can be related to the stress tensor according to the equation:
 ( )Tr 2= λ + µσ ε 1 ε ( )where in this case Tr 2Aε =
 ( )rr 2 2
 B B2 A 2 A 2 A 2 r r
 ⎛ ⎞σ = λ + µ − = λ +µ − µ →⎜ ⎟⎝ ⎠
 ( )2 2
 B B2 A 2 A 2 A 2 r rθθ
 ⎛ ⎞σ = λ + µ + = λ +µ + µ →⎜ ⎟⎝ ⎠
 zz 2 A σ = λ →
 r rz z 0θ θσ = σ = σ =
 2
 2
 BA 0 0r
 B0 A 0r
 0 0 0
 ⎡ ⎤−⎢ ⎥⎢ ⎥⎢ ⎥= +⎢ ⎥⎢ ⎥⎢ ⎥⎣ ⎦
 ε
 Applying boundary conditions, the value of the integration constants can be found.
 ( )rr 2
 B2 A 2r
 σ = λ +µ − µ
 ( ) 2
 B2 A 2rθθσ = λ +µ + µ
 zz 2 Aσ = λ
 Strain tensor
 p 1r 2r
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Unit 9 – Solution
 1At rrr r pσ= ⇒ = −
 2At 0rrr r σ= ⇒ = ( )2 2 2
 1 1 22 2 2 2
 2 1 2 1
 1 1 and 2 2
 r r rA p B pr r r rλ µ µ
 = =+ − −
 Substituting these values into the stresses expressions, the final result is obtained:
 2 21 2
 2 2 2 22 1
 119.0471 0.1904 rrr r p
 r r r rσ ⎛ ⎞
 = − = − →⎜ ⎟− ⎝ ⎠2 2
 1 22 2 2 2
 2 1
 119.0471 0.1904 r r pr r r rθθσ ⎛ ⎞
 = + = + →⎜ ⎟− ⎝ ⎠2 2
 1 12 2 2 2
 2 1 2 1
 =2 0.3808 zzr rp v
 r r r rλσ ν
 λ µ= = →
 + − −
 2
 119.0470.1904rr rσ = −
 2
 119.0470.1904rθθσ = +
 0.3808zz vσ =
 In the following slide, the variation of and along the radius is shown: rrσ θθσ
 1 100 r mm= 2 250 r mm= 1p MPa=
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Unit 9 – Solution
 100 250
 1.3808
 0.3808r
 θθσrθθσ −
 100 250
 1.0−
 rrσ
 r
 rr rσ −
 0.0
 Finally, isostatics can be plotted:
 rrθθσ σ> 1 θθσ = σ 2 rrσ = σ
 1Isostatics σ 2Isostatics σ
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Unit 9 – Solution
 Navier Equations in cylindrical coordinates:
 ( ) ( ) θ∂ω∂ ∂ω ∂λ + − + + ρ = ρ∂ ∂θ ∂ ∂
 2
 2
 21 2 2z rr
 e G uG G br r z t
 ( ) ( ) θθ
 ∂∂ ∂ω ∂ωλ + − + + ρ = ρ∂θ ∂ ∂ ∂
 2
 2
 12 2 2 2r z ueG G G br z r t
 ( ) ( ) ( )θ∂ ∂ ∂ω ∂λ + − ω + + ρ = ρ∂ ∂ ∂θ ∂
 2
 2
 2 23 2 r zz
 e G G uG r bz r r r t
 Where: θ∂∂⎛ ⎞ω = −⎜ ⎟∂θ ∂⎝ ⎠1 12
 zr
 uur z
 θ∂ ∂⎛ ⎞ω = −⎜ ⎟∂ ∂⎝ ⎠
 12
 r zu uz r
 ( )θ∂ ∂⎡ ⎤ω = −⎢ ⎥∂ ∂θ⎣ ⎦
 1 1 12
 rz
 urur r r and ( ) θ∂∂ ∂= + +
 ∂ ∂θ ∂1 1 z
 ru ue ru
 r r r z
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