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13.1 FOURIER TRANSFORMS
 f(y)
 1
 a! b!a! b a + b!a + b a!a x
 Figure 13.3 The aperture function f(y) for two wide slits.
 After some manipulation we obtain
 f(q) =4 cos qa sin qb
 q"
 2!.
 Now applying (13.10), and remembering that q = (2! sin ")/#, we find
 I(") =16 cos2 qa sin2 qb
 q2r02,
 where r0 is the distance from the centre of the aperture.
 13.1.3 The Dirac $-function
 Before going on to consider further properties of Fourier transforms we make a
 digression to discuss the Dirac $-function and its relation to Fourier transforms.
 The $-function is di!erent from most functions encountered in the physical
 sciences but we will see that a rigorous mathematical definition exists and the
 utility of the $-function will be demonstrated throughout the remainder of this
 chapter. It can be visualised as a very sharp narrow pulse (in space, time, density,
 etc.) which produces an integrated e!ect having a definite magnitude. The formalproperties of the $-function may be summarised as follows.
 The Dirac $-function has the property that
 $(t) = 0 for t #= 0, (13.11)
 but its fundamental defining property is!
 f(t)$(t ! a) dt = f(a), (13.12)
 provided the range of integration includes the point t = a; otherwise the integral
 445
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INTEGRAL TRANSFORMS
 equals zero. This leads immediately to two further useful results:! b
 !a!(t) dt = 1 for all a, b > 0 (13.13)
 and!!(t! a) dt = 1, (13.14)
 provided the range of integration includes t = a.
 Equation (13.12) can be used to derive further useful properties of the Dirac
 !-function:
 !(t) = !(!t), (13.15)
 !(at) =1
 |a|!(t), (13.16)
 t!(t) = 0. (13.17)
 Prove that !(bt) = !(t)/|b|.
 Let us first consider the case where b > 0. It follows that"
 !"f(t)!(bt) dt =
 "
 !"f
 t#
 b!(t#)
 dt#
 b=
 1
 bf(0) =
 1
 b
 "
 !"f(t)!(t) dt,
 where we have made the substitution t# = bt. But f(t) is arbitrary and so we immediatelysee that !(bt) = !(t)/b = !(t)/|b| for b > 0.
 Now consider the case where b = !c < 0. It follows that"
 !"f(t)!(bt) dt =
 !"
 "f
 t#
 !c !(t#)dt#
 !c ="
 !"
 1
 cf
 t#
 !c !(t#) dt#
 =1
 cf(0) =
 1
 |b|f(0) =1
 |b|
 "
 !"f(t)!(t) dt,
 where we have made the substitution t# = bt = !ct. But f(t) is arbitrary and so
 !(bt) =1
 |b|!(t),
 for all b, which establishes the result.
 Furthermore, by considering an integral of the form!
 f(t)!(h(t)) dt,
 and making a change of variables to z = h(t), we may show that
 !(h(t)) ="
 i
 !(t! ti)
 |h#(ti)|, (13.18)
 where the ti are those values of t for which h(t) = 0 and h#(t) stands for dh/dt.
 446
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13.1 FOURIER TRANSFORMS
 The derivative of the delta function, !!(t), is defined by
 ! "
 #"f(t)!!(t) dt =
 "f(t)!(t)
 #"#"#! "
 #"f!(t)!(t) dt
 = #f!(0), (13.19)
 and similarly for higher derivatives.
 For many practical purposes, e!ects that are not strictly described by a !-
 function may be analysed as such, if they take place in an interval much shorterthan the response interval of the system on which they act. For example, the
 idealised notion of an impulse of magnitude J applied at time t0 can be represented
 by
 j(t) = J!(t# t0). (13.20)
 Many physical situations are described by a !-function in space rather than in
 time. Moreover, we often require the !-function to be defined in more than one
 dimension. For example, the charge density of a point charge q at a point r0 may
 be expressed as a three-dimensional !-function
 "(r) = q!(r# r0) = q!(x# x0)!(y # y0)!(z # z0), (13.21)
 so that a discrete ‘quantum’ is expressed as if it were a continuous distribution.
 From (13.21) we see that (as expected) the total charge enclosed in a volume V
 is given by
 !
 V
 "(r) dV =
 !
 V
 q!(r# r0) dV =
 $q if r0 lies in V ,
 0 otherwise.
 Closely related to the Dirac !-function is the Heaviside or unit step function
 H(t), for which
 H(t) =
 $1 for t > 0,
 0 for t < 0.(13.22)
 This function is clearly discontinuous at t = 0 and it is usual to take H(0) = 1/2.
 The Heaviside function is related to the delta function by
 H !(t) = !(t). (13.23)
 447
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INTEGRAL TRANSFORMS
 Prove relation (13.23).
 Considering the integral!
 "!f(t)H #(t) dt = f(t)H(t)
 !
 "!"
 !
 "!f#(t)H(t) dt
 = f(!)"!
 0
 f#(t) dt
 = f(!)" f(t)!
 0
 = f(0),
 and comparing it with (13.12) when a = 0 immediately shows that H #(t) = !(t).
 13.1.4 Relation of the !-function to Fourier transforms
 In the previous section we introduced the Dirac !-function as a way of repre-
 senting very sharp narrow pulses, but in no way related it to Fourier transforms.
 We now show that the !-function can equally well be defined in a way that more
 naturally relates it to the Fourier transform.
 Referring back to the Fourier inversion theorem (13.4), we have
 f(t) =1
 2"
 ! !
 "!d# ei#t
 ! !
 "!du f(u) e"i#u
 =
 ! !
 "!du f(u)
 "1
 2"
 ! !
 "!ei#(t"u) d#
 #.
 Comparison of this with (13.12) shows that we may write the !-function as
 !(t" u) =1
 2"
 ! !
 "!ei#(t"u) d#. (13.24)
 Considered as a Fourier transform, this representation shows that a very
 narrow time peak at t = u results from the superposition of a complete spectrum
 of harmonic waves, all frequencies having the same amplitude and all waves being
 in phase at t = u. This suggests that the !-function may also be represented asthe limit of the transform of a uniform distribution of unit height as the width
 of this distribution becomes infinite.
 Consider the rectangular distribution of frequencies shown in figure 13.4(a).
 From (13.6), taking the inverse Fourier transform,
 f!(t) =1$2"
 ! !
 "!1% ei#t d#
 =2!$2"
 sin !t
 !t. (13.25)
 This function is illustrated in figure 13.4(b) and it is apparent that, for large !, it
 becomes very large at t = 0 and also very narrow about t = 0, as we qualitatively
 448
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13.1 FOURIER TRANSFORMS
 !
 (a) (b)
 !!! t!!
 1
 f!
 f!(t)2!
 (2!)1/2
 Figure 13.4 (a) A Fourier transform showing a rectangular distribution offrequencies between ±!; (b) the function of which it is the transform, whichis proportional to t!1 sin !t.
 expect and require. We also note that, in the limit ! " #, f!(t), as defined by
 the inverse Fourier transform, tends to (2!)1/2"(t) by virtue of (13.24). Hence wemay conclude that the "-function can also be represented by
 "(t) = lim!"#
 !sin!t
 !t
 ". (13.26)
 Several other function representations are equally valid, e.g. the limiting cases of
 rectangular, triangular or Gaussian distributions; the only essential requirements
 are a knowledge of the area under such a curve and that undefined operations
 such as dividing by zero are not inadvertently carried out on the "-function whilst
 some non-explicit representation is being employed.
 We also note that the Fourier transform definition of the delta function, (13.24),
 shows that the latter is real since
 "$(t) =1
 2!
 # #
 !#e!i#t d# = "(!t) = "(t).
 Finally, the Fourier transform of a "-function is simply
 $"(#) =1%2!
 # #
 !#"(t) e!i#t dt =
 1%2!
 . (13.27)
 13.1.5 Properties of Fourier transforms
 Having considered the Dirac "-function, we now return to our discussion of theproperties of Fourier transforms. As we would expect, Fourier transforms have
 many properties analogous to those of Fourier series in respect of the connection
 between the transforms of related functions. Here we list these properties without
 449
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1.1 5 Dirac Delta Function 83
 1.14.4 Using Maxwell's equations, show that for a system (steady current) the magnetic vector
 potential A satisfies a vector Poisson equation,
 provided we require V . A = 0.
 From Example 1.6.1 and the development of Gauss' law in Section 1.14,
 depending on whether or not the integration includes the origin r = 0. This result may be
 conveniently expressed by introducing the Dirac delta function,
 This Dirac delta function is defined by its assigned properties
 where f (x) is any well-behaved function and the integration includes the origin. As a
 special case of Eq. (1.171b),
 From Eq. (1.17 lb), S(x) must be an infinitely high, infinitely thin spike at x = 0, as in the
 description of an impulsive force (Section 15.9) or the charge density for a point charge."
 The problem is that no such function exists, in the usual sense of function. However, the
 crucial property in Eq. (1.17 1b) can be developed rigorously as the limit of a sequence
 of functions, a distribution. For example, the delta function may be approximated by the
 2 7 ~ h e delta function is frequently invoked to describe very short-range forces, such as nuclear forces. It also appears in the
 normalization of continuum wave functions of quantum mechanics. Compare Eq. (1.193~) for plane-wave eigenfunctions.
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84 Chapter 1 Vector Analysis
 function.
 FIGURE 1.38 &Sequence
 function.
 sequences of functions, Eqs. (1.172) to (1.175) and Figs. 1.37 to 1.40:
 n 2 2 8. (x) = - exp(-n x ) f i
 n S,(x) = - .
 1
 n 1+n2x2
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1.1 5 Dirac Delta Function 85
 FIGURE 1.39 &Sequence function.
 FIGURE 1.40 &Sequence function.
 These approximations have varying degrees of usefulness. Equation (1.172) is useful in
 providing a simple derivation of the integral property, Eq. (1.17 1 b). Equation (1.173)
 is convenient to differentiate. Its derivatives lead to the Hermite polynomials. Equa-
 tion (1.175) is particularly useful in Fourier analysis and in its applications to quantum
 mechanics. In the theory of Fourier series, Eq. (1.175) often appears (modified) as the
 Dirichlet kernel:
 In using these approximations in Eq. (1.17 1 b) and later, we assume that f (x) is well be-
 haved - it offers no problems at large x .
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86 Chapter 1 Vector Analysis
 For most physical purposes such approximations are quite adequate. From a mathemat-
 ical point of view the situation is still unsatisfactory: The limits
 lim S, (x) n+m
 do not exist. A way out of this difficulty is provided by the theory of distributions. Recognizing that
 Eq. (1.17 1 b) is the fundamental property, we focus our attention on it rather than on S (x)
 itself. Equations (1.172) to (1.175) with n = 1,2,3, . . . may be interpreted as sequences of
 normalized functions: 00
 S,(x) dx = 1. (1.177)
 The sequence of integrals has the limit
 lim n+m
 8, (XI f (XI dx = f (0).
 Note that Eq. (1.178) is the limit of a sequence of integrals. Again, the limit of 6, (x),
 n + oo, does not exist. (The limits for all four forms of 6, (x) diverge ?it x = 0.)
 We may treat S(x) consistently in the form
 6 (x) is labeled a distribution (not a function) defined by the sequences 6, (x) as indicated
 in Eq. (1.179). We might emphasize that the integral on the left-hand side of Eq. (1.179) is
 not a Riemann integral.28 It is a limit.
 This distribution S(x) is only one of an infinity of possible distributions, but it is the one
 we are interested in because of Eq. (1.17 lb).
 From these sequences of functions we see that Dirac's delta function must be even in x,
 S(-x) = 6(x).
 The integral property, Eq. (1.171b), is useful in cases where the argument of the delta
 function is a function g(x) with simple zeros on the real axis, which leads to the rules
 Equation (1.180) may be written
 2 8 ~ t can be treated as a Stieltjes integral if desired. S(x)dx is replaced by du(x), where u(x) is the Heaviside step function
 (compare Exercise 1.15.13).
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1.1 5 Dirac Delta Function 87
 applying Eq. (1.17 lb). Equation (1.180) may be written as 6 (ax) = (x) for a < 0. To
 prove Eq. (1.18 la) we decompose the integral
 into a sum of integrals over small intervals containing the zeros of g(x). In these intervals,
 g(x) % g(a) + (x - ~ ) ~ ' ( a ) = (x - a)gl(a). Using Eq. (1.180) on the right-hand side of
 Eq. (1.181b) we obtain the integral of Eq. (1.181a).
 Using integration by parts we can also define the derivative S1(x) of the Dirac delta
 function by the relation
 00 00
 f (x)~'(x - x') dx = - f '(x)6(x - x') dx = - f '(x'). (1.182)
 We use S(x) frequently and call it the Dirac delta function29 -for historical reasons.
 Remember that it is not really a function. It is essentially a shorthand notation, defined
 implicitly as the limit of integrals in a sequence, 6, (x), according to Eq. (1.179). It should
 be understood that our Dirac delta function has significance only as part of an integrand.
 In this spirit, the linear operator j dx S(x - xo) operates on f (x) and yields f (xo):
 It may also be classified as a linear mapping or simply as a generalized function. Shift-
 ing our singularity to the point x = x', we write the Dirac delta function as S(x - x').
 Equation (1.17 1b) becomes
 00
 f (x)S(x -xf)dx = f (x').
 As a description of a singularity at x = x', the Dirac delta function may be written as
 S (x - x') or as S (x' - x). Going to three dimensions and using spherical polar coordinates,
 we obtain
 12nJ(unj(umS(r)r2 d r sine do d p = S(x)S(y)6(z)dxdy dz = 1. (1.185)
 This corresponds to a singularity (or source) at the origin. Again, if our source is at r = r l ,
 Eq. (1.185) becomes
 29~ i r ac introduced the delta function to quantum mechanics. Actually, the delta function can be traced back to Kirchhoff, 1882.
 For further details see M. Jammer, The Conceptual Development of Quantum Mechanics. New York: McGraw-Hill (1966).
 p. 301.
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88 Chapter 1 Vector Analysis
 Example 1.15.1 TOTAL CHARGE INSIDE A SPHERE
 Consider the total electric flux $ E . du out of a sphere of radius R around the origin surrounding n charges ej, located at the points rj with r j < R, that is, inside the sphere. The electric field strength E = -Vq(r), where the potential
 is the sum of the Coulomb potentials generated by each charge and the total charge density
 is p(r) = e j6 (r - r j). The delta function is used here as an abbreviation of a pointlike density. Now we use Gauss' theorem for
 in conjunction with the differential form of Gauss's law, V E = - P / E ~ , and
 Example 1.1 5.2 PHASE SPACE
 In the scattering theory of relativistic particles using Feynman diagrams, we encounter the following integral over energy of the scattered particle (we set the velocity of light c = 1):
 where we have used Eq. (1.18 la) at the zeros E = fJm2 + p2 of the argument of the delta function. The physical meaning of 6(p2 - m2) is that the particle of mass m and four-momentum pH = (PO, p) is on its mass shell, because p2 = m2 is equivalent to E =
 f d m . Thus, the on-mass-shell volume element in momentum space is the Lorentz
 invariant 9, in contrast a negative energy occurs antiparticle.
 to the nonrelativistic d 3 p of momentum space. The fact that is a peculiarity of relativistic kinematics that is related to the
 rn
 Delta Function Representation by Orthogonal Functions
 Dirac's delta function3' can be expanded in terms of any basis of real orthogonal functions {qn(x), n = 0,1,2, . . .). Such functions will occur in Chapter 10 as solutions of ordinary differential equations of the Sturm-Liouville form.
 3 0 ~ h i s section is optional here. It is not needed until Chapter 10.
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1.1 5 Dirac Delta Function 89
 They satisfy the orthogonality relations
 where the interval (a, b) may be infinite at either end or both ends. [For convenience we
 assume that qn has been defined to include (w (x)) ' I 2 if the orthogonality relations contain
 an additional positive weight function w (x).] We use the (pn to expand the delta function
 as
 where the coefficients an are functions of the variable t. Multiplying by q, (x) and inte-
 grating over the orthogonality interval (Eq. (1.187)), we have
 This series is assuredly not uniformly convergent (see Chapter 5), but it may be used as
 part of an integrand in which the ensuing integration will make it convergent (compare
 Section 5.5).
 Suppose we form the integral F(t)S(t - x) dx, where it is assumed that F(t) can be
 expanded in a series of orthogonal functions qp(t), a property called completeness. We
 then obtain
 the cross products qpq,, d t (n # p) vanishing by orthogonality (Eq. (1.187)). Referring
 back to the definition of the Dirac delta function, Eq. (1.171b), we see that our series
 representation, Eq. (1.190), satisfies the defining property of the Dirac delta function and
 therefore is a representation of it. This representation of the Dirac delta function is called
 closure. The assumption of completeness of a set of functions for expansion of S(x - t)
 yields the closure relation. The converse, that closure implies completeness, is the topic of
 Exercise 1.15.16.
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90 Chapter 1 Vector Analysis
 Integral Representations for the Delta Function
 Integral transforms, such as the Fourier integral
 00
 F(w) = lm f (t) exp(iwt) d t
 of Chapter 15, lead to the corresponding integral representations of Dirac's delta function.
 For example, take
 using Eq. (1.175). We have
 f (x) = lim f (t)& (t - x) dt,
 where 6, (t - x) is the sequence in Eq. (1.192) defining the distribution S (t - x). Note that
 Eq. (1.193a) assumes that f (t) is continuous at t = x. If we substitute Eq. (1.192) into
 Eq. (1.193a) we obtain
 f (x) = lim - Jm /(t) Jn exp(iw(t - x)) dwdt. n j . 0 0 2n -m
 (1.193b) -n
 Interchanging the order of integration and then taking the limit as n + oo, we have the
 Fourier integral theorem, Eq. (15.20).
 With the understanding that it belongs under an integral sign, as in Eq. (1.193a), the
 identification
 exp (i w (t - x)) dw
 provides a very useful integral representation of the delta function.
 When the Laplace transform (see Sections 15.1 and 15.9)
 is inverted, we obtain the complex representation
 which is essentially equivalent to the previous Fourier representation of Dirac's delta func-
 tion.
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1.1 5 Dirac Delta Function 91
 Exercises
 115.1 Let
 Show that
 lim n + c ~ ] - ~ f (x)a,(x) dx = f (O),
 assuming that f (x) is continuous at x = 0.
 1.15.2 Verify that the sequence 6, (x), based on the function
 is a delta sequence (satisfying Eq. (1.178)). Note that the singularity is at +0, the posi-
 tive side of the origin.
 Hint. Replace the upper limit (oo) by cln, where c is large but finite, and use the mean
 value theorem of integral calculus.
 1.15.3 For
 (Eq. (1.174)), show that
 1.15.4 Demonstrate that 6, = sinnxlnx is a delta distribution by showing that
 00 sin nx
 n x
 Assume that f (x) is continuous at x = 0 and vanishes as x -+ f oo.
 Hint. Replace x by yln and take limn -+ oo before integrating.
 1.15.5 Fejer's method of summing series is associated with the function
 Show that 6, (t) is a delta distribution, in the sense that
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92 Chapter 1 Vector Analysis
 1.15.6 Prove that
 Note. If S[a(x - XI)] is considered even, relative to xl, the relation holds for negative a
 and 1 /a may be replaced by 1 /la 1 .
 1.15.7 Show that
 Hint. Try using Exercise 1.15.6.
 2 2 1.15.8 Using the Gauss error curve delta sequence (6, = A- e-,
 .J;r ), show that
 treating 6 (x) and its derivative as in Eq. (1.179).
 1.15.9 Show that
 Here we assume that f '(x) is continuous at x = 0.
 1.15.10 Prove that
 where xo is chosen so that f (xo) = 0. Hint. Note that 6 (f) d f = 6 (x) dx.
 115.11 Show that in spherical polar coordinates (r, cos 8, (p) the delta function 6 (rl - r2) be-
 comes
 Generalize this to the curvilinear coordinates (ql, q2, q3) of Section 2.1 with scale fac-
 tors hl , h2, and h3.
 1.15.12 A rigorous development of Fourier transforms3' includes as a theorem the relations
 sin ax lim f ( ~ + x ) - dx
 a-+w n X
 Verify these results using the Dirac delta function.
 3 1 ~ . N. Sneddon, Fourier Transforms. New York: McGraw-Hill(1951).
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1.1 5 Dirac Delta Function 93
 1 '
 If-
 FIGURE 1.41 111 + tanhnx] and the Heaviside unit step
 function.
 1.15.13 (a) If we define a sequence 6. (x) = n/(2 cosh2 nx), show that
 6, (x) dx = 1, independent of n .
 (b) Continuing this analysis, show that32
 X 1 [, &(x)dx = -[1 + tanhnx] -- u,(x), 2
 0, x < 0, lim u, (x) = n+, 1, x > o .
 This is the Heaviside unit step function (Fig. 1.41).
 1.15.14 Show that the unit step function u(x) may be represented by
 where P means Cauchy principal value (Section 7.1).
 1.15.15 As a variation of Eq. (1.175), take
 6, (x) = - eixt-Itlln d t
 Show that this reduces to (nln) 1 /(1 + n2x2), Eq. (1.174), and that
 Note. In terms of integral transforms, the initial equation here may be interpreted as
 either a Fourier exponential transform of e-It 11, or a Laplace transform of eixt .
 3 2 ~ a n y other symbols are used for this function. This is the AMS-55 (see footnote 4 on p. 330 for the reference) notation: u for
 unit.
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94 Chapter 1 Vector Analysis
 1.15.16 (a) The Dirac delta function representation given by Eq. (1.190),
 is often called the closure relation. For an orthonormal set of real functions,
 q,, show that closure implies completeness, that is, Eq. (1.191) follows from
 Eq. (1.190).
 Hint. One can take
 F(x) = 1 F(r)S(x - t) dt.
 (b) Following the hint of part (a) you encounter the integral F (t)% (t) dt. How do
 you know that this integral is finite?
 1.15.17 For the finite interval (-n, n ) write the Dirac delta function 6(x - t) as a series of
 sines and cosines: sin nx, cos nx, n = 0, 1,2, . . . . Note that although these functions
 are orthogonal, they are not normalized to unity.
 2 2 1.15.18 In the interval (-n, n) , 6, (x) = &- exp(-n x ). J;r
 (a) Write 6, (x) as a Fourier cosine series.
 (b) Show that your Fourier series agrees with a Fourier expansion of 6(x) in the limit a s n + o o .
 (c) Confirm the delta function nature of your Fourier series by showing that for any f (x) that is finite in the interval [-n, n] and continuous at x = 0,
 L: f (x) [~ourier expansion of 6, (x)] dx = f (0).
 1.15.19 (a) Write 6.(x) = 5 exp(-n2x2) in the interval (-00, oo) as a Fourier integral and
 compare the li&t n + oo with Eq. (1.193~).
 (b) Write 6, ( x ) = n exp(-nx) as a Laplace transform and compare the limit n + oo
 with Eq. (1.195).
 Hint. See Eqs. (15.22) and (15.23) for (a) and Eq. (15.212) for (b).
 1.15.20 (a) Show that the Dirac delta function 6 (x - a), expanded in a Fourier sine series in the half-interval (0, L), (0 < a < L), is given by
 2 00
 6(x -a ) = - L n=l sin ( ) sin ( ) .
 Note that this series actually describes
 -S(x + a ) + S(x -a ) in the interval (-L, L).
 (b) By integrating both sides of the preceding equation from 0 to x, show that the cosine expansion of the square wave
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1.1 6 Helmholtz's Theorem 95
 is, for 0 6 x < L,
 0 ° 1 nna 0 ° 1 nlta
 f ( x ) = 2 n n=l c ; sin(,) - sin(T) cos(y). n=l
 (c) Verify that the term
 1.15.21 Verify the Fourier cosine expansion of the square wave, Exercise 1.15.20(b), by direct
 calculation of the Fourier coefficients.
 1.15.22 We may define a sequence
 (This is Eq. (1.172).) Express 6, (x) as a Fourier integral (via the Fourier integral theo-
 rem, inverse transform, etc.). Finally, show that we may write
 00
 6(x)= n+00 lim S , ( X ) = L / e- ikxdk , 2n -00
 1.15.23 Using the sequence
 show that
 S (x) = - 2n 1" -" e-ikx
 Note. Remember that S(x) is defined in terms of its behavior as part of an integrand-
 especially Eqs. (1.178) and (1.1 89).
 1.15.24 Derive sine and cosine representations of 6 (t - x) that are comparable to the exponential
 representation, Eq. (1.193~).
 ANS. jr sin o t sin o x d o , jr cos o t cos o x d o .
 In Section 1.13 it was emphasized that the choice of a magnetic vector potential A was not
 unique. The divergence of A was still undetermined. In this section two theorems about the
 divergence and curl of a vector are developed. The first theorem is as follows:
 A vector is uniquely speciJied by giving its divergence and its curl within a simply con-
 nected region (without holes) and its normal component over the boundary.
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