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Background
 Bessel’s equation of order ν has the form
 x2y ′′ + xy ′ + (x2 − ν2)y = 0
 where ν is a constant.
 Bessel’s equation arises frequently in the mathematicalmodeling of vibration in polar, cylindrical, or sphericalcoordinates.
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Vibrating Circular Membrane (i.e. a drum)
 Wave equation: utt = c2(uxx + uyy ) for x2 + y2 ≤ a2.Boundary condition: u(x , y , t) = 0 for x2 + y2 = a2.
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Polar Coordinates
 Since x = r cos θ and y = r sin θ we can re-write the boundaryvalue problem as
 Wave equation: utt = c2(
 1r(r ur )r +
 1r2 uθθ
 )for r ≤ a.
 Boundary condition: u(r , θ, t) = 0 for r = a.
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Isotropy
 Assume the solution is independent of θ, i.e. the motion is thesame in every direction.
 Wave equation: utt =c2
 r(r ur )r for r ≤ a.
 Boundary condition: u(r , t) = 0 for r = a.
 We will assume the solution u(r , t) = R(r)T (t).
 For PDEs this is called the method of separation of variables.
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 For PDEs this is called the method of separation of variables.
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Separation of Variables
 utt =c2
 r(r ur )r
 R(r)T ′′(t) =c2
 r(r R′(r))′T (t)
 R(r)T ′′(t) =c2
 r(R′(r) + r R′′(r))T (t)
 1c2
 T ′′(t)T (t)
 =R′(r) + r R′′(r)
 r R(r)
 Since the left-hand side is a function of t only and theright-hand side is a function of r only, they must be constant.
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Separation of Variables
 utt =c2
 r(r ur )r
 R(r)T ′′(t) =c2
 r(r R′(r))′T (t)
 R(r)T ′′(t) =c2
 r(R′(r) + r R′′(r))T (t)
 1c2
 T ′′(t)T (t)
 =R′(r) + r R′′(r)
 r R(r)
 Since the left-hand side is a function of t only and theright-hand side is a function of r only, they must be constant.
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Constant
 R′(r) + r R′′(r)r R(r)
 = −λ2
 R′(r) + r R′′(r) = −λ2r R(r)r R′′(r) + R′(r) + λ2r R(r) = 0
 r2R′′(r) + r R′(r) + λ2r2R(r) = 0
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Change of Variable
 Define x = λr and y(x) = R( xλ
 )then
 R′(r) =dydxλ
 R′′(r) =d2ydx2 λ
 2
 and substituting into the ODE yields
 r2R′′(r) + r R′(r) + λ2r2R(r) = 0
 r2 d2ydx2 λ
 2 + rdydxλ+ λ2r2y =
 x2y ′′ + xy ′ + x2y = 0
 which is Bessel’s equation of order 0.
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Bessel’s Equation of Order Zero
 x2y ′′ + xy ′ + x2y = 0
 has a regular singular point at x = 0. The exponents ofsingularity are r1 = r2 = 0. Two linearly independent solutionsare:
 y1(x) = 1 +∞∑
 n=1
 (−1)n
 (n!)2
 (x2
 )2n
 y2(x) = y1(x) ln x +∞∑
 n=1
 (−1)n+1Hn
 (n!)2
 (x2
 )2n
 where Hn =n∑
 k=1
 1k
 .
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Remarks
 I Solution y1(x) is called the Bessel function of the firstkind of order zero and denoted J0(x).
 I The Bessel function of the second kind of order zero isdenoted Y0(x) and defined as
 Y0(x) =2π[y2(x) + (γ − ln2)J0(x)]
 where γ is the Euler–Máscheroni constant and
 γ = limn→∞
 (Hn − lnn) ≈ 0.5772.
 I General solution to Bessel’s equation of order zero iswritten
 y(x) = c1J0(x) + c2Y0(x).
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Graphs
 2 4 6 8 10 12 14x
 -1.0
 -0.5
 0.5
 1.0
 y
 J0(x)
 Y0(x)
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Asymptotic Properties (1 of 2)
 0 = x2y ′′ + xy ′ + (x2 − ν2)y
 = y ′′ +1x
 y ′ +(
 1− ν2
 x2
 )y
 ≈ y ′′ + y
 when x →∞.
 Since cos(x − c) and sin(x − c) solve y ′′ + y = 0 we shouldexpect J0(x) and Y0(x) to be oscillatory. In fact
 J0(x) ≈(
 2πx
 )1/2
 cos(
 x − π
 4
 )Y0(x) ≈
 (2πx
 )1/2
 sin(
 x − π
 4
 )as x →∞.
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Asymptotic Properties (1 of 2)
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Asymptotic Properties (2 of 2)
 2 4 6 8 10 12 14x
 0.5
 1.0
 y
 J0(x)
 2
 π xcosx - π
 4
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Bessel’s Equation of Order 1/2
 x2y ′′ + x y ′ +(
 x2 − 14
 )y = 0
 has a regular singular point at x = 0.
 p0 = limx→0
 x( x
 x2
 )= 1
 q0 = limx→0
 x2
 (x2 − 1
 4x2
 )= −1
 4
 Indicial equation:
 0 = r(r − 1) + r − 14= r2 − 1
 4
 Exponents of singularity: r1 =12
 and r2 = −12
 .
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Solution (1 of 8)Assuming y(x) =
 ∞∑n=0
 anx r+n, differentiating, and substituting
 into the ODE we obtain
 0 = x2∞∑
 n=0
 (r + n)(r + n − 1)anx r+n−2 + x∞∑
 n=0
 (r + n)anx r+n−1
 +
 (x2 − 1
 4
 ) ∞∑n=0
 anx r+n
 =∞∑
 n=0
 (r + n)(r + n − 1)anx r+n +∞∑
 n=0
 (r + n)anx r+n
 − 14
 ∞∑n=0
 anx r+n +∞∑
 n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)(r + n − 1) + (r + n)− 1
 4
 ]anx r+n +
 ∞∑n=0
 anx r+n+2
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Solution (2 of 8)
 0 =∞∑
 n=0
 [(r + n)(r + n − 1) + (r + n)− 1
 4
 ]anx r+n +
 ∞∑n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)2 − 1
 4
 ]anx r+n +
 ∞∑n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)2 − 1
 4
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
 =
 (r2 − 1
 4
 )a0x r +
 ((r + 1)2 − 1
 4
 )a1x r+1
 +∞∑
 n=2
 [(r + n)2 − 1
 4
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
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Solution (3 of 8)
 0 =
 (r2 − 1
 4
 )a0x r +
 ((r + 1)2 − 1
 4
 )a1x r+1
 +∞∑
 n=2
 [(r + n)2 − 1
 4
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
 =
 (r2 − 1
 4
 )a0x r +
 ((r + 1)2 − 1
 4
 )a1x r+1
 +∞∑
 n=2
 ([(r + n)2 − 1
 4
 ]an + an−2
 )x r+n
 Recurrence relation:
 an(r) = −an−2(r)
 (r + n)2 − 14
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Solution (4 of 8)
 When r = r1 = 12 then the expression(
 (r + 1)2 − 14
 )a1x r+1 = 0
 when a1 = 0.
 I Thus we will choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (4 of 8)
 When r = r1 = 12 then the expression(
 (r + 1)2 − 14
 )a1x r+1 = 0
 when a1 = 0.
 I Thus we will choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (5 of 8)
 a2(1/2) = − a0
 (2)(3)= − 1
 3!
 a4(1/2) = − a2
 (4)(5)=
 15!
 a6(1/2) = − a4
 (6)(7)= − 1
 7!...
 a2n(1/2) =(−1)n
 (2n + 1)!
 y1(x) = x1/2
 [1 +
 ∞∑n=1
 (−1)nx2n
 (2n + 1)!
 ]= x−1/2
 ∞∑n=0
 (−1)nx2n+1
 (2n + 1)!
 = x−1/2 sin x .
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Solution (6 of 8)
 Note: r1 − r2 = 1 ∈ N but when r = r2 = −12 then the
 expression ((r + 1)2 − 1
 4
 )a1x r+1 = 0
 for any value of a1.
 I Thus we will again choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (6 of 8)
 Note: r1 − r2 = 1 ∈ N but when r = r2 = −12 then the
 expression ((r + 1)2 − 1
 4
 )a1x r+1 = 0
 for any value of a1.
 I Thus we will again choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (7 of 8)
 a2(−1/2) = − a0
 (2)(1)= − 1
 2!
 a4(−1/2) = − a2
 (4)(3)=
 14!
 a6(−1/2) = − a4
 (6)(5)= − 1
 6!...
 a2n(−1/2) =(−1)n
 (2n)!
 y2(x) = x−1/2
 [1 +
 ∞∑n=1
 (−1)nx2n
 (2n)!
 ]= x−1/2
 ∞∑n=0
 (−1)nx2n
 (2n)!
 = x−1/2 cos x .
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Solution (8 of 8)
 I Bessel function of the first kind of order one-half
 J1/2(x) =(
 2π
 )1/2
 y1(x) =(
 2πx
 )1/2
 sin x .
 I Bessel function of the second kind of order one-half
 J−1/2(x) =(
 2π
 )1/2
 y2(x) =(
 2πx
 )1/2
 cos x .
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Graphs
 2 4 6 8 10 12 14x
 -1.0
 -0.5
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 J 12
 (x)
 Y 1
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Bessel’s Equation of Order One
 x2y ′′ + xy ′ + (x2 − 1)y = 0
 The value x = 0 is a regular singular point since
 limx→0
 x( x
 x2
 )= 1 = p0
 limx→0
 x2(
 x2 − 1x2
 )= −1 = q0.
 The exponents of singularity are the solutions of
 0 = F (r) = r(r − 1) + r − 1 = r2 − 1
 so r1 = 1 and r2 = −1.
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Solution (1 of 12)Assuming y(x) =
 ∞∑n=0
 anx r+n, differentiating, and substituting
 into the ODE we obtain
 0 = x2∞∑
 n=0
 (r + n)(r + n − 1)anx r+n−2 + x∞∑
 n=0
 (r + n)anx r+n−1
 + (x2 − 1)∞∑
 n=0
 anx r+n
 =∞∑
 n=0
 (r + n)(r + n − 1)anx r+n +∞∑
 n=0
 (r + n)anx r+n
 −∞∑
 n=0
 anx r+n +∞∑
 n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)(r + n − 1) + (r + n)− 1]anx r+n +∞∑
 n=0
 anx r+n+2
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Solution (2 of 12)
 0 =∞∑
 n=0
 [(r + n)(r + n − 1) + (r + n)− 1]anx r+n +∞∑
 n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)2 − 1
 ]anx r+n +
 ∞∑n=0
 anx r+n+2
 =∞∑
 n=0
 [(r + n)2 − 1
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
 = (r2 − 1)a0x r +((r + 1)2 − 1
 )a1x r+1
 +∞∑
 n=2
 [(r + n)2 − 1
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
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Solution (3 of 12)
 0 =(
 r2 − 1)
 a0x r +((r + 1)2 − 1
 )a1x r+1
 +∞∑
 n=2
 [(r + n)2 − 1
 ]anx r+n +
 ∞∑n=2
 an−2x r+n
 =(
 r2 − 1)
 a0x r +((r + 1)2 − 1
 )a1x r+1
 +∞∑
 n=2
 ([(r + n)2 − 1
 ]an + an−2
 )x r+n
 Recurrence relation:
 an(r) = −an−2(r)
 (r + n)2 − 1for n ≥ 2.
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Solution (4 of 12)
 When r = r1 = 1 then the expression((r + 1)2 − 1
 )a1x r+1 = 0
 when a1 = 0.
 I Thus we will choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (4 of 12)
 When r = r1 = 1 then the expression((r + 1)2 − 1
 )a1x r+1 = 0
 when a1 = 0.
 I Thus we will choose a0 = 1 and a1 = 0.I a1 = 0 implies a2n+1 = 0 for all n ∈ N.
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Solution (5 of 12)
 a2(1) = − a0
 (2)(4)= − 1
 4(2!)(1!)
 a4(1) = − a2
 (4)(6)=
 142(3!)(2!)
 a6(1) = − a4
 (6)(8)= − 1
 43(4!)(3!)...
 a2n(1) =(−1)n
 4n(n + 1)!(n!)
 y1(x) = x
 [1 +
 ∞∑n=1
 (−1)nx2n
 4n(n + 1)!(n!)
 ]
 J1(x) =∞∑
 n=0
 (−1)n
 n!(n + 1)!
 (x2
 )2n+1.
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Solution (6 of 12)Since r1 − r2 = 2 the second solution will be of the form
 y2(x) = ay1(x) ln x + x−1
 [1 +
 ∞∑n=1
 cn(−1)xn
 ]
 where
 a = limr→−1
 [(r − (−1))a2(r)]
 = limr→−1
 −(r + 1)a0
 (r + 2)2 − 1
 = limr→−1
 −(r + 1)r2 + 4r + 3
 = limr→−1
 −(r + 1)(r + 3)(r + 1)
 = limr→−1
 −1r + 3
 = −12
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Solution (7 of 12)
 Recall:I the coefficients of the power series
 cn(r2) =ddr
 [(r − r2)an(r)]r=r2,
 I a1(±1) = 0 which implies a′1(−1) = 0,I this in turn implies c1(−1) = 0,I from the recurrence relation then c2n+1(−1) = 0 for n ∈ N.
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Solution (8 of 12)
 From the recurrence relation
 an(r) = −an−2(r)
 (r + n)2 − 1for n ≥ 2,
 and the fact that a1(−1) = 0 then a2n+1(−1) = 0 anda′2n+1(−1) = 0 for n ∈ N.
 a2(r) = − 1(r + 1)(r + 3)
 a4(r) =1
 (r + 1)(r + 3)(r + 3)(r + 5)...
 a2n(r) =(−1)n
 (r + 1) · · · (r + 2n − 1)(r + 3) · · · (r + 2n + 1)
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Solution (9 of 12)
 Thus
 (r + 1)a2(r) = − 1r + 3
 (r + 1)a4(r) =1
 (r + 3)(r + 3)(r + 5)...
 (r + 1)a2n(r) =(−1)n
 (r + 3) · · · (r + 2n − 1)(r + 3) · · · (r + 2n + 1)

Page 40
                        
                        

Solution (10 of 12)
 LemmaIf f (x) = (x − α1)
 β1(x − α2)β2 · · · (x − αn)
 βn andx /∈ {α1, α2, . . . , αn} then
 f ′(x)f (x)
 =β1
 x − α1+
 β2
 x − α2+ · · ·+ βn
 x − αn.
 This implies
 f ′(x) = f (x)[
 β1
 x − α1+
 β2
 x − α2+ · · ·+ βn
 x − αn
 ].
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Solution (11 of 12)
 Applying the previous lemma we get
 ddr
 [(r + 1)a2n(r)]r=−1 = (−1)n(r + 1)a2n(r)[−2
 r + 3+−2
 r + 5
 + · · ·+ −2r + 2n − 1
 +−1
 r + 2n + 1
 ]r=−1
 =(−1)n+1
 22n−1(n − 1)!(n!)
 [22+
 24
 + · · ·+ 22n − 2
 +1
 2n
 ]=
 (−1)n+1
 4n(n − 1)!(n!)
 [2 + 1 + · · ·+ 2
 n − 1+
 1n
 ]c2n(−1) =
 (−1)n+1
 4n(n − 1)!(n!)(Hn−1 + Hn)

Page 42
                        
                        

Solution (12 of 12)
 Finally, the second solution takes the form
 y2(x) = −J1(x) ln x +1x
 [1−
 ∞∑n=1
 (−1)n(Hn−1 + Hn)
 n!(n − 1)!
 (x2
 )2n.
 ]
 The Bessel function of the second kind of order one is definedto be
 Y1(x) =2π(−y2(x) + (γ − ln2)J1(x)) .
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Graphs
 2 4 6 8 10 12 14x
 -1.0
 -0.5
 0.5
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 J1(x)
 Y1(x)
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Useful Bessel Function Identities
 ddx
 [xnJn(x)] = xnJn−1(x)
 ddx[x−nJn(x)
 ]= −x−nJn+1(x)
 Jn+1(x) =2nx
 Jn(x)− Jn−1(x)
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Homework
 I Read Section 5.7I Exercises: 5–8
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