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Chapter 3 Stress analysis

1The stress-tensor

(1). the definition of stress-

Consider a body subjected to a system of external forces F1

F2 at statically equilibrium.

Stress vT =AdFd

Alim

0
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(2). the stress at rectangular coordinate system

y yx yy yzT T i T j T k= + +ur r r r

let yx yxT = yy yyT =

Basic stress:

x xx xy xz

y yx yy yz

z zx zy zz

T i j k

T i j k

T i j k

= + + = + + = + +

ur r r r

ur r r r

ur r r r

xx yx zx

ij xy yy zy

xz yz zz

= =

urur

i j i: surface direction, j: force direction (3). The stress at
any section: 1 2 2 jv v i v j v k v= + + =

r r r r
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Form the equilibrium of force:

( ) ( ) ( )

( ) ( ) ( ) 0

( ) ( ) ( )

xx yx zx

xy yy zy

xz yz zz

v i v j v k S i v

F v i v j v k S j v

v i v j v k S k v

+ = + = +

r r r r r r ur r rg g g g

ur r r r r r r ur r rg g g g

uuurr r r r r r urg g g g

xx yx zx x

xy yy zy y

xz yz zz z

S il Sm S j Sn SS k

= =

ur rg

ur rg

ur rg

ij i jv S =

(4) Principal stress and Principal direction

We can control || Surv

that means 0 =

ij i il l = ( ) 0ij ij il =

0ij ij =

0xx yx zx

xy yy zy

xz yz zz

=

, 3 2 1 2 3 0I I I + =

1 x y zI = + +

2 2 22 ( )xy yz zx x y y z z yI = + + + +

2 2 21 2 ( )x y z xy yz zx x y z y x z z x yI = + + +

and 2 2 2s v n

n v

S T S

S T v

=

= ur r , sS : Shear stress, nS : normal stress

Note: 1 2 3, ,I I I are invariant
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(5)Equilibrium equation of stress

From Force equilibrium0ij j

i

ij ji

Fx

+ =

=

(6) Maximum and Octahedral shear stress

A. Maximum shear stress

Let us take the coordinate axes in the principal direction. And
any

section direction is 1 2 2 jv v i v j v k v= + + =r r r r
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From ij i jv S = and 2 2 2s n

n

S S S

s S v

=

= uur r

1 1 1 2 2 2 3 3 3, ,v S v S v S = = =

2 2 2 2 2 2 2 21 1 2 2 3 3S v S v v v v = = + +ruv

g

And 2 2 2

1 1 2 2 3 3 1 1 2 2 3 3

2 2 2 2 2 2 2 2 2 2 21 1 2 2 3 3 1 1 2 2 3 3( )

n

s

S S v v v v S v S v S vS v v v v v v

= = + + = + +

= + + + +

ur r

(2)

with 2 2 21 2 3 1v v v+ + =

We seek the values of 1 2 3, ,v v v such that sS is a
maximum.

Differentiating equation (2) obtain,

2 21 1 3 1 2 3 2 1 3

2 22 1 3 1 2 3 2 2 3

2 2 21 2 3

1[( ) ( ) ( )] 021[( ) ( ) ( )] 02

1

v v v

v v v

v v v

+ = + =

+ + =

: From Largrange multiplier method

Let 2 2 2 21 2 3 1 2 3( , , , ) ( 1)sF v v v s v v v = + + +

1 2 3

0, 0, 0, 0F F F Fv v v

= = = =
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:

2 21 1 3 1 2 3 2 1 3

2 22 1 3 1 2 3 2 2 3

2 2 21 2 3

1[( ) ( ) ( )] 021[( ) ( ) ( )] 02

1

v v v

v v v

v v v

+ = + =

+ + =

For 21 2 2 3 1 3 2 21 10, 0, ( ) ( ),2 2

v v v v = = = = =

The solutions will be

The maximum shear stress is: The normal stress is:

1 2 31 ( )2

= 2 31 ( )2n

=

2 1 31 ( )2

= 2 1 31 ( )2

=

3 1 21 ( )2

= 3 1 21 ( )2

=
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B. the Octahedral shear stress:

If the plane ABC is also oriented that OA=OB=OC, then the

normal on will take equal angles with all the axes, and

1 2 31 ,3

v v v= = =

From, 2 2 2 2 2 2 2 2 2 2 21 1 2 2 3 3 1 1 2 2 3 3( )SS v v v v
v v = + + + +

2 2 2 21 2 3 1 2 31 1( ) ( )3 9 = + + + +

2 2 2 2 21 2 2 3 3 11[( ) ( ) ( ) ]9

= + +
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2 2 21 1 2 2 3 3 1 2 3

2 2 21 2 2 3 3 1

1 ( )3

1 ( ) ( ) ( )3

n m

s

s v v v

s

= + + = + + = = + +

2 2 21 2 31 ( ) ( ) ( )3oct m m m

= = + +

2 2 21 2 313

s s s= + +

12 2 2 2 2 2 2

21 2( ) ( ) ( ) 6( )3 3

oct m

oct x y y z x z xy yz zx J

=

= + + + + + =

: Octahedral ,

,, oct Von-msess yield criterion

(7) Stress deviator Tensor:

It is convenient in plasticity theory to split the stress tensor
into

two parts. One called the spherical stress tensor and the other
the stress

deviator tensor.

The spherical stress tensor is

0 00 00 0

m

ij m ij m

m

p

= =

1 2 3 11 1 1( ) ( )3 3 3m x y z

I = + + = + + =

The deviator stress tensor is
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x m xy xz

ij ij ij yx y m yz

xz yz z m

s

= =

x xy xz

yx y yz

zx zy z

ss

s

=

For principal stress,

1

2

3

0 00 00 0

m

m

m

=

1

2

3

0 00 00 0

ss

s

=

Let i i ms =

The invariant of the stress deviator tensor will be expressed by
set

mS + for to obtain:

3 21 2 3 0S S J SJ J + =

1

2 2 2 2 2 2 22 1 2

23 1 1 2 3

01 1( 3 ) [( ) ( ) ( ) 6( )]3 6

1 (2 9 27 )27

x y y z x z xy xz yz

J

J I I

J I I I I

= = + = + + + + + = + +

Or in principal stress,

1

2 2 22 1 2 2 3 1 3

3 1 2 3

01 [( ) ( ) ( ) ]6

( )( )( )m m m

J

J

J

= = + +

=

(8) Pure shear stress:

If at a point in a body, a set of coordinate axes can be found
such

that 0x y z = = = , then the point is said to be in a state of
pure shear.

It can really be show that a necessary and sufficient condition
for a
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state of pure shear stress to exist is

0ii x y z = + + =

(9)In conclusion it should be emphasized that all the
equations

developed and presented in this chapter are independent of the
material

properties and therefore equally valid for bodies which
behave

elastically or plastically.
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3. Strain tensor

(1) The definition of strain-The change ratio of the
relative

position of any two points in a continuous body between next

equilibrium and initial equilibrium.

Consider an infinitesimal line in undeformed and defamed body
in

increment theory .t

An infinitesimal line can divide into three stages:
translation,

rotation, strain to obtain the strain of an infinitesimal line,
the step as:

A. to delete the train of an infinitesimal line
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AB OB OAL r r = uuur uur uur

and ' '' '

OBOB BB

OAOA AA

r r U

r r U

= +

= +

uuur uur uuuur

uuur uur uuuur

' ' ' 'A B OB OAL r r = uuuur uuur uuur

' ' ' '( ) ( )AB OB OAA B OB OAL L r r r r = uuuur uuur uuur uur
uuur uur

= ' 'BB AAU U U = uuuur uuuur ur

, 0

liml lUTl

=

urur

r ()

()The definition of line deformation as:

0

liml lUTl

=

urur

r l -line direction

B. the definition of line at rectangular coordinate system

let

x x x xx y z

y y y yx y z

z z z zx y z

U U i U j U k

U U i U j U k

U U i U j U k

= + +

= + +

= + +

ur r r r

ur r r r

ur r r r

From line deformation definition 0

liml lUTl

=

V

urur

r
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0 0

0

0

lim lim ( ) ( )

lim ( )

lim

x xx xx xxy yx xz z

x xx xy xzx x

yy yyyx z

y yx yy zzy

zzx

z z

U UU UU UUT i j k i j k T i T j T kx x x x x x x

UU UUT i j k T i T j T ky y y y

UUTz

= = + + = + + = + +

= = + + = + +

= =

uruur r r r r r uur r r r

uruur r r r r uuur r

uruur z z

y zzx zy zz

U Ui j k T i T j T kz z z

+ + = + +

r r r r r r

The basic line deformation

x y zx x x

xx yx zx x y zy y y

ij xy yy zy

xz yz zz x y zz z z

U U Ux y z

T T TU U U

T T T Tx y z

T T TU U Ux y z

= =

and ldU T d L= ur ur ur

C. To delete the rotation strain

If line rotation is happen

' ' ( ) ( ) 2d L d L d L d L d L dU d L dU d Ld L d LdU dUdU = =
+ + = + +ur urur ur ur ur ur ur ur ur ur ur ur ur

0

0l

d L dU

d L T d L

=

=

ur ur

ur ur ur
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[ ] 0

yx z

y y z

y z z

uu ux y z

dxu u udx dy dz dyx y z

dzu u ux y z

=

2 2 2( ) ( ) ( ) 0y y yx x x z z zu u uu u u u u udx dxdy dxdz
dy dydz dz

x y x z x y z y z

+ + + + + + + + =

0

0, 0, 0

yx z

y yx x z z

uu ux y z

u uu u u uy x z x z y

= = = + = + = + =

IF only rotation

T w = +l l l

ur ur uur

1 1 1( ) ( ) 0 (2 2 2

1 1( ) ( )2 2

1 1( ) ( )2 2

yx x x zyx z

y y yx xz z z

y yx xz z z z

uu u u uuuu ux y x z xx x x

u u uu uu u uy y y y x y z y

u uu uu u u uz z z z x z y z

+ + = + + + + +

1) ( )2

1 1( ) 0 ( )2 2

1 1( ) ( ) 02 2

yx x z

y yx z

yx z z

u u uy x z x

u uu uy x z y

uu u uz x z y

0

00

xx yx zx xx yx zx yx zx

xy yy zy xy yy zy xy zy

xz yz zz xz yz zz xz yz

T T T w wT T T w wT T T w w

= +

D. The strain at any direction if know the basic strain

From dU T d L= lur uur ur

and Tl

ur is basic line deformation tensor
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And B x y z

ij i vj

dU T v T T i T j T kd L

T v T

= = = + +

=

l

urur r uur r r r

ur

The some method for strain

ij i vjv =

(2)The principal strain

When we control vr

, and make //vj vuur r

( ) 0

ij i i

ij ij i

v v

v

=

=

0xx yx zx

xy yy zy

xz yz zz

=

(3)Maximum and octahedral shear strains

A. Maximum shear strains

From ij i vjv = , if take the coordinate axes in the
principles

direction
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1 1 1 2 2 2 3 3 3, ,v v vv v v = = =

And

2 2 2 2 2 2 21 1 2 2 3 3v v v v v v = = + +

uur uur

2 2 21 1 2 2 3 3

2 2 2 2 2 2 2 2 2 2 2 2 21 1 2 2 3 3 1 1 2 2 3 3

........(1)( ) ....(2)

n v

s v n

v v v vv v v v v v

= = + +

= = + + + +

uur r

By the same way as for the stresses

The maximum shear strain as:

1 max 2 3

2 max 1 3

3 max 1 2

1( ) ( )21( ) ( )21( ) ( )2

=

=

=

and

1 2 3

1 2 3

1 2 3

1 10, ,2 2

1 1, 0,2 2

1 1, , 02 2

v v v

v v v

v v v

= = =

= = =

= = =

B. Octahedral shear strains

If we consider the octahedral planes for 1 2 313

v v v= = = , form

(1),(2)

1 2 3

2 2 2 2 2 2 2 21 2 3 1 2 3 1 2 2 3 3 1

1 ( )31 1 1( ) ( ) [( ) ( ) ( )3 9 9

n

s

= + +

= + + + + = + +
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2 2 21 2 2 3 3 11 ( ) ( ) ( )3oct s

r = = + +

2 2 2

1 2 3

2 2 2 2 2 2

1 ( ) ( ) ( )3

1 ( ) ( ) ( ) 6( )3

n n n

x y y z z x xy yz zx

= + +

= + + + + +

'1

' 2 2 22 1 2 2 3 1 3 1 2 3

'3 1 2 3

01( ) ( )2

J

J

J

= = + + = + +

=

(3). strain deviator tensor

The strain tensor can be separated into two parts: a spherical
part

ijq and deviator part ije

The spherical part is

0 0

0 00 0

m

ij m ij m

m

q

= =

and 1 2 31 ( )3m

= + +

The deviator strain is

1

2

3

0 00 00 0

x m xy xz m

ij yx y m yz m

xy yz z m m

e

= =

Note: If we consider a rectangular parallelepiped with sides
equal

to a, b, and c, so that its initial volume is abc, then after
straining its

volume will be:

1 2 3 1 2 3

1 2 3

(1 ) (1 ) (1 ) ( )

( )

a b c abc abcv

v

+ + + + + +

= + +

The spherical strain tensor is thus proportional to the
volume

change. The deviator strain tensor then represents a pure
distortion

strain
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(a) Compatibility of strain

From the strain definition:

, ,

1 1 1( ), ( ), ( )2 2 2

x y z

xy yz xz

u v wx y z

u v v w u wy x z y z x

= = =

= + = + = +

It is obvious that if the displacements are specified as
continuous

functions of x, y, z then the uniquely strain can be compute,
but for the

inverse problem, to calculate the displacements u, v, w in a
body given

the strain components .ij

We have 6-equation to solve 3-unknow, that means too many

solutions can be obtained.

(Assume the body is divided into infinitesimal cubes, Let
these

entire cubes be separated from each other and let each of the
cubes be

subjected to some arbitrated strains. It is obvious that if we
now try to

put all the cubes together the way they were before, to produce
a

continuous body This shows that must be some relationships

between the strains at the different point of a body in order
that the

body remain continuous after straining.)

These relationships are called the compatibility relation.
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2 22

2 2

2 22

2 2

2 22

2 2

2

2

2

2

2

2

( )

( )

( )

y xyx

y yzz

x xzz

yz xyzx x

xy yz yzx

xy zy zx z

y x x y

z y y z

x z x z

x x y z y z

y y z x x z

z z x y x y

+ =

+ =

+ = + + =

+ + =

+ + =

4. Elastic stress-strain relation

(1)Equations of Elasticity

For an isotropic material, the stress-strain relation as:

'12ij ij ijG I = + and '

1'1

: shear modulus: elastic modulus : poisson s ratio

x y z

x y z

GE

II

= + +

= + +

or '12ij ij ijG I = +

1 2 mean stress-strain relation

1 deviator stress-strain relation2

m m

ij ij

E

e sG

= =

for i=j

11 ( )

21 3( ) ( )

2

ij ii

x y z x y z x y z

Ig E

G E

=

+ + = + + + +
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1( )( )21 3( )( )

1 2 ( )

x y z

x y z

x y z

G E

E E

E

= + +

+= + +

= + +

1 2 mean stress-strain relation

1 deviator stress-strain relation2

m m

ij ij

E

e sG

= =

For octahedral surface 2 2 2 2 2 21 2 3 1 2 3

1 1 , 3 3

1and 2

oct oct

ij ij

r e e e s s s

e sG

= + + = + + =

2 22

1 2

14

m m

oct oct

E

rG

= =

'2 2

'2 22

2 2 ,3 3

14

oct octr J J

J JG

= =

=

(2)Elastic strain energy functions

The elastic strain energy is :

'1

' '21 1

1 and 22

1 12 2

ij ij ij ij

ij ij ij ij ij ij

U G I

U G I G I

= = +

= + = +

For principal stress-strain

2 2 2 2

2 2 2 2

1( ) ( )2

and ( ) ( ) 2( )

xx yy zz x y z

x y z x y z x y x z y z

U G

= + + + + +

+ + = + + + +

'2 '2 '1 2 22 [ =-( ) ]x y x z y zI J J = + + +

'2 '2 '21 2 1

'2 '21 2

1( 2 )+2

1 =(G+ )I +2GJ2

U G I J I

= +
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The first term is the energy involved in the changing of the
volume;

the second term is the energy of distortion designated as,

Distortion energy '2 2 2232 3

4d oct octU GJ Gr

G = = =

: ,

5. Criteria for yielding

(1) What is the meaning about yield criterion?

In this case the stress is un-axial and this point can readily
be

determined. But what if there are several stress acting at a
point in

different direction

The criteria for deciding which combination of multi-axial

stress will cause yielding are called criteria.

(2). Theory of yield criterion-

(A) Tresa criterion

Yielding will occur when the maximum shear stress reaches
the

values of the maximum shear stress occurring under simple
tension.

The maximum shear stress in multi-axial stress = the maximum

shear stress in simple tension

1 3 2 3 01 2max , ,2 2 2 2

=

, 012
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For pure shear ( k )

1 2 1 2

1 21 2

0

2k

+ = =

= = =

01 22 2

k k = = =

02

k =

For pure shear ( )k state, the yielding is happened if 02

k =

(2)The von-Mises yield criterion

Yielding begin when the octahedral shear stress reaches the

octahedral shear stress at yield in simple tension.

,oct oct o =
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2 2 2 2 2 21 ( ) ( ) ( ) 6( )3oct x y y z x z xy yz zx

= + + + + +

, 02

3oct o =

: ,oct o

,oct oct o =

2 2 2 2 2 20

1 2( ) ( ) ( ) 6( )3 3x z x y x z xy yz zx

+ + + + + =

, 02

3

For the principal stress

2 2 21 3 1 2 2 3 01 2( ) ( ) ( )3 3

+ + =

2 2 2 2 2 22

1 [( ) ( ) ( ) 6( )]6 x y y z x z xy xz yz

J = + + + + +

2

2 3oJ =

For the case of pure shear
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1 2

0

0

, 0

6 23 3

13

zk

k

k

= = =

=

=

: k

von-Mises yield :

22J k=

Discussion: For Tresca criterion For Von-Mises Yield

criteion

012T

k = 00.5= 013V

k = 00.577=

V Tk k >

(3)Yield surface and Haigh-westergaard stress space

From the yielding criterion, the shear condition in
multi-axial

stress = the shear condition in simple tension

( ) ( ) 1

: The stress state

: obtain from simple tension

ij

ij

F K k

k

= < >
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(3) Yield surface And Haigh-Westergaard stress space

From the form of yielding criterion. That is

The shear condition in multiaxial stress = The shear condition
in

simple tension

( ) ( )ijF K k = ----------------(1)

obtain from simple tension

The stress state

(A). Represents a hyper surface in the six-dimensional stress
space,

any point on this surface represents a points a point at which
yielding

can begin and function (1) is called the yielding function.

The surface in the stress space is called the yield surface.
Since the

rotating the axes does not affect the yielding state, we can
choose the

principal axes for the coordinates.

1 2 3( , , )F K =

Furthermore, since it is always assumed that hydrostatic tension
or

compression does not influence yielding , we can assume that
only the

stress deviators enter into the yielding function.

1 2 3( , , )f s s s K=
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1 2 3 1 2 3

1 1 2 3

2 2 22 1 2 3

3 3 33 1 2 3

and , , can be writen in terms of the invariants , ,

01Where ( )21 ( )3

s s s J J J

J s s s

J s s s

J s s s

= + + = = + + = + +

2 3( , ) ( )f J J K k =

For von-mises criterial

2 2 21 2 3 m

122

2 22

1 2 ( 33

2 233

1 , and is the yield in pure shear.3

oct o

o

o

s s s

J

J k k

= + + =

= =

= =

)

For Tresca criterion:

1 21 2 1 2 m( ) ( ) (

2 2 2 2m m os s = = = )

3 2 2 2 4 62 3 2 24 27 36 96 64 0J J k J k J k + =

B. Haigh-Wester-gaard stress space. => yielding criterion can
be

expressed as function of 1 2 3( , , )
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1 2 3, , ,.

The principal 1 2 3( , , ) coordinate system represents a
stress

space called the Haigh-wWester-gaard stress space.

Consider a line ONuuur

which passing through the origin, and having

equal angles

With the coordinates axes, then every point on this line is

1 2 31 2 3 3m + += = = =

The plane perpendicular to ONuuur

, will be

1 2 3

and : is the distance from origin to the plane( )

=> + + = 3

ONOPON

=uuur

uuuruuurg

When 1 2 3 0, + + = the plane is called -plane.

And this is the pure shear condition.

And 1 2 31 1 1 33 3 3 m

ONA A OPON

= = = + + =uuur

ur uuuruuur
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1 2 3( ) ( ) ( )m m mB P A i j k = = + + ur ur ur r r r

2 2 2 21 2 3( ) ( ) ( )m m mB = + +

2 2 21 2 3

2 2 21 2 3

1 1( 2 ( ) )2 2 ij ij

s s s

J s s s s s

= + +

= + + =Q

2 22 # 2 0

122

0 1 2 3

12 and 3

2 => the components of are therefore the stress

2 deriators , ,3

B J J

B J B

s s s

= =

=

=

ur

=>

1223 2 (at Haigh - Wester - gaard stress space)m

ON BP A B JON B

= + = +uuur ur

ur ur uruuur ur

Since it is assumed that yielding is determined by the
deviatoric

state of stress only, it follows that if one of the points on
the line

through p parallel to ONuuur

lies on the yield surface => they must all lie

on the yield surface, since they all have the same deviatoric
stress

components. Hence the yield surface must be composed of
lines

parallel to ONuuur

; i.e, it must be a cylinder with generators parallel to

ONuuur

.

Note: (a) The intersection of this yield cylinder with any
plane

perpendicular to it will produce a curve called the yield locus.
Since

this curve will be the same for all planes perpendicular to the
cylinder.

=> For this purpose we choose the -plane which 0m = .
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( yield isotropy)

(b) If, as usual, isotropy is assumed so that rotating the
axes

does not affect the yielding. That means a line perpendicular
to

1 1 2 2 3 3, ; , ; , ; are therefore lines of symmetry and we
now

have six symmetric sectors.

(1,-1, 2,-2, 3,-3)

(II) The yield surface must be symmetric in the principal

stress since it certainly does not matter.

=> Hence, we have divided the yield locus into 12
symmetric

sectors, each of 30o . and we need only consider the stress
states lying

in one of these sectors.

, The stress in -plane
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0 02 1 2 1

0 03 2 1 3 2 1

2 2cos30 cos30 ( ) / 23 32 2 2 1sin 30 sin 30 (2 )3 3 3 6

a

b

= =

= =

2 2 2 2 2 2 21 2 2 3 3 1

2 2 21 2 3

2

1 ( ) ( ) ( )3

( ) ( ) ( )

2m m m

a b

J

= + = + +

= + + =

3 2 11 1 1 3 2

2 12 1

1 (2 )2 16tan tan tan1 3( )( )

2

ba

= = =

3 2 13 2 1

2 1

23 tan ( )if

= > >

For von Mise yield criterion

2

2 2

12323

o

or

=

=

The yield locus is therefore a circle of radius r = 23 o
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NoTe: (a) for 0 = , From

3 2 1

2 1

3 1 2

1 2 3 1 2 3

3

23 tan 0

1 ( )2

1 1 and ( ) ( )3 2

at -plane 0 0, That means =0 is pure shear state

m

m

= =

= +

= + + = + =

= =

(b) for 0 0 3 2 12 1

230 , from 3 tan 30 1

= = =

3 2 => uniaxial stress

=

(c) If the yield locus is assumed to be convex, the bounds
on

yield loci will be between C A B and C A B.

a yielding curve below CAB Which pass the C,A,B point will
not

be convex is call lower bound.

a yielding curve outside C C A B B which pass the C,A,B
point
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will not be convex also is call upper bound.

(4)Subsequent yield surfaces, Loading and unloading

initial yield , yielding ,

yielding surface strain hardens

For a yield Function

( )ijF k = ()

And ij

k is a value wich defind a yield surface. and strain-harden
function F( ) is loading function.

After yielding has occurred, k take on a new value, depending
on

the strain-hardening properties of the material.

After yielding has occurred, k takes on a new value, depending
on

the strain-hardening properties of the arterial.

. Loading and unloading for a strain-hardening material

Three cases for a strain-hardening material:

(a) Loadingplastic flow is occurring.

, 0ijij

FF k dF d

= = >

(b) Neutral loading stress state moving on yield surface.

, 0ijij

FF k dF d

= = =

(c) unloading

, 0ijij

FF k dF d

= =

ij

s zero or position. 0(delcte elastic strain engergy)pijd d

Assume:(a)A loading function exists. At each stage of the
plastic

deformation there

exists a function ( )ij so that further plastic

deformation takes place only for ( )ij k >
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Both and k may depend on the existing state of stress

and on the strain history.

(b)The relation between infinitesimals of stress and plastic
strain is

linear:

ijG dF= pij ijk kd c d = l l

Note: (a) ijkc l may be functions of stress, strain, and history
of

loading that implies they are independent of the ijd

(b)From assumption 1, it follows that for plastic may be applied
to

the stress and strain increments.

If 'ijd and ''ijd are two increments producing plastic
strain

increments, 'p ijd and ''p ijd .And

''

'ij

: incremental stress perpendicular to f: incremental stress
tangent to f( )

B

B

dd

l

l

'Bd l produce no plastic flow(,

)

From assumption 2. ' '' ''( )pij ijk k k ijk kd c d d c d = + =l
l l l l

From assumption 1. ' ''( ) 0k k kk k

F FdF d d d

= = + > l l ll l

' ' '' 0 0k k kk k k

F F Fd d dF d

= = > l l ll l l

Q
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and '' 0kk k k

F F Fd a dF a

= = > l l l l

0

k k

dFa F F

= > l l

From '' ( )pij ijk k ijk ijkk k

k k

F F dFd c d c a c F F

= = =

l l l l

l l

l l

= ( )ijk

k k

dFc dFF F

l

l l

= ijG dF=

' ''ij

( ) and

( )( )

is called potential functionFrom definition 2. 0 ( ) 0

Beca

p keij ij ij ijke

ke ke

p pij ij ij ij

F

d G dF G C F F

d d d d d

= =

+ 'use produce no We can chose any constc.pij ijd d

' '' 'ij

pij

'

positive or negative,will produce the same ( ) 0 d 0plastic
increment d

d

p pij ij ij ij

ij i

d d d d

G

+ < =

0jdF =

'

'

0 0 G

0

pij ij

ijij ij ij

dF d d Fd G dF

> = =

Q

( is a constant which may( )

be function of stress, strain( )( ) and history of loading)

keij ijke

ij

ke ke

F GFG G C F F

= =
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Hardening value

yield locus

(d : is a nonnegative constant which may vary through out

the loading history

pij

ij

ij

ij

fd G dF

FGdF

Fd

=

=

=

^

)

=> The plastic strain increment vector must be normal to the
yield

surface.

( Note : From '' ( )pij klij kl

F Fd G dF dF d

= =

'' klij kl

F FG d

=

dF ''kld , dF yield locus )

The flow rules associated with von-Mises and Tresca

() For the von-Mises yield function

2 2 2 22 1 2 2 3 1 31 1 1( ) ( ) ( ) ( )6 2 3ij ij ij o

F J s s = = + + = =

From ( 1)ij ijpij ij ij mij ij ij ij

s sF Fd GdF GdF ss

= = = =

Paradtl - Reuss equationij

ij

GdFs

d s

=

=
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() For Tresca yield function

Assuming it is known which is the maximum principal stress

1 and minimum principal stress 3 1 2 3, > >

1 3 01 1( )2 2

F = =

1 3

1 1 , 0 , 2 2o

F F F

= = =

1

2

3

120 12

p

p

p

d d

d

d d

=

= =

(1)(2) are known as the flow rules associated with the
von-Mises

and Tresca criteria.

.Perfectly Plastic Material

For ideal plasticity it is also assumed that F ( )ij exists and
is

function of stress only , and that plastic flow take place
without limit

when F ( )ij =k, and the material behaves elastically when F (
)ij


	
39

//p pij ijij ij

F Fd d d

=

where d is a scalar.

.Determination of the function G.. Effective stress and
strain

()Effective stress e

From yield criterion 0( ) ( )ijF K = or 0( )ijf =

From uni-axial tensile test.

, e , 0

e effective stress.

Definition 221( ) ( )3ij e e

F K J = = = For Von-Mises

0 '

3 32 2

,

ij ijp p p eij e ij e

e

k k k k

kk ij

F Fds d d d

F F F F

F Fs

== = =

=

l l l l

l

l

33 22e ij ij

s s = =

Note: e = 0 ,.

()Effective plastic strain ped

From the definition of plastic work=Effective plastic work

p pe e ij ed s d = (If plastic flow is happened)

032

ij ijp p pe e e

eij ij

s sd d d

s s

= = and

pijp

e ij ij

dd Gd s s

Gd

= =
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= 233

2

p pp pe e

ij ijp p

ij ij

d d d dd d

=

32

p p pe ij ijd d d = (For Von-mises criterion )

= 2 2 2 2 2 23 ( ) ( ) ( ) 2( ) ( ) ( )2

p p p p p px y z xy yz zxd d d d d d + + + + +

For uniaxial tens it test 1 1,2 2

p p p py x z xd d d d = =

p pe xd d =

0p p p

ij e e e xs d d d = =

()Determination of the Function G.

From pijij

Fd GdF

=

and 23

p p pe ij ijd d d =

23

pe

ij ij

F Fd GdF

=

32

pe

ij ij

ddFGF F

=

'

3 32 2ij ijp p e

ij ee

k k k k

F Fdd d

F F F F

= = l l l l

'( )ee pe

dd

= The slope of the uniaxial stress-plastic strain curve at

the current value of e
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For Von-Mises criterion

e

'

,

332 ( )2

3 32 2

k ijk ij

ijp p

ij e ij ijk k

ij ijp ee

e e e

F Fs s

sd d s s

s ss s dd

= =

= =

= =

l

l

l l

Q ,k ijk ij

F Fs s

= = ll

e

332 ( )2

ijp p

ij e ij ijk k

sd d s s

s s = =

l l

Q

'

3 32 2

ij ijp ee

e e e

s s dd

= = (The flow rule associated with von mises

yield criterion)

or

32

23

1, ( )2

ij

e

p

ij

pe

ijij p

e

jiiji e

j j

s

s

vvvx x

= =

=

=

= +

'

3 32 2

p peij ij

ij e

e e e

s s

= = and

32

p p p

e ij ij

=

23

pe

ijij p

e

s

=

If the velocity field is know

1, ( )2

jiiji e

j j

vvvx x

= +

23

p p p

e ij ij

=
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ijs will be know, If in plastic state.

(?) Incremental and deformation theories

For 32

ijp pij e

e

sd d

=

32

ijp pij e

e

sd d

= are called incremental

stress-strain relations because they relate the increments of
plastic

strain to the stress.

For the case of proportion or radial loading i.e if all the
stress are

increasing in ratio (stressed disk or cylinders), the
incremental theory

reduces of the deformation theory.

IF 0 0

0 0

3 3 2 2

ij

e

ij ijp p p pij e ij e

e e

s KK

s sd d

= =

= =

0ij ijK = and K is

monotonically increasing function of

Then 0

0ij ij

e e

s KsK

=

=

0 0

0 0

3 3 2 2

ij ijp p p pij e ij e

e e

s sd d d d

= =

0

0

32

ijp pij e

e

s

=

The plastic strain is a function only of the current of stress
and

is independent of the loading path.

(?)Convexity of yield surface. Singular points.

. Convexity of yield surface

Let some external agency add stresses along some arbitrary
path

inside the surface until a state of stress ijd is reached which
is on the
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yield surface. Now suppose the external agency to add a very
small

outward pointed stress increment ijd which produces small
plastic

strain increments ijd , as coell as elastic increments.

The work done by the external agency over the cycle is

(1) Elastoplastic problems of spheres and cylinders

Spherical coordinates The problems of spheres

==

(a) The equilibrium equation

0sin2sinsin)())(( =+++ drddrdrrdddrrddrrd rrr

rdrdr rr +2 2 02 = rdrdr

Frrdr

d rr=

+

)(2 and Fr body force per unit

volume

(b) The strain-displacement or compatibility relation
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==++

=

+==>
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(3) The stress-strain relation

++=

++=

++=

)()]([1

)]([1

)]([1

pr

przz

prz

przrr

E

E

E

NOTE: for the case of plane stress 0=z and for the case of

plane strain 0=z or .constz = for generalized strain. In both
cases

the stear stresses and strains are zero.

Thick Hollow sphere with internal pressure

Consider a sphere with inner radius a and outer radius b ,

subjected to an internal pressure P. It is obvious that
complete

symmetry about the center will exist so that the radial and any
two

tangential direction will be principal direction.

(1) Elastic solution

=

=

])1[(1

)2(1

r

rr

E

EFrom

and 0=+

rdrd r

=

+

=++

sequabhuiumrdr

d

equationsbilitycompatituiErdr

ddr

dE

rr

rr

02

0))(1(1])1[(1
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drd

drd r

+

=+

1

11

)1(2

rc

rdrdc rrr 11

2321

=++=

11 2323 c

drdr

rc

rdrdFrom rrrr =+=+

let rDdrdre

drd

dzdr

drd

dzder

dzd zz ====== ,

12)3( cr =+

323

21r

cecy zh ==

12111 32))

3(

31(

32

)3

1(3

22)3(

1 ccccy p =+=+

=+

=

132132 32

32 c

rcc

rcyyy rph +=+=+=

From boundary condition

=+==

+==

0320)(

32)(

132

132

cbcb

cacPa

r

r

)(

,23

33

33

233

3

1 abbPac

abPac

=

=

+=

=

+

=

33

3

3

3

33

3

33

3

333

33

23

21

)1(1)(

abPa

ab

abPa

abPa

rabba

r

r

For convenience the following dimensionless quantities are
now

introduced:

,,ar

ab

== 000

,,

=== SSP r

rP

+

=

==

)1(22

)1(

33

33

33

33

0

P

P

S

S rr

( ) p pij ij ij ij ijdw d d d = + and ij : some state of stress
inside
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the loading surface

0 cos 0 (acute angle)2 2

( ) 0 cos 0 (acute angle)2 2

p pij ij ij ij

pij ij ij ij ij

d d d d

d

Q

Q

For convex surface

No vector ij ij can pass outside the surface intersecting
the

surface twice. The surface must therefore be convex.

( at 2 2 condition)
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For surface is not convex

If the surface is not convex , there exist, some points ,ij ij
such

that the vector ij ij form an obtuse angle.

. Singular point-

The yield surface has vertices or corners where the gradient is
not

defined (Tresca hexagon). Such point can be treated by
introducing an

auxiliary parameter.

7.Application

To solve any plasticity problem, four sets of relations must
be

satisfied as:

(a) The equation of equilibrium of stress

0ij jj

fx

+ =

(b) The strain-displacement or compatibility relations:

1 ( )2

0 for plasticity

jiij

j i

ii

uux x

= +

=
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(c) The stress-strain relations

IVon-Mises yield function

22 0 2

1 1,3 2 ij ij

J J s s= =

II Prandtl-Reuss Equations

32

pp e

ij ije

dd s

= and

32

23

e ij ij

p p pe ij ij

s s

d d d

=

=

Test by tensidle-tet

(d) The boundary conditions

i jstress-boundary = displacement-boundary

ij

j Ju U

=

l

p26
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p31

If we know ,m then any point stress could be know.

If curves are now drawn in the xy plane such that at every point
of

each curve the tangent coincides with one of maximum shear
direction,

The two families of curves called shear lines, or slip lines.
lineline

Note: , are merely parameters or curvilinear coordinates

used to designate the point under consideration, just as x and
y

designate the point.

Take a curve element, From monrs cycles
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From

1 1

2 2

1, , ( )2

cos sin,

sin cos 0

2 along 2 along

y yx x xx y xy

y

m

m

v vd du vdt x dt y y x

v vv v

K c lineK c line

= = = = = +

= = + =

= + =

If we choose the , curve linear coordinate system

0, ,x y

= = =

1 1

2 2

2 0 2 along -curve2 along -curve2 0

m

m

m m

K K cK cK

= = + = + =

Hencky equation, From boundary condition, we obtain 1 2,c c

If we know 1 2, , ,m x y xy

. Geiringer Velocities equation

From Prandtl-Reuss equation, and incompressibility condition

32

000

p x y x yx y x yp eij ij

xyxy xye xyp

x yiix y

d ddd sd

d dd

=== + == + =

and 1, , ( )2

y yx xx y xy

u uu ux y y x

= = = +

1, , ( )2

y yx x x xx y xy

v vd du v vdt x dt x y y x

= = = = = +
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( ) ( )

2( )

( ) 0

yx

x y

yx xy

yx

vvx y

vvy x

vvx y

= +

+ =

Since the principal axes of stress and stress and of plastic
strain

increment coincide, it follows that the maximum shear stress
lines and

maximum shear velocity lines coincides, or the stress slip lines
are the

same as the velocity slip line.

the strain rates normal to the and direction are equal to

the mean strain rate, that mean.

1 ( ) 0 2

x ydd

dt dt

= = + = There are no extension, only

shearing flows

in the slip direction.

(,)

Now consider the velocities in the slip direction

And cos sinsin cos

x

y

v v vv v v

= = +

Take , curve-line coordinate 0 =

and 0

0

( ) 0

( ) 0

x

y

v v vx

v vv

y

=

=

= = = = = + =

0 along a 0 along a

dv v d linedv v d line

= + =

Geiringer velocities equation

.Geometry of the slip-line field
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Henckys first law the angle between two slip lines of one
family

at the points where they are cut by a slip line of the other
family is

constant along their lengths.

From Henckys equation

1 1

2 2

2 along 2 along

m

m

K c lineK c line

= + =

mD D

mC

D B

D B C A

D B C A

A B D C

along AD- -line = 2K along DC- -line 2=+

4K 2 2 2 2 4K4K 4K 4K 4K

mD

mA

A C C AK K K K

= +

= + + = + + = +

=

mD D

mC C

along AD- -line 2 = 2K along DC- -line 2 = +2K

mA A

mD D

KK

mC C4 2 2KmA D AK K =

The same method along AB and BC

mC B2 2 4KmA C AK K = +

D B

D B C A

D B C A

A B D C

4K 2 2 2 2 4K4K 4K 4K 4K

A C C AK K K K

= + + = + + = + =
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(3)Maximum And Octahedral shear stress

. Maximum shear stress

Let us take the coordinate axes in the principal direction. And
any

section direction is jv i n j mk v= + + =r r r r

l

From ij i vjv T =

1 1 1 2 2 2 3 3 3, ,v v vv T v T v T = = =

2 2 2 2 2 2 21 1 2 2 3 3Tv Tv Tv v v v = = + +uur uur

g
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